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Sensitivity analysis of a model for direct
reduction in swelling coal char-hematite

composite pellets
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Abstract

This paper describes a study of the optimisation of the
modelling of the direct reduction process in swelling coal
char-hematite composite pellets. Approximations of impor-
tant physical parameters such as heats of reaction, specific
heat and thermal conductivity of the reducing mixture have
been developed. Without introducing significant errors, the
computation time can be halved. The effect of the deter-
mination of pellet size and of the activation energies of the
reducing reactions on the modelling results has also been
investigated.
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1 Introduction

Some coal-based direct reduction processes are based on production
of composite pellets consisting of a mixture of fines of iron-bearing
oxide, carbonaceous material (coal, coke, char) and small amount of
binder. The pellets are heated and reductant gases, volatile matter
from the coal and carbon monoxide from the Boudouard reaction
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(see below), react with iron oxide and reduce the iron ore to iron.
The main reactions for the coal based direct reduction are:

1. hematite to magnetite, 3Fe2O3 + CO = 2Fe3O4 + CO2 ;

2. magnetite to wustite, 1.202Fe3O4 + CO = 3.807Fe0.947O +
CO2 ;

3. wustite to iron, Fe0.947O + CO = 0.947Fe + CO2 ;

4. Boudouard reaction: C + CO2 = 2CO .

Seaton et al. [5, 6], in their experiments with hematite and mag-
netite pellets containing coal char, showed that the difference in
temperature between the pellet centre and the surface can be quite
significant. This is associated with the highly endothermic nature
of the carbon gasification reaction 4. Their work and that of Nasci-
mento et al. [4] showed that catastrophic swelling during the re-
duction can occur. A mathematical model of this process (see Ap-
pendix A) has been developed (Donskoi and McElwain [1]) and ver-
ified (see Figs. 1 and 2) using experimental data reported by Seaton
et al. [5, 6].

Industrial processes for the direct reduction of iron ore in com-
posite pellets are very complicated and involve non-uniform heating,
nonisothermal heterogeneous reactions, devolatilization of coal and
change in pellet size. Accurate two dimensional modelling of the re-
duction in a single pellet can take several days to run and modelling
of industrial processes where multiple layers of pellets and reactions
in the gas media outside the pellets should be included can be very
time consuming. However, industry needs not only to model the
process but to optimise it as well. This includes finding the opti-
mal size of the pellets, the number of pellet layers and the optimal
composition, for example. Thus the modelling of the reduction in
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Figure 1: Fractional reaction vs. time for hematite pellets. Ex-
perimental and modelling results for three different furnace tem-
peratures 900◦C, 1000◦C and 1100◦C. These and later experimental
results were reproduced from work by Seaton et al. [5, 6].
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Figure 2: (a) Surface (st) and core (ct) temperatures vs. time
during the reduction. Abbreviations ’exp’ and ’mod’ are for exper-
imental and modelling results, respectively. (b) Percentage volume
change vs. time for three different furnace temperatures: 900◦C,
1000◦C and 1100◦C.
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Table 1: Mean heats of reactions. For the reactions 1, 2 and 3,
∆H is given per mole of carbon monoxide, whereas for the reac-
tion 4, ∆H is given per mole of carbon.

Reaction 1 2 3 4
Temp. range (K) 700–1300 900–1400 1000–1400 700–1400

∆H (kJ/mol) -39.24 23.57 -17.22 169.95

one pellet should be as fast as possible. All the parameters in the
modelling are temperature dependent and therefore time dependent
(Donskoi and McElwain [2]). It is very important to understand the
sensitivity of the model predictions to any simplification or inaccu-
rate parameter estimation.

2 Approximate modelling of heats of

reactions

Heats of reaction in the model of direct reduction in highly swelling
coal char - iron ore composite pellet are modelled by

Hr = A + B103T−1 + C10−3T + D10−6T 2 + E10−9T 3 kJ/mol, (1)

and for different temperature ranges the coefficients are different [2].

As an approximation, we use a mean heat of reaction (see Ta-
ble 1) for a certain reaction over a specified temperature range where
this reaction is important. In Table 2, the maximum differences (per
cent) for the predictions of modelling with mean heats of reactions
and the full temperature dependent heats of reaction are given. Of
course, the temperature ranges for the averaging can be dependent
on the furnace temperature which gives better approximation but,
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Table 2: The maximum differences (per cent) for the modelling
with mean heats of reactions and with temperature dependent heats
of reaction.

