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Abstract
A simple systems model is proposed to understand and quantify the
onset and epidemiology of red needle cast in radiata pine. This disease
is impacting much of the New Zealand forestry estate being driven
through the production of self-replicating spores which are dispersed
with water. The model is at present deterministic, not spatially or
age-structured, nor dependent on environmental or seasonal effects.
This model shows the clear existence of calculable thresholds for disease
proliferation and elimination, showing it has captured the essential
components of the biological mechanisms. It is to be used to identify
thresholds for infection to spread or retract. Further it will provide
a base model from which we can fit and then predict experimental
outcomes.
Subject class: 92Bo5
doi:10.21914/anziamj.v59i0.12625, c Austral. Mathematical Soc. 2018. Published
April 5, 2018, as part of the Proceedings of the 13th Biennial Engineering Mathematics
and Applications Conference. issn 1445-8810. (Print two pages per sheet of paper.) Copies
of this article must not be made otherwise available on the internet; instead link directly
to the doi for this article.

Contents

C2

Keywords: Tree disease, epidemiology, systems model

Contents
1 Introduction

C2

2 Materials and Methods

C4

3 Results

C7

4 Discussion

C11

References

C12

1

Introduction

Standard epidemiological models are central to describing and understanding
the dynamics of infection, inoculum build up and symptom expression of plant
disease. These have been applied to a range of plant disease epidemics with
the establishment of the model providing a framework for epidemiological
studies [1, 6, 7, 10]. Each of these studies gives rise to different functional
expressions in the systems model. The temporal dynamic relationship between the availability of susceptible plant material (S), the rate at which it
becomes infected and displays disease (I) after the introduction of a pathogen
(P) is impacted by numerous genetic and environmental conditions and the
accompanying biological state of the both the pathogen and host material.
These dynamic relationships can be impacted by changes to a range of host,
pathogen or environmental factors such as humidity, rainfall and temperature often targeted by integrated pest management approaches in managed
forest systems. For example, selection of resistant germplasm, manipulation
of environmental conditions through site selection or silviculture and the
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implementation of chemical or biological controls can each target components
of the interaction between host and pathogen integral to sustained disease
management. However, forest pathology studies rarely integrate these studies in dynamic models to demonstrate the impact of these systems model
strategies on the pathogen population and long-term outcomes for disease
management. In this paper, a prototype simple mathematical model is presented to describe the dynamics of red needle cast (rnc) in New Zealand’s
Pinus radiata plantations. This disease is caused by the foliar pathogen Phytophthora pluvialis, and has been observed to have a polycyclic disease cycle
driven by the reproduction of spores and further infection of plant material
under environmental conditions favourable to disease [2]. It is prevalent in
pine trees and manifests itself within pine tree needles which form lesions then
turn yellow and red-brown, before being cast from the tree. It is transmitted
by these fungal spores released into water films on the needle surfaces under
conditions of high humidity and persistent rain.
Much data has been collated showing rnc is sensitive to environmental
conditions [3], host susceptibility [4], and chemical control [11, 12] affording
considerable opportunity for disease management. This has yet to be used
in conjunction with a dynamic systems model in which time is the main
independent variable, nor has it been collected to enable such a model to
be audited and parameterised. This paper addresses this by proposing a
simple biological- and epidemiological-based model integrating the potential
impacts of control measures to provide a framework for improving decision
support and research of the complexities of the disease. Establishment of the
model provides a structural clarity for the collection and curation of field and
laboratory data pertaining to the disease and infection. Once suitable timeseries data is available, the model will be empirically parameterised and tested
against new data. Then it will be used to underpin control measures and
predictions as to its spread and impact on the growth of healthy and infected
pine trees. This will help with the timber production in New Zealand and
elsewhere in response to this and other foliar diseases in forestry plantations.
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Figure 1: Schematic diagram showing the flow between the three key model
compartments, susceptible-healthy pine needles (S), infected needles (I) and
the inoculum load of the pathogen (P) along withe the key model parameters
b, k, g and m.

