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Direct simulation of transitional plane
fountains in a homogeneous fluid
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Abstract

The fluid dynamics of transitional plane fountains with the Froude
and Reynolds numbers in the ranges 1 ≤ Fr ≤ 6 and 100 ≤ Re ≤ 800 is
investigated to examine the entrainment associated with the onset of
turbulence. The direct numerical simulation results show that negligi-
ble entrainment occurs at the upflow-downflow interface for small Fr
(< 2) fountains, and only small entrainment on the downflow-ambient
interface. However, entrainment occurs at both the upflow-downflow
and the downflow-ambient interfaces for large Fr (> 2) fountains, even
at Re = 100 , with the extent of the entrainment increasing almost
linearly with Re. The upflow and fountain widths show strong Re de-
pendence and increase linearly with Fr, demonstrating that the onset
of entrainment and instability occurs at relatively high Re (> 1000)
in small Fr (≤ 2) fountains, but at small Re (< 100) in large Fr (> 2)
fountains.

See http://anziamj.austms.org.au/ojs/index.php/ANZIAMJ/article/view/127
for this article, c© Austral. Mathematical Soc. 2007. Published December 27, 2007. ISSN
1446-8735
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1 Introduction

Fountain flows occur frequently in heat transfer and environmental settings.
In any process where a dense fluid is steadily injected upward into a misci-
ble and less dense fluid, or in the reverse case when lighter fluid is injected
downward into a denser ambient fluid, a fountain-type structure forms. One
particular application of fountain flows is in the heating and ventilation of
buildings via downward facing jets located at the ceiling. An improved un-
derstanding of the behavior of fountain flows is of fundamental interest to
fluid mechanics and heat transfer.

Extensive studies have been carried out on turbulent fountains with high
values of Fr (� 1) and Re (≥ 800) [1, 2, 3, 4, for example ], where Fr and Re
are the Froude number and Reynolds number, defined as,

Fr =
V0

(X0σ0)1/2
, Re =

V0X0

ν
, (1)
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in which V0, X0, σ0, ν are, respectively the discharge velocity, the source
radius (for round fountains) or the source half-width (for plane fountains),
reduced gravity between the fountain and the ambient fluid, and kinematic
viscosity of the fluid. For weak fountains, the influence of the discharge
momentum is equal to or less than that of the negative buoyancy and the
fountain penetration height is of the same order of X0. The fountain is
then characterized by small values of Fr (≤ 1.0) and Re (≤ 500). Such
fountains have no distinguishable upward and downward flows, instead the
streamlines curve and spread from the source. The recent analytical and
numerical studies of Lin and Armfield [5, 6, 7] and Philippe et al. [8] show
that weak fountains demonstrate different behavior to turbulent fountains.

Nevertheless, the understanding of fountains in transition to turbulence
with intermediate Fr and Re (Fr > 1 but not � 1 , Re > 100 but not � 100)
is currently lacking. However, it is in this transitional flow regime the onset of
instability and turbulence occurs. Furthermore, many fountains of practical
interest operate in this transitional flow regime. For example, a typical stack
driven, single sided, ventilation has an Re at and above 1000 and when
its Fr approaches about 10 the air flow will transit from laminar to turbulent
state [9]. It is therefore of profound fundamental and engineering significance
and social and environmental benefits to develop a thorough understanding
of the dynamics and structure of fountains in transition to turbulence.

We investigate the transient behavior of unsteady transitional plane foun-
tains in quiescent homogeneous ambient with intermediate values of 1 ≤ Fr ≤
6 and 100 ≤ Re ≤ 800 (in the Fr = 1 case, the upper limit of Re is extended
to 2000) by direct numerical simulation (dns). In Section 2, the governing
equations and numerical methods are briefly described. The dns results are
presented and discussed in Section 3. Section 4 concludes.
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2 Numerical methods

The physical system under consideration is a rectangular tank containing
a Newtonian fluid initially at rest and at temperature Ta, the sidewalls are
non-slip and insulated and the top is open. On the bottom center, a slot with
width 2X0 is used as the fountain discharge source. The remaining bottom
region is a rigid non-slip insulated boundary. At time t = 0 , a stream of fluid
at T = T0 < Ta is injected impulsively into the container from the source to
initiate the fountain and this discharge is maintained thereafter. Due to the
symmetry of the system geometry and the boundary and initial conditions,
the fountain flow is assumed to be laminar and symmetric about the slot
center.

