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Abstract

We introduce two Schrodinger operators of compact space-like hy-
persurfaces in a de Sitter space. If the hypersurfaces have constant
mean curvature or constant scalar curvature, we obtain some spectral
characterisations of totally umbilical space-like hypersurfaces by the
first eigenvalue of the Schrédinger operators.
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1 Introduction

Space-like hypersurfaces with constant mean curvature or constant scalar
curvature in an arbitrary Lorentz manifold play an important role in gen-
eral relativity. Space-like hypersurfaces in a Lorentz manifold have recently
been investigated by many researchers from both physical and mathematical
points of view. Let M?“ (c) be an (n+1)-dimensional Lorentzian space form
with constant sectional curvature c. According toc >0,c=0o0orc <0,
it is called a de Sitter space, a Minkowski space or an anti-de Sitter space,
respectively, and is denoted by ST (c), R or H}'"'(c). When ¢ =1, we
denote the de Sitter space by S?“. A hypersurface in a Lorentzian manifold
is said to be space-like if the induced metric on the hypersurface is positive
definite.

We know that hypersurfaces with constant mean curvature in a Riemannian
manifold M™*1(c) of constant sectional curvature c are critical points of the
area functional under variations that keep constant a certain volume function.
Barbosa, do Carmo and Eschenburg [4] studied the stability for hypersurfaces
of constant mean curvature in Riemannian manifold. In analogy with the
case of constant mean curvature, questions of stability can be considered
for hypersurfaces with constant scalar curvature. Alencar, do Carmo and
Colares [2] extended the study of stability to hypersurfaces with constant
scalar curvature. As researched by C. Wu [16] for minimal submanifolds in a
unit sphere, Alias et al. [3] and Cheng [9] studied the first eigenvalue of some
Jacobi operator of hypersurfaces with constant mean curvature or constant
scalar curvature in a unit sphere and obtained some spectral characterizations
of so called H(r)-torus S '(r) x S'(v/1 —r2) or Riemannian product S™(r) x
S (V1T =1, T<m<n—1.

Comparing the stability for hypersurfaces with constant mean curvature or
constant scalar curvature in Riemannian manifolds, Barbosa, Oliker [5], Liu
and Deng [12] studied the stability for space-like hypersurfaces with constant
mean curvature or constant scalar curvature in Lorentz manifolds. From the
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results of Barbosa and Oliker [5, 6], we know that constant mean curvature
space-like hypersurfaces are solutions to a variational problem. They are crit-
ical points of the area functional for variations that leave constant a certain
volume function.

We define two Schrédinger operators Ly and Lg by (1) and (2) and obtain
some spectral characterizations of totally umbilical space-like hypersurfaces
by the first eigenvalue of the Schrédinger operator Ly or Lg.

Since space-like hypersurfaces have particular structure, from the definition of
the Schrodinger operator Ly or Lg, we notice that the Schrodinger operators
Ly and Ly are different from that of the Riemannian hypersurface which were
studied by Alias, Barros and Brasil [3] and Cheng [9]. In the case of space-like
hypersurfaces, the first eigenvalues of Ly and Lg have special forms.

In a neighbourhood of a point x of the space-like hypersurface M, we choose
an orthonormal frame field {e;,..., ey} such that hy = Aid; at x, where
hy; are the components of the second fundamental form of M. Let H denote
the mean curvature of M. We introduce the operator ¢ by

(X, Y) = (hX,Y) — H(X, Y).

Putting ¢ = Zi’j bijw; ® wj, where ¢y = hyy — Hdy;, we can see that ¢ is
traceless, that the basis {e1, ..., e.} also diagonalizes ¢ at x with eigenvalues
w = Ay — H, and that

1
PP =) wi=5-) Ni—A)=S-nH,
i i,j

where S denotes the norm square of the second fundamental form of M. We
know that |¢p[> = 0 if and only if M is totally umbilical.

Before announcing our main results, we introduce the following Schrédinger
operators:
nn-—2)

_ 2
Ly = —-A+ | o T)

Hidl, (1)
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1 1 —H2
Lp=—0+—|of* + —|p]? 2
R +nH|d>|+ 0 [ (2)

where the differential operator

Uf = Z (MH8; — hy)fy

i'?].:]

for any C?-function f, which was introduced and used by S. Y. Cheng and
Yau [11]. Now we state our results.

Theorem 1 Let M be an n-dimensional compact orientable space-like hy-
persurface in an (n+1)-dimensional de Sitter space ST with constant mean
curvature H. Denote by 7\1L” the first eigenvalue of the Schrodinger opera-
tor Ly. If 7\1LH > —n(1 — H?), then M is totally umbilical.