2

Materials and Methods

The model is motivated by the similar model created to address similar
epidemiological inter-actions such as that of the psa bacterial epidemics
encountered recently in the commercial production of the Kiwifruit [9, 8].
That model was developed to help understand the dynamics of infection and
use of bio-controls, called elicitors, to induced plant resistance. The diagram
in Figure 1 shows how the essential compartments (and their interactions)
occur from a given initial condition in the pine needle model shown in the
Figure 1. Three compartments are shown: susceptible needles (S), Infected
pine needles (I), and spore density (P). Because of the considerable difficulty
of accumulating sufficient data for this purpose, the first two compartments
are taken as proportions, and so S + I = 1.
At its fundamental level, the key parameters of rnc infection and the resulting
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disease expression can be explained by two compartmented variables of
needle health and spore density which are underpinned by the physiology of
the pathogen and its host within their mutual environment. In developing
the model these were treated as unstructured variables and did not take
into consideration factors of host age, size or spatial relationship to enable
application within experimental and field based contests going forward. The
model states that pine needles are in one of two states: susceptible, but not
yet infected (i.e. healthy) (S) and infected (I), measured as proportions, so
at the time when healthy plants (S) encounter pathogen spores (t = 0), a
proportion of the plant population will become infected (I) at a rate given as
the product of (S) and (P) assuming mass-action transmission of the disease
and with transmission coefficient (k). Accordingly, as noted above, I = 1 − S.
These infected needles then give the potential of the pathogen to reproduce
further spores governed by the rate of reproduction (g). The build-up of
the pathogen spore inoculum (P) over time feeds back into the dynamic of
infection but is tempered by the mortality rate of spores (m) and emergence
of new needles available for infection (b) and the loss of infected needles from
the system. As with all classic epidemialogical models, red needle cast was
found to conform to a logistic growth model constrained by the availability of
susceptible plant material and driven by the build-up of spore from infected
material. The model’s equations for plant infection are expressed by the
coupled mass-balance two-dynamical system as follows:
Logistic growth with mass-action transmission
Ṡ ≡

dS
= bS(1 − S) − kSP;
dt

and initial condition taken as
S(t = 0) = So = 1.
Logistic growth affected by infection and natural death of spores


dP
P
Ṗ ≡
= gIP 1 −
− mP;
dt
K1

(1)
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with initial condition
P(t = 0) = Po (to be varied).

(2)

As an auxiliary equation the third compartment (I) which of course satisfies
matching growth and death terms
İ =

dI
= k(1 − I)P − b(1 + I)I;
dt

(3)

with initial condition I(0) = 0.
This ensures that the proportions satisfy S + I = 1. The last equation in
(3) is not needed to be solved for I explicitly but it provides future scope
for exploring the dynamics of inoculum build-up and disease transmission.
The assumption of logistic growth of healthy needles and removal of infected
needles is to be tested by data eventually.
The model is therefore articulated with just two differential equations of the
change in needle health over time (equation (1)) with mass-action kinetics for
the infection, and the change in pathogen load over time (equation (2)).The
occurrence of the “I" term in the growth rate of the spores indicates that
the degree of infection assists the production of more spores. Here we take
k as the transmission parameter with units [k]=Days−1 and m is the percapita death-rate of spores per needle [m]=Days−1 and Po is the initial spore
concentration (Table 1). For equation (2), I = 1 − S removing the need
for a third equation. Biological insight suggests there should be a delay
effect in“I" in equation (2), but this is simply signalled and will not be
explored further here. For the purpose of establishing the theoretical model,
the unknown parameters (b, g, m, k, K1 , Po), were parameterised based on
laboratory observations of the pathogen, latency of infection and symptom
development observed through direct inoculation studies and are provided in
Table 1 using estimates based on preliminary analysis. The two significant
ones (m, k) are then varied to determine an outcome diagram given in Figure 3
later, by considering the occurrence and swaps in stability of the steady-states
of the system described by these equations in (1) and (2).
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Table 1: Dimensions of parameters and state variables applied in model
development
Description & Symbol
Value Units
Per-capita rate of needle emergence b
0.16
Days−1
Per-capita birth-rate of spores g
0.68
Days−1
Per-capita death-rate of spores m (control variable) 0.01
Days−1
Carrying capacity of spores for each needle K1
50
Number
Initial spore count Po (control variable)
10
Number
Infectivity of each spore k (control variable)
0.01
Days−1

