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Abstract

Performing structural optimization by involving its configuration
as design variables offers more flexibility in the final design and also
expands the design space. We describe a method of determining the
optimal configuration of a structure. The design variables used are
the location of the structural joints and the cross sectional area of the
members. Strength and displacement are formulated as the design
constraints, whereas the weight of structure is used as the objective
function. The Linear Extended Interior Penalty Function method min-
imizes the weight of the structure. Finite Element Analysis, together
with an approximation procedure, obtains the structural response.
Both three-bar and nine-bar truss structures are used as case studies.
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Results show that the truss configuration can be optimized using our
procedure.
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1 Introduction

A design is optimum if a certain objective function is minimum (or maxi-
mum) while it meets its design requirements. In structural design it is often
desirable to minimize the weight. At the same time, the structure needs to
meet design requirements such as strength and stiffness. Optimization of the
design is conducted iteratively until the minimum weight structure, which
still meets the design requirements, is obtained.
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Optimization techniques which are based on an optimality criteria ap-
proach [2], mathematical programming [1, 2, 3, 7], and genetic algorithms
are widely employed. This paper deals with structural optimization based
on mathematical programming. The weight of the structure is to be mini-
mized, and is formulated as the objective function, a merit function of a set of
design variables. The design variables are structural parameters, whose val-
ues are to be varied during the optimization (iteration) process. The design
requirements such as strength and stiffness are formulated as the design con-
straints. Design constraints are functions of design variables. Figure 1 shows
the flow chart of design optimization using mathematical programming. The
optimization is stopped when the design has converged. Convergence crite-
ria include the convergence of design variables and the convergence of the
objective function.

Performing structural optimization by involving its configuration as de-
sign variables offers more flexibility in the final design and also opens up the
design space. In this research, the optimal design of a truss is considered, and
the location of structural joints and the cross sectional area of members are
used as design variables. Strength and displacement are formulated as the
design constraints. The Linear Extended Interior Penalty Function method is
employed to find the optimal design. The structural responses are calculated
using Finite Element Analysis together with an approximation procedure.

2 Optimization theory

2.1 Optimization statement

The problem of structural design can be expressed mathematically as finding
x = (x1, x2, x3, . . . , xn), where x1, x2, x3, . . . , xn are the design variables, such
that the objective function

f(x) is minimum, (1)
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Figure 1: Flow chart of the optimization procedure.
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and the constraints

gj(x) ≤ 0 , j = 1, 2, . . . ,m , (2)

are satisfied.

In searching for the optimum, the design is changed iteratively according
to

xq+1 = xq + αqSq , (3)

where Sq is the search direction in the design space and αq is the step length
(in the direction of Sq).

2.2 Extended interior penalty function method

The Linear Extended Interior Penalty Function (leipf) method [1] is used
for the optimization. This method is a further development of the Interior
Penalty Function method, which belongs to the category of Sequential Un-
constrained Minimization methods. In leipf, a pseudo objective function
based on equations (1) and (2) is set-up:

Φ(x, r) = f(x) + rP (x) . (4)

Here the penalty function

P (x) =
m∑

j=1

g̃j(x) , (5)

where

g̃j(x) =


− 1

gj(x)
, gj(x) ≤ ε ,

−2ε− gj(x)

ε2
, gj(x) > ε .

(6)
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The parameter ε is a small negative number which controls the transition
from interior penalty mode to extended penalty mode:

ε = −c ra , 1/5 ≤ a ≤ 1/3 . (7)

The value a = 1/3 was chosen and found to perform well. Equation (4) is
minimized sequentially. Each step is an unconstrained minimization. The
value of r is updated at every step by multiplying it by γ, which was chosen
to be 0.5 . Values between 0.2 and 0.4 are typically used for the constant c.
In this work, the value 0.2 was chosen and found to perform well. Figure 2
shows the flowchart of leipf algorithm. Powell’s Method [1, 2, 3] was used
for finding the search direction.