The flow is described in non-dimensional form by the following Navier–
Stokes and temperature equations with the Boussinesq assumption,

∂u

∂x
+
∂v

∂y
= 0 , (2)

∂u

∂τ
+ u

∂u

∂x
+ v

∂u

∂y
= −∂p

∂x
+

1

Re

(
∂2u

∂x2
+
∂2u

∂y2

)
, (3)

∂v

∂τ
+ u

∂v

∂x
+ v

∂v

∂y
= −∂p

∂y
+

1

Re

(
∂2v

∂x2
+
∂2v

∂y2

)
+

1

Fr2 θ , (4)

∂θ

∂τ
+ u

∂θ

∂x
+ v

∂θ

∂y
=

1

RePr

(
∂2θ

∂x2
+
∂2θ

∂y2

)
, (5)

where Pr is the Prandtl number. In these equations all lengths, velocities,
time, pressure, and temperatures are made dimensionless by X0, V0, X0/V0,
ρV 2

0 , (T0 − Ta), respectively, where ρ is the fluid density.

The dns has been carried out using a finite volume method. The govern-
ing equations are discretized on a non-staggered mesh, with standard second
order central differences used for the viscous, pressure gradient, and diver-
gence terms, whereas the quick third order upwind scheme is used for the
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advective terms. The momentum and temperature equations are solved us-
ing an adi scheme. The second order Adams–Bashforth scheme and Crank–
Nicolson scheme are used for the time integration of the advective terms
and the diffusive terms, respectively. To enforce the continuity, the pressure
correction method is used to construct a Poisson equation, which is solved
using the preconditioned generalized minimum residual (gmres) method. A
nonuniform mesh of 399 × 397 grid points has been used in this study to
enable the regions of rapid solution variation to be accurately resolved while
limiting the total number of nodes. Lin and Armfield [5] gave detailed de-
scriptions of these schemes, and the code has been successfully used for the
simulation of a range of buoyancy dominated flows.

3 Results and discussions

To show the effects of Fr and Re on the onset of entrainment in fountain
flows, a series of dns have been carried out for plane fountains in quiescent
homogeneous fluids with selected values of Fr and Re. Specifically, the Fr = 1
fountains at Re = 500 , 1000, 1500, and 2000, the Fr = 2 fountains and the
Fr = 6 fountains, both at Re = 100 , 200, 300, 500, and 800, have been
chosen to show the effect of Re on small, medium, and large Fr fountains,
respectively. As the effect of Pr is not included in this study, a fixed Pr = 7
of water has been used in all simulations.

The predominant parameters characterizing the transient fountain behav-
ior are the dimensionless maximum fountain penetration height ym as defined
in Figure 1, the upflow width xu, and the fountain width xw. xu and xw, both
made dimensionless by X0, denote respectively the location of the upflow-
downflow interface at which the vertical velocity of fluid becomes zero, and
the location of the downflow-ambient interface where the fluid temperature
is 1% of the temperature difference between the jet fluid at the source and
the ambient fluid. Figure 1 depicts the definitions of these parameters, where
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Figure 1: Schematic of typical vertical profiles of xu and xw for a low Re
fountain (left) and a high Re fountain (right) at steady state and the defini-
tions of ym, xu and xw.
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typical steady state vertical profiles of xu and xw are sketched for low Re and
high Re fountains respectively.

The additional important parameters characterizing the transient foun-
tain behavior are Eu(y) and Ew(y), which are the entrainment at height y on
the upflow-downflow interface (at xu) and on the downflow-ambient interface
(at xw), respectively, defined as [10],

Eu(y) =

∫ Xu

0
T (Y ) dX/Xu − T0

Ta − T0

, Ew(y) =

∫ Xw

0
T (Y ) dX/Xw − T0

Ta − T0

, (6)

where Xu and Xw are the dimensional form of xu and xw respectively, and
Y is the dimensional height.