Temp (C) 900 1000 1100
Frac. reaction -0.027 -0.063 -0.16
Volume change -0.094 0.22 0.19

as will be seen, the errors are quite small even without this adjust-
ment.

3 Approximate modelling of specific

heats

To estimate the specific heats for every compound in the mixture
for a certain temperature range, the following formula is used [1]:

Cp = A+B106T−2 +C10−3T +D10−6T 2 +E10−9T 3 J/mol/K. (2)

The approximation studied here does not use this expression for
every compound, nor does it use a mean for each compound but
uses a mean specific heat during the reduction for the whole mixture
and it is calculated to be 914.5 J/kg/K approximately. Table 3
shows the maximum differences (per cent) for fractional reaction and
volume change for modelling in cases when the average specific heat
of the mixture is used and for the case where specific heat for every
compound is given by Formula (2) above. See the errors associated
with such modelling are smaller than the experimental errors. What
is important is that the maximum difference for fractional reaction
between the two approaches occurs during the earlier stages of the
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Table 3: Maximum differences (per cent) in predictions using mod-
elling between cases when the average specific heat of mixture is
used and for the case where the specific heat is modelled for every
compound as a temperature dependent function.

Temp (C) 900 1000 1100
Frac. reaction 0.61 1.15 1.27
Volume change 0.18 0.45 0.38

reduction and decreases significantly closer to the middle of the
reduction (see Fig. 3). For example, for a reduction temperature
of 1000◦C this maximum occurs after 1.48min. from the beginning
of the reduction but, after 5min. of reduction, the error for the
fractional reaction decreases from 1.15% to 0.17%.

Another approximation to the specific heat of the mixture in-
volves the introduction of a local characteristic of the degree of
reduction, namely the amount of oxygen removed relative to pure
hematite Or : for pure hematite it is zero; and for completely re-
duced iron ore it is unity. Using the values for the temperatures
of 900◦C, 1000◦C and 1100◦C, a multiple regression for the specific
heat of the mixture as a function of temperature and amount of
oxygen removed Or gave

Cm
p = 1.76411T − 0.000686059T 2 + 1.40233/Or

− 464.569Or + 150.852O2
r . (3)

The modelling was repeated using this formula for the specific heat
of the mixture and maximum differences between the predictions for
the simplified model and full model are shown in Table 4. See the
errors for the predicted fractional reaction is of the order of 0.1% and
for the volume change the errors are less than 0.02%. We conclude
that such approximations are quite acceptable.
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Figure 3: Difference in fractional reaction modelling between cases
when the average specific heat of mixture is used and for the
case where the specific heat is modelled for every compound as
temperature-dependent function.

Table 4: Maximum differences (per cent) in modelling between
cases when the specific heat of mixture was modelled as function
of temperature and oxygen removed and the case where the spe-
cific heat is modelled for every compound as temperature dependent
function.

Temp (C) 900 1000 1100
Frac. reaction 0.092 0.085 0.11
Volume change 0.0023 0.0062 0.015
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Table 5: Maximum differences (per cent) in modelling between
cases when the average thermal conductivity of mixture is used and
for the case where the thermal conductivity is modelled with For-
mula (4).

Temp (C) 900 1000 1100
Frac. reaction -2.27 -3.94 -5.07
Volume change -3.16 -4.04 3.78

4 Approximate modelling of thermal

conductivity

The thermal conductivity in the model of direct reduction in highly
swelling coal char - iron ore composite pellet is modelled as

km =
2

3
{φ/kg + (1− φ)/ks}−1 +

1

3
{φkg + (1− φ)ks} , (4)

where φ is the porosity, kg is the thermal conductivity of gas inside
the pores of the solid and ks is the mean dense thermal conductivity
of the mixture. The formula for the dense thermal conductivity used
in this modelling is

ks = c
∑

i

fiksi , (5)

where fi is volume fraction of the solid component i, ksi is the
thermal conductivity of the solid component i. The adjusting fac-
tor c, reflects the effects of consolidation, the porosity matrix and
the mixture of different components in the solid fraction. The ther-
mal conductivity of each compound is modelled as a temperature
dependent function. Modelling using an average thermal conduc-
tivity gives quite poor results, see Table 5. See the errors of such
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Table 6: Maximum differences (per cent) in modelling between
cases when the thermal conductivity is approximated as function of
temperature and amount of oxygen removed and for the case where
thermal conductivity is modelled with Formula (4).

Temp (C) 900 1000 1100
Frac. reaction 0.31 0.37 1.46
Volume change -0.95 0.83 1.2

an approximation are significant and increase with reduction tem-
perature.