2.3 Structural response approximation

Optimization processes frequently involve a huge number of constraints, even
thousands of constraint equations. There is the possibility that many con-
straints are not critical or have no influence to the optimum design. The
same thing applies to design variables. Some of the variables might not have
an effect on the optimum. On the other hand, structural responses are often
implicit functions of design variables. In this case, it is very inefficient to per-
form a complete analysis using the finite element method for a small change
in design during the search for the optimum. This problem is overcome by
approximating the structural responses, hence reducing the number of finite
element analyses in the optimization process.

The approximation method is based on the first order (linear) Taylor
polynomial [2]

rj(xq + ∆xq) ∼= rj(xq) +∇rT
j (xq) ·∆xq . (8)

The above approximation is linear in the change in design variable, ∆xq. Any
stress and displacement response rj is predicted using the above equation.
Of course, values of the response derivatives are required.
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Figure 2: leipf Algorithm
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A finite element analysis for a truss structure, based on the displacement
method [5, 6], was written. Estimates of the stress derivatives ∂σ/∂xi and
displacement derivatives ∂δ/∂xi are obtained through the finite difference
approach.

3 Programming

The Fortran language was used for all computer code. The unconstrained
optimization was programmed by making use various routines available in [4].
The code for the leipf algorithm is based on the program in [1], and the
Finite element method for truss analysis is based on [5, 6]. The program is
a further development of the previous prototype which deals with member
size optimization [7].

4 Case studies

The configuration optimization method described above will be illustrated
through the design optimization of statically indeterminate loaded truss
structures. The aim is to determine the structure of minimum weight such
that the stress in all components does not exceed the strength and also that
the displacement of the load point is not too high. To make the design re-
alistic the lengths and cross-sectional areas of the components are bounded.
Two cases are considered: a three-bar structure, and a nine-bar structure.

4.1 Three-bar structure

A three-bar truss structure with its associated structural parameters and
loading is shown in Figure 3. The structure is simply supported at nodes 1,
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Figure 3: The three-bar truss structure.

2, 3, and a load of 10,000 Newtons applied at node 4. The location of
node 4 is determined by the quantity H. The cross sectional area of mem-
bers 1, 2 and 3, is denoted by A1, A2 and A3 respectively. It was assumed
that all bars were made of the same material, having a modulus elasticity
of 71,000MPa and density of 2,800Kg/m3. The maximum allowable stress, S,
was taken as 100MPa, and the maximum displacement allowed at node 4 was
set at 5mm.

From the problem definition, it is obvious that the design variables are A1,
A2, A3 and H. The structure is symmetrical with respect to the vertical axis,
so the number of design variables could be reduced to 3, but this fact was not
used in order to show that the solution would have A1 = A3 . The following
geometrical constraints were imposed: Minimum member cross-sectional area
= 50mm2 (initial value = 100mm2) and the range of dimension H = 300

to 700mm (initial value = 500mm).

The optimum parameters after 17 iterations of the optimization algorithm
are: A1 = 50.5mm2, A2 = 87.0mm2, A3 = 50.5mm2 and H = 303.1mm.
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Table 1: Optimization of three-bar truss with different initial designs

A1 A2 A3 H
Initial 100 100 100 500
Optimum 50.5 87 50.5 303.1
Initial 50 50 50 500
Optimum 50.6 87 50.6 303.2
Initial 50 100 150 300
Optimum 50.6 87 50.6 303.1

This results in a weight of 0.239 kg, and a displacement of node 4 of 0.42mm.
The stresses are Stress-1 = 26.6Mpa, Stress-2 = 98.9Mpa and Stress-3 =
26.6 Mpa. The history of optimization is shown in Figure 4.