3

Results

The computed solutions were produced in MatLab and R using computerbased algorithms (such as ode45) and plotted using the parameter values
(Table 1). An illustrative plot only is shown in Figure 2. This illustrates the
characteristics of the two-compartments S and P for equations (1) and (2)
Exploration of this model for which the proportion of healthy needles S
ranges between 0 and 1 and the concentration of spores P is greater or
equal to 0 identified five steady states, all of which appear feasible given the
expression of the disease and underlying pathology principles. Depending on
the parameters, there are abrupt changes between steady-states as parameters
are changed with swaps in the stability. We note that although the system
is normally operating temporally, far from equilibrium, the steady states
drive the temporal behaviour. Of course these steady-states are evaluated by
setting the righthand sides of equations (1) and (2) to zero. Which gives rise
to the output diagram in Figure 3.
The first two states are the absence of either the host plant (S = 0, so P = 0)
or pathogen (S = 1, P = 0) from the system and thus a lack of interaction
between the two. Both describe the primary objectives of biosecurity through
the exclusion of the pathogen by quarantine or destruction of host material
during eradication attempts. Checking the Jacobian matrix at the first
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Figure 2: Typical time-evolutions and corresponding phase-plane for the rnc
dynamic model. Here the initial condition has the tree initially being perfectly
healthy (S = 1), receiving an initial invasive inoculation Po = 30 units. The
outcome, in this case, is that the disease partially overcomes the plant, with
the spore count ultimately approaching its carrying capacity. The arrows
indicate the time-elapsed from initially (S = 1) at t = 0 initially through to
much later times.
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(extinction) steady-state reveals it is always unstable (a saddle). So it is
therefore infeasible, as expected.
The third steady state describes uncontrolled disease in the absence of management intervention region: [3.1] in Figure 3. In this scenario S = 0 and
the reproductive rate of spores is greater than their natural mortality so the
long-term outcome is fully-diseased. In the absence of active control this
dynamic will be subject to constraints of host susceptibility and environment.
The stability of this state is subject to these controls and, when stable, has a
computable basin of attraction when Po is large enough.
The next two steady states are the only two that co-exist and describe partially
diseased population for which 0 < S < 1. Depending on the values (m, k)
one of these is inherently unstable (so does not appear in Figure 2) and
the stability of the other varies in response to the dynamics of the model
constraints as described above regions [3.2, 3.3] in Figure 3.
A fourth applicable state exists for all values of k for which the rate of
spore mortality (m) exceeds their regeneration potential (g) see region [3.4]
in Figure 3. This describes the scenario for an incompatible interaction of
host-pathogen and/or environment, low susceptibility disease and universal
disease control. Under such conditions, the disease will not establish itself.
Hence for practical applications, k only matters when m < g. These stable
and unstable steady states provide useful insights for the investigation of rnc
disease dynamics.
In the outcome diagram below (Figure 3) the two parameters most amenable
to control, the disease transmission coefficient k and the spore death rate m.
are plotted showing the sharp demarcation between different outcomes.
For the informed values of the parameters in Table 1, the scenario envisaged
sits in Region [3.1]. This, when and if verified, will be very significant as
then the value of the initial spore concentration determines the long-term
outcome, suggesting that this is a third important matter for determining
control strategies.
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Figure 3: Scenarios of rnc disease is explained by four situations. In region
[3.1] of the parameter-space there are values for k and m which result in
uncontrolled disease; region [3.2] has unstable states in which tipping points
exist that will push the disease either into a healthy or diseased state and
region [3.3] conditions under which disease will be controlled. A fourth
situation [3.4] exists in which m > g for all k, such that P pluvialis mortality
is greater than the birth rate of spores, leading to a finally healthy plant.
The lines of demarcation are obtained analytically, with the curved line being
a rectangular hyperbola k = b/(K1 (1 − m/g)).The cross X indicates the
outcome with the values of k, m in Table 1.
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Discussion

The management of plant disease in forest systems involves assessment of
the dynamic relationship at play between host, pathogen and environment
over time. Epidemiological models of disease dynamics serve as key decision
support tools to facilitate management and better understand the drivers
of disease epidemics. By articulating disease dynamics with respect to the
epidemiological drivers of the disease, complex interactions between the
pathogen, host, environment and the impact of management intervention can
be better understood and quantified. This will in turn signal likely control
strategies. The framework going forward will be to incorporate environmental
effects, spatial structure, etc., while keeping the essential dynamics described
here. Code for this analysis is available [5]. Sensitivity analysis is needed as
well to elucidate the defining nature of the four regions shown in Figure 3.
In this study, we discuss the development of a prototype mathematical
model to describe the dynamics of red needle cast in New Zealand’s Pinus
radiata plantations. This disease is now well established throughout much
of New Zealand’s forested areas [3] which of considerable significance for
their productivity and New Zealand’s wood production. The current model
described here offers the potential to quantitatively estimate the impact of
subtle changes in parameters impacting the build-up of inoculum and host
susceptibility over time. While simple and generic in its nature, the model
provides a framework to better understand the dynamics of rnc development
in both naturally infected plants and controlled laboratory, growth-room
and field based studies of the disease. In ongoing work, this prototype SI
model will be refined to better predict the core parameters driving disease
dynamics with focus on elucidating the key parameters of k, g and m and how
these many be exploited by disease management. The inclusion of stochastic
elements is yet to be explored but will further aid the application of the model
in the field. Extensions to the model with field data will provide a powerful
tool for the construction of environmental and geospatial disease risk models
to inform management. Furthermore, this model provides a framework for
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better understanding the direct interactions between the pathogen and host
material displaying a range of susceptibilities to disease. The flexibility of
this simplified model thus provides a strong framework on which to collate,
articulate and target rnc research going forward.
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