We now seek a similar regression to the approximation of the
thermal conductivity as was used for the specific heat approximation
— to approximate the local value of the thermal conductivity of
the mixture as the function of the temperature and the amount of
oxygen removed in comparison with pure hematite. The model is

km = 2.24752− 0.00223533T + 9.88274× 10−10T 3

− 3.83744Or + 4.88544O2
r − 1.999985O3

r . (6)

The results of such modelling are shown in Table 6. See the errors
in the predictions have been significantly decreased.

5 Modelling with approximated heats

of reactions, specific heat and

thermal conductivity

The results of using previously reported approximations (specific
heat and thermal conductivity approximated with functions of tem-
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Table 7: Maximum differences (per cent) in predictions between
cases when the heats of reactions, specific heat and thermal con-
ductivity is approximated and when they are calculated according
to formulae (1), (2) and (4) respectively.

Temp (C) 900 1000 1100
Frac. reaction -0.32 0.33 1.38
Volume change -1.03 0.86 1.26

perature and amount of oxygen removed and mean heats of reac-
tions) in the modelling are shown in Table 7. These prediction er-
rors are quite acceptable. In addition, we conclude that the overall
specific heat and thermal conductivity of the mixture can be mod-
elled as functions of temperature and amount of oxygen removed.
This significantly simplifies the modelling. Modelling using the
full temperature dependent formulae for a temperature of 1000◦C
for a one dimensional case takes (on a Digital Alpha Server 2100)
about 11 min. 50 sec. while with approximated parameters it takes
5 min. 55 sec. which represents a 50% saving in computer time.

6 Effect of pellet radius measurement

on the predictions

Pelleting does not produce a narrow size range of pellets. Their radii
can differ by a factor of two. How applicable are the predictions of
the model if the size of the pellet in the model is different from
the size of the pellet in the experiment? Is it appropriate to use
an average pellet size? Table 8 shows the maximum difference for
the fractional reaction (per cent) and percentage volume change for
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Table 8: Maximum differences for the fractional reaction (per cent)
and percentage of volume change during the reduction between pa-
rameters corresponding to pellets of 5mm and 9mm and the pellet
of radius 7mm.

radius \ Temp (C) 900 1000 1100
Fractional 5mm 1.87 6.08 10.8
Reaction 9mm -2.25 -6.38 -9.83
Volume 5mm 6.67 -18.3 -8.58
change 9mm -8.59 21.9 10.4

pellets of radius 5mm and 9mm compared with a pellet of radius
7mm during the reduction.

See from the Table 8 the difference between predicted results
compared with those for 7mm pellets for the fractional reaction
increases with temperature and can be quite significant (see Fig. 4).
The predicted differences in volume change are also significant.

In an industrial process there is a range of pellet sizes. Let us
calculate the difference between the predictions in a situation where
there is one third by weight of each pellet sizes — 5mm, 7mm and
9 mm and the situation where all pellets are 7mm. Table 9 shows
the maximum error for modelling the process with an average size
pellet. The above analysis has shown the magnitude of the error
associated with such pellet size averaging and each researcher needs
to decide whether this modelling error is acceptable.
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Figure 4: Fractional reaction modelling for pellet sizes of 5mm,
7mm, 9 mm with reduction temperatures of 1000◦C and 1100◦C.

Table 9: Maximum difference (per cent) in fractional reaction and
volume change for situation where one third of pellets by weight
are 5 mm, 7 mm, 9mm in radius compared with modelling when all
pellets are 7mm in radius.

Temp (C) 900 1000 1100
Frac. reaction -0.15 -0.68 -1.60
Volume change -0.77 -2.66 -2.26
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Table 10: The maximum differences with original modelling for
fractional reaction and volume change for reactions 1, 2 and 3 with
activation energies 370 kJ/mol, 400 kJ/mol and 320 kJ/mol respec-
tively.

reaction \ Temp (C) 900 1000 1100
Fractional 1 2.01 1.26 1.16
reaction 2 4.98 3.10 1.82

3 24.1 18.5 13.5
Volume 1 0.06 0.10 0.08
change 2 3.38 1.55 0.57

3 -87.0 -28.7 5.04

7 Sensitivity of the results to

activation energy determination

The values for the frequency factors and for the apparent activation
energies for the first, second and third reactions are the following [1]:

• kH = 6.0× 1017 s−1 , EH = 380 kJ/mol;

• kM = 7.5× 1016 s−1 , EM = 410 kJ/mol;

• kW = 1.7× 1011 s−1 , EM = 330 kJ/mol.