Clearly member 2 is critical from stress point of view, as the stress (Stress-
2) was close to the maximum limit of 100MPa. This member carries most of
the load, and as members 1 and 3 carry only a small load, the optimization
reduces their cross-sectional area to near the minimum allowable value. Dis-
placement is not critical as the magnitude of displacement, 0.42mm, is well
below the allowed displacement of 5mm.

Table 1 shows the optimization results of the three-bar truss for different
initial designs. The table shows that the same optimum was found. This
indicates that the true optimum has been found.

4.2 Nine-bar structure

Figure 5 shows the loaded nine-bar structure to be optimized [8]. The ver-
tical location of joints 4 and 6 (designated as H) was allowed to vary. Once
again, the maximum allowable stress was 100MPa, the allowable displace-
ment was 5 mm, minimum member area was 50mm2, and a modulus of elas-
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Figure 4: History of optimization of the three-bar truss.
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Figure 5: The configuration of the nine bar truss.

ticity of 71,000MPa and density of 2,800Kg/m3 were used. This time the
obvious symmetry was utilised, giving A1 = A2 , A3 = A4 , A5 = A9 and
A6 = A8 , resulting in six design variables consisting of five cross-sectional ar-
eas plus the dimension H. The initial cross sectional area used was 100mm2

for all members, and the initial value of H set to 500mm. The value of H
was allowed to vary between 300mm to 700mm.

After 16 iterations the design variables had the values A1, A2 = 50.5mm2 ,
A3, A4 = 108.6mm2, A5, A9 = 101.4mm2, A6, A8 = 118.1mm2, A7 =
79.7 mm2 and H = 303.380mm . This resulted in a total weight of 1.12 kg,
a displacement of node 2 of 2.4mm, and the stresses in the members were
Stress-1 = 0 , Stress-2 = 0 , Stress-3 = −98.9Mpa , Stress-4 = −98.9Mpa ,
Stress-5 = −98.6 Mpa , Stress-6 = 99.0Mpa , Stress-7 = 98.7Mpa , Stress-8 =
99.0 Mpa , and Stress-9 = −98.6Mpa .

At optimum, the height of nodes 4 and 6 were almost reduced to the lower
limit (close to 300mm). The stresses of members 1 and 2 were zero, and
the area reduced to the minimum allowable. Other members were virtually
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Figure 6: Optimum configuration of the nine-bar truss.

stressed to the maximum allowable stress value. Figure 6 gives the shape of
the optimal configuration. The weight history is shown in Figure 7.

Table 2 shows optimization result of nine-bar truss with different initial
designs; the same optimum was found in each case.

5 Conclusion

Truss structural configuration optimization using the Linear Extended Inte-
rior Penalty Function had been developed and reported in this paper. In this
optimization, the design variables were joint locations (or nodal coordinates)
and cross sectional area of structural members. The objective function was
the total weight W of the structure. The design constraints were based on
strength and displacement requirement. Side constraints were introduced
to the joint locations and member areas to yield realistic structures. Finite
Element Analysis, together with an approximation procedure were used to
obtain the truss structural responses.
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Figure 7: Weight history of the nine-bar truss.

Table 2: Optimal solution for the nine-bar truss for different initial designs.

A1, A2 A3, A4 A5, A9 A6, A8 A7 H
Initial 100 100 100 100 100 500
Optimum 50.5 108.6 101.4 118.1 79.7 303.4
Initial 50 50 50 50 50 700
Optimum 50.4 108.4 101.1 117.7 79.7 302.5
Initial 50 100 150 200 250 700
Optimum 50.4 108.4 101.1 117.7 79.7 302.5
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Three-bar and nine-bar truss structures were used as case studies. Differ-
ent set of initial designs were used for each truss structure. The optimization
reached convergence, and optimum was found for each truss structure. The
Linear Extended Interior Penalty Function performed well for this optimiza-
tion.

The optimization results show the flexibility offered by configuration op-
timization by opening up design space, which now includes joint locations.
It was also found that side constraints would have a profound effect to the
outcome of the optimization.
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