3.1 Fr = 2 fountains

Figures 2 and 3 present the evolution of temperature contours and the steady
state profiles of xu, xw, Eu and Ew for the Fr = 2 fountain at Re = 200 , 500
and 800. These figures show that Re has a large effect on xu, xw, Eu and Ew

of the Fr = 2 fountain, especially when Re ≥ 500 , as at such high Re en-
trainment is present at the interfaces of the upflow-downflow, the downflow-
ambient and the intrusion-ambient, and the extent of the entrainment in-
creases with Re. The results also show that Eu � Ew and xu < xw for these
Fr = 2 fountains. Furthermore, the dns results show that both Eu and Ew

have relatively small values for the Fr = 2 fountains. Similar flow dynamics
are also found for the Fr = 1 fountains, although the onset of entrainment
occurs at much higher Re (at Re > 1000), indicating that entrainment is
weak or negligible in these small Fr fountains, especially at low Re.



3 Results and discussions C699

Figure 2: The temperature contours for the Fr = 2 fountains at times
τ = 20 , 40, 60, 80 and 100 and at Re = 200 , 500 and 800.
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Figure 3: The steady state profiles of xu, xw, Eu and Ew of the Fr = 2
fountains at Re = 200 , 500 and 800.
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Figure 4: The temperature contours of the Fr = 6 fountains at times τ =
50 , 100, 150, 200, 250, and 350 and at Re = 100 , 200 and 300.
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3.2 Fr = 6 fountains

Figures 4 and 5 present the evolution of the temperature contours and the
fully developed profiles of xu, xw, Eu and Ew for the Fr = 6 fountain at Re =
100 , 200 and 300. From these figures, it is apparent that Re has a substantial
effect on xu, xw, Eu and Ew for the Fr = 6 fountain. Unlike the small Fr
fountains (when Fr ≤ 2 , as shown above), these large Fr fountains have
entrainment present at the interfaces of the upflow-downflow, the downflow-
ambient and the intrusion-ambient at Re as small as 100, and the extent
of entrainment increases dramatically with Re. Although Eu is found to be
quite small with respect to Ew, both are quite large, especially compared to
the small Fr fountains. The time series of the Fr = 6 fountains presented
in Figure 6 show that significant fluctuations are observed for the Fr = 6
fountains, especially when Re is large, giving further evidence that the onset
of entrainment and instability in large Fr fountains occurs at quite small Re
and the extent of entrainment increases dramatically with Re.

3.3 Time averaged features

Figure 7 presents the time averaged dns results of xu, xw, Eu and Ew of the
Fr = 1 fountains, Fr = 2 fountains and Fr = 6 fountains at various Re con-
sidered. It shows that for small Fr fountains (when Fr ≤ 2), Eu is essentially
negligible, indicating that there is little entrainment and mixing between
the upflow and the downflow, although there is non-trivial entrainment on
the downflow-ambient interface which has very weak dependence on Re. It
also shows that both xu and xw are essentially independent of Re for these
small Fr fountains. Nevertheless, the Fr = 6 fountains have quite different
flow features, with strong entrainment occurring at both the upflow-downflow
interface and the downflow-ambient interface and the values of Eu and Ew

increasing dramatically, almost linearly, with Re. The onset of entrainment
in these large Fr fountains occurs at quite small Re, with even at Re = 100
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Figure 5: The steady state profiles of xu, xw, Eu and Ew of the Fr = 6
fountains at Re = 100 , 200 and 300.
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Figure 6: The time series of xu, xw, Eu and Ew of the Fr = 6 fountains at
Re = 100 and 300.
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Figure 7: The time averaged values of xu, xw, Eu and Ew at steady state
plotted against Re.

some entrainment observed. The values of xu and xw are also found to in-
crease, almost linearly, with Re, indicating the extent of the entrainments
and the mixing increases dramatically with Re, as noted above.

4 Conclusions

For small Fr fountains (Fr ≤ 2), there is little mixing and entrainment at the
upflow-downflow interface, and the entrainment on the downflow-ambient



References C706

interface, although occurring, is also quite small. The upflow and fountain
widths show no Re dependence but slightly increase with Fr. For large Fr
fountains (Fr > 2), however, entrainment occurs at both the upflow-downflow
interface and the downflow-ambient interface, even for Re as low as 100. The
extents of the entrainment increases almost linearly with Re. The upflow
and fountain widths show strong Re dependence and increase almost linearly
with Fr. The onset of entrainment and instability occurs at relatively high Re
(> 1000) in small Fr (≤ 2) fountains, but at small Re (< 100) in large Fr
(> 2) fountains. The quantitative dependence of the onset of entrainment
and instability on Fr and Re can be, and should be, sought with much wider
ranges of Re and Fr and with three dimensional dns in the future work.
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