Theorem 2 Let M be an n-dimensional compact orientable space-like hy-
persurface in an (n+1)-dimensional de Sitter space S?“ with constant scalar
curvature n(n — 1)R (R < 1). Denote by 7\1LR the first eigenvalue of the
Schrodinger operator Lgy. Then

-2 -2
n max |p*  and 7\1LR: n

nmn-—1) nn-—1)
if and only if M is totally umbilical.

AT < max |l

2 Preliminaries

Let M be an n-dimensional space-like hypersurface in an (n+ 1)-dimensional
de Sitter space S?“ . We choose a local field of semi-Riemannian orthonormal
frames {ey, ..., enr1} in ST such that at each point of M, {er, ..., e,} span
the tangent space of M and form an orthonormal frame there. We use the
following convention on the range of indices:

1<A,B,C,...<n+1; 1<ijk...<n.
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Let {wy, ..., wny1} be the dual frame field so that the semi-Riemannian met-

ric of the de Sitter space ST is ds? = Y, w? — w2, ; = 5 , eaw?] , where

eg=1and €, =—1.

Restrict to M,
wn+] — O . (3)

Cartan’s Lemma implies that
Wn1i = Z hijwj ) hij = }ljl (4)
j

The Gauss equation is
Rijit = (8idj1 — dudjid) — (huchj — huhyi), (5)
where Ry are the components of the curvature tensor of M and
h = Z hiw; ® w; (6)
3]
is the second fundamental form of M. From the above equation,
nmn—1)(R—1)=S—n’H?, (7)

where n(n — 1)R is the scalar curvature of M, H is the mean curvature and
S=24j hizj is the norm square of the second fundamental form of M.

The Codazzi equation is
hije = hiy - (8)
We consider the differential operator [J defined by
Of = ) (nH8y — hy)fy, (9)

ij=1

where df = 3 fiwi, 3 fijw; = dfi + 3 fjw;i .
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We know that the Laplace—Beltrami operator A is always elliptic. From
the discussion of Cheng and Yau [11], we know that the operator O is self-
adjoint, and from the result of Cheng and Ishikawa [10], we know that if
M is an n-dimensional space-like hypersurface in S?“ with constant scalar
curvature n(n—1)R and R < 1, then [J is an elliptic operator (see a Lemma
of Cheng and Ishikawa [10]). Let AT" and AI® be the first eigenvalues of the
Schrodinger operators Ly and Lg, respectively. Since A and [ are elliptic
operators, from (1) and (2) we know that Ly and Ly are elliptic operators.
We can use the min-max characterisation of A" and Al®, as

ATH :min{w feC®(M), f# o}, (10)
M
A%R:mm{%:feew(w, fgéo}. (11)

From the result of Brasil Jr. et al. [7], we know that if M is a orientable
space-like hypersurface with constant mean curvature H in ST, then

TAGR = IVHP + (16F)° — nHir ¢* +n(1 — H)[pF

—2)H
M2 g ey (12)
vnn—1)
where the following result due to Okumura [14] and Alencar, do Carmo [1]
is used:

> VoI + o {Id)l2 -

Let py, Ha,. .., Hn be real numbers such that ) . = 0, and
> uf = p% where f = constant > 0, then
N2 ey e 2

s =4 53
nn-—1) - n(n—1)67 (13)

and equality holds in (13) if and only if at least (n — 1) of the
numbers p; are equal.
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From the calculation of Liu [13] or Shu [15], we conclude that for orientable
space-like hypersurfaces with constant scalar curvature n(n — 1)R in S?“,

O(mH) = [VhP —n?VH? + (J1)° —nH tr ¢* + n(1 — H)|PP

> 1RE — 2 HE + 1P J1oP — M2 oy L
vnn—1)
(14)
and if R < 1, then
IVh|* > n?|VHP. (15)

3 Proof of theorems

We firstly state a proposition proved by making use of a method similar to
that used by C. Wu [16] or A. A. Barros et al. [8] for a Riemannian manifold.

Proposition 3 Let M be an n-dimensional space-like hypersurface in an
(n + 1)-dimensional de Sitter space S}, Then

4n|d>|

IVIoP|* < Vol (16)

Proof: We easily see that ¢y = hy — Hdy; with eigenvalues u; = A; — H
and ¢ is traceless, that is, ) | ¢ = 0. By the Cauchy—Schwarz inequality

VIpP[ =4 (Z dnﬁcbﬁk) =43 (Z wbﬁk)
4Z l‘Ll Z d)uk 4|(b|2 (Z (blll + Z (buk ) . (17)

i,k,k#1
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Since ¢ is traceless, Gui = —2 1 i Gwxi - Thus

Z(d)m = Z (Z d)kh) <(n-1) Z (i)

i i \kk£i ki kA1

From above two inequalities,

VIOR" < 4nlol Y (b

ki kAL

From (8), we know that ¢y are symmetric for the three indices 1,j,k. By
the above inequality and (17),