In this section the effect of the poor estimation of the activation
energy is investigated. The activation energy for each reaction 1,
2 and 3 has been decreased by 10 kJ/mol (one at a time) while
the predicted activation energies for other reactions remains the
same. The maximum differences between the new predictions and
the original modelling are shown in Table 10. See in Table 10 and
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Figure 5: Mathematical modelling of fractional reaction and vol-
ume change for original case with activation energy of reaction 3
is EM = 330 kJ/mol and for the second case when EM = 320 kJ/mol
for temperatures 900◦C and 1000◦C.
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Fig. 5 that whereas the accurate determination of the activation
energies for the first two reactions are not so important, the accurate
determination of activation energy for the third reaction is critical,
especially for low reduction temperatures.

8 Conclusion

We have studied the way in which the mathematical modelling of
highly swelling composite pellets can be optimised without a signif-
icant loss of accuracy. The specific heat and the thermal conduc-
tivity of the mixture has been shown to be modelled as functions of
temperature and amount of oxygen removed. This significantly sim-
plifies the modelling. Instead of temperature dependent functions,
averaged heats of reactions can be used. The computation time of
modelling using such approximations is significantly decreased —
by a factor of two. Averaging over the pellet size does not signifi-
cantly affect the modelling prediction. The accurate determination
of activation energy for the wustite to iron reaction is critical for
the modelling.
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A Mathematical model of direct

reduction in hematite-coal char

composite pellet

The model includes seven differential equations as outlined in Don-
skoi and McElwain [1]. We present a summary here.

The first equation is the one-dimensional non-linear diffusion
equation for temperature with a sink term corresponding to the loss
of heat to fuel the reactions:∑

l

(ρlcl)
∂T

∂t
=

1

r2

{
∂

∂r

[
kr2∂T

∂r

]}
−

∑
j

HjRj , (7)
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where T is the temperature, cl and ρl are the specific heat and the
partial density of the lth compound in the mixture, k is the ther-
mal conductivity, which is a function of composition, porosity and
temperature and Hj and Rj the heat and the rate of jth reaction,
respectively.

Three other equations are for transitions from hematite H, to
magnetite M , magnetite to wustite W , and wustite to iron F , (H,
M , W and F in kg/m3).

dH

dt
= −HkH exp(−EH/(RT )) , (8)

dM

dt
= xHkH exp(−EH/(RT ))−MkM exp(−EM/(RT )) , (9)

dW

dt
= yMkM exp(−EM/(RT ))−WkW exp(−EW /(RT )),(10)

dF

dt
= zWkW exp(−EW /(RT )) , (11)

where x, y and z are the weight coefficients, kH , kM and kW are
the apparent frequency factors, and EH , EM and EW are apparent
activation energies, all constant.

The fifth equation is for the carbon consumption:

dC

dt
= −QHHkH exp(−EH/(RT ))−QMMkM exp(−EM/(RT ))

−QW WkW exp(−EW /(RT )) , (12)

where QH , QM and QW are coefficients depending on weight rela-
tionships and equilibrium conditions for a corresponding reaction.

The next equation is for the modelling of devolatilisation of coal
char. It uses the concept of nth order reaction modelling [3]:

dVv

dt
= k0 exp(−EA/(RT ))(V ∗

v − Vv)
n , (13)
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where Vv is the mass fraction of volatiles from the coal char evolved
up to time t, V ∗

v is the value of Vv as t →∞, k0 is the pre-exponential
factor, EA is the apparent activation energy, n is the order of the
reaction, R is the ideal gas constant, and T is the absolute temper-
ature.

The last equation describes the local volume change. This pro-
cess has been modelled as the interaction between two opposite
processes: swelling (term Sw) and shrinkage (term Sh).

dV

dt
= V (Sw − Sh) . (14)

The shrinkage term is modelled as:

Sh = 0.012φ2 exp(−4372/T ) . (15)

where φ is the porosity and T is the absolute temperature. The
swelling term is modelled as:

Sw = 2.9× 10−7WF

σ
exp

(
−(T − T0)

2

2σ2

)
. (16)

where W and F are concentrations of wustite and iron and T is
the absolute temperature. As can be seen the swelling term has
Gaussian dependence on temperature with a mean temperature,
T0, of 1193◦K and a standard deviation, σ, of 60◦K. As a result of
the local volume change the total change of the pellet size occurs.
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