VIOP| = 10P Y ()’

i,j,k

= |d)|2 (Z(‘but +3 Z d)uk +6 Z d)l]k )

i i,k,i#k i<j<k
> |¢|2 (Z q)lll + Z d)uk +2 Z cI)uk )

i,k,i#£k 1k17$k
1
> Z\Vlcblz} |V|d>|2\ = |V|d>|2\
This completes the proof of Proposition 3. [ Y

Proof of 1: Since M is orientable, we assume that H > 0. For every
¢ > 0, from (10), we introduce a smooth function . = /¢ + |p[? as the test
function to estimate 7\]LH. Then

1
Af, = ———A|pf —
2/ + |2 ¢

1
oM (18)
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From (12) and (18) and Proposition 3,
1

_ 1 2 212
2 1 2|2
FIVOE g V1O
>WF{WF—3@ZEEMM+nU—Hﬂ}
nn-—1)

- Tl’(l)’z } 2
+% mr2e+ion [ Ve

Therefore,

. ;  nn-2) )
fELHfE — fsAfe + {M)| \/TT_UI—H(M} fa

n(n—2)H

Jnmn-1)
. - n|d)|2 2

U ) v
+%mk~1§iﬁlww}u+wm.

<—@F{@%— r@+nm—H%}

nn-—1)

Using (10) with f. as a test function,
A%HJ (e + ) dv :A%HJ f2dv < J fLy(fe) dv
M M M

_ 5 2_n(n—Z)H 2
< Lﬂm{wr el Hf}m
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- o n|d)|2 2
JQ{1 m+¢xvuma}w¢“”

) nn—2) 2
+JM{|¢| —mH@I}(HId)I)dV- (19)

Letting € — oo in (19),

2
A%HJ pPdv < —n(1 — HZ)J | dv—J — |V dv. (20)
Since 7\]LH > —n(1 — H?), from (20), [V]>* = 0. Proposition 3 implies
that V|$> = 0, that is, |$|* is constant. Therefore, we know that |p[> —
(m(n —2)//n(n—1))H|¢| is constant. From (1), we obtain that 7\1LH =

b2 — (n(n—2)/y/n(n—1))Hlp|. So

—n(1— HZ) < |q)|2 _ MHWL
nn-—1)
that is : 2
2 Mn—4a) 2
bF = =0l (1= ) > 0.

Therefore, we know that the equalities in (12) and (13) hold and

WF®MA~3@:3me+nU—Hﬂ}:o
nn—1)

This implies that |p> = 0, that is, M is totally umbilical, or
nn-—2)
vnn—1)

In this case, the equalities hold in (13) and it follows that M has at most two
distinct constant principal curvatures. We conclude that M is totally um-
bilical from the compactness of M. This completes the proof of Theorem 1.

[ )

I — Hlp+n(1 —H*) =0.
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Proof of 2: Since R < 1, from the assertion in section 2 and the Gauss
equation (7), we know that the operator (I is elliptic and n’H? = S +n(n —
1)(1 —R) > 0. Hence, H # 0. Since M is orientable, we can assume that
H > 0. Thus, from (11), we introduce a smooth function f = H as the test
function to estimate AT®. By (2) and (14),

Le(H) = O(H) + 10F° + (1 — K207
vnn—1)

1 1 n—2
S {Elvmz —VHE + —[f + (1 = H) b — —HM)P}

1
+ —[bl* + (1 — H?)|dJ?
n

n—2

1
=— —th—nVH2)+—H ’. 21
(7= nivH ot (21)
From (11) and (15),
A&RJ szv<J HLg(H) dv
M M
1 -2
__ J H<—|Vh|2—n|VH|2) dv+J == _HpP dv
<J "2 gfdve — 2 |¢|3J H2 dv
< —_— < ————max .
My/nn—1) vnn-—1) M
(22)
Thus,
7\]LR< n-—2 max |¢|°.
nmn-—1)

IFA® = [(n—2)/y/n(n—1)] max|$P, then the equalities in (22), (21), (15),
(14) and (13) hold. Since the operator [ is self-adjoint and M is compact,
from (14), we obtain that

2 Z_T'L(TI—Z)H 12 o
| 1o {r¢r Al nl H)} dv=0.
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This implies that |p> = 0 and M is totally umbilical, or

n(n—2)H
nn-—1)

By the Gauss equation (7), (23) is equivalent to

I — |l +n(1 —H?*) =0. (23)

|2n2

[ bl —n(n—1)(R—1)

+n<1—n(n—_”!d>!2+(R—1)):O. (24)

Since the scalar curvature n(n — 1)R is constant, from (24), || is constant.
By the equalities of (13), we know that M has at most two distinct constant
principal curvatures. We conclude that M is totally umbilical from the com-
pactness of M. This completes the proof of Theorem 2. Y
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