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A Reynolds uniform scheme for singularly
perturbed parabolic differential equation

X. Cai∗ F. Liu∗ †
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Abstract

Time dependent convection diffusion problems with large Reynolds
number are considered. Such a problem has been considered by us-
ing Shishkin’s scheme, which was uniformly convergent with respect
to large Reynolds number in order O(N−1 log2 N + M−1), where
N and M are number of intervals in x direction and t direction re-
spectively. A three-transition points scheme, four piecewise-uniform
mesh, is introduced. The mesh partition, the barrier function, the
estimate of truncation error and the techniques of proof are differ-
ent from others. The new scheme is non-equidistant. It is proved
uniformly convergent with respect to large Reynolds number in or-
der O(N−1 + M−1). Our work is better than Shishkin’s traditional
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scheme, while the computational procedure is as simple as Shishkin’s
scheme. This novel method also has the same accurate result as
Bakhvalov–Shishkin’s scheme, while the computational procedure is
simpler than Bakhvalov–Shishkin’s scheme. Shishkin’s scheme and
Bakhvalov–Shishkin’s scheme are compared with the new method. Fi-
nally, numerical results support the theoretical results.
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1 Introduction

Problems with large Reynolds number are of common occurrence in many
branches of applied mathematics [3, 6, 7]. The presence of large Reynolds
number leads to boundary layer phenomena. Various methods are available
in the literature in order to obtain numerical solution [1, 2, 4, 7].
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In this article the parabolic initial-boundary value problem with large
Reynolds number is considered. It is well known that a uniform mesh does
not properly solve such problems [3]. The simplest class of the non-uniform
mesh is fitted piecewise-uniform mesh [3, 6], which is uniformly convergent
with respect to large Reynolds number in order O(N−1 log2N+M−1), where
N and M are number of intervals in x direction and t direction respectively.

In order to improve the convergence rate, Shishkin’s scheme with Bakhvalov
technique [1] has been presented [5], which has first-order convergence rate,
but it was more difficult to determine the mesh partition.

In this article a multi-transition points difference scheme is presented.
The new method is computationally efficient. It has the same accurate result
as Bakhvalov–Shishkin’s scheme, while the computational procedure is as
simple as Shishkin’s scheme.

There are new ideas in this article: the mesh partition, the barrier func-
tion, the estimate of truncation error and the techniques of proof are different
from others.

Firstly, a choice of three-transition points is presented, which is based on
the multi-log function of mesh partition number. Secondly, multi-segment
discrete mesh functions as barrier functions for numerical solution of the
singular component are constructed. The barrier functions are increased
monotonically at the same rate in the same segment, while they change at
different rate in every transition points. The barrier functions are different in
different situation. Thirdly, the estimation of the truncation error, especially
in transition points, is different from Shishkin’s traditional scheme.

Throughout this article C,C1, C2, . . . , c1, c2, . . . denote positive constants
that may take different values in different formulas, but that are always
independent of N , M and ε.
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2 Partial differential equation

Consider the parabolic initial-boundary value problem Pε
Lεu(x, t) = εuxx + a(x, t)ux − d(x, t)ut = f(x, t) , (x, t) ∈ Ω ,
u(x, 0) = s(x) , (x, 0) ∈ Sx ,
u(0, t) = q0(t) , (0, t) ∈ S0 ,
u(1, t) = q1(t) , (1, t) ∈ S1 ,

(1)

where Ω = (0, 1) × (0, 1] , Ω̄ = [0, 1] × [0, 1] , Sx = {(x, 0) | 0 ≤ x ≤ 1} ,
S0 = {(0, t) | 0 ≤ t ≤ 1} , S1 = {(1, t) | 0 ≤ t ≤ 1} , a(x, t), d(x, t), f(x, t) are
sufficiently smooth functions and satisfy the compatibility conditions [7] and
also the following conditions

a(x, t) > α > 0 , d(x, t) > β > 0 , (2)

ε is a sufficiently small parameter, without loss of generality, we let

0 < ε� α

4
. (3)

Similar to the discussion in [6, 7], we have the following lemma.

Lemma 1 Under certain smoothness and compatibility conditions on the
data a(x, t), d(x, t), f(x, t), the solution of Pε has the decomposition u(x, t) =
v(x, t) + w(x, t) , where v(x, t) is the smooth component and w(x, t) is the
singular component. For any integers i, j, satisfying 0 ≤ i + j ≤ 3 , v(x, t)
and w(x, t) satisfy ∣∣∣∣ ∂i+jv∂xi∂tj

(x, t)

∣∣∣∣ ≤ C(1 + ε2−i), (4)∣∣∣∣ ∂i+jw∂xi∂tj
(x, t)

∣∣∣∣ ≤ Cε−ie−αx/ε. (5)
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3 New techniques of mesh partition

We consider the non-equidistant mesh partition in x direction 0 = x0 < x1 <
· · · < xN = 1 , where we set hi = xi − xi−1 , 1 ≤ i ≤ N ; h̄i = hi+hi+1

2
,

1 ≤ i ≤ N − 1 . We consider the equidistant mesh partition in t direction
0 = t0 < t1 < · · · < tM = 1 , where we set τ = 1/M , 1 ≤ i ≤ M . For all
N = 2m ∈ [16, 3.7× 106] , where m ≥ 4 , satisfy

ee < N < ee
e
,

e < logN < ee ,
1 < log logN < e ,
0 < log log logN < 1 .

(6)

Consider the following three-transition points in x direction:
τ3 = ε log log logN

α
,

τ2 = τ3 + min{ ε log logN
α

, 1
4
} ,

τ1 = τ2 + min{ ε logN
α

, 1
4
} .

(7)

Note: τ3 is always a transition point under the condition (3).

The mesh partition is depended on the following three cases.

Case 1: ε logN
α

< 1
4

.

There are three transition points: τ3 = (ε log log logN)/α , τ2 = τ3 +
(ε log logN)/α , τ1 = τ2 + (ε logN)/α (see Figure 1). Therefore the do-
main (0, 1] is subdivided into four subintervals: I1 = (0, τ3], I2 = (τ3, τ2],
I3 = (τ2, τ1], I4 = (τ1, 1].

There are N/4 mesh points in four subintervals respectively. In each
interval we use equidistant mesh (see Figure 2), so we let h1 = h2 = · · · =
hN/4 = H4 , hN/4+1 = hN/4+2 = · · · = hN/2 = H3 , hN/2+1 = hN/2+2 = · · · =
h3N/4 = H2 , h3N/4+1 = h3N/4+2 = · · · = hN = H1 .
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Figure 1: Three-transition points in Case 1
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Figure 2: Piecewise Uniform Mesh Partition with N = 16 for Case 1

Case 2: ε log logN
α

< 1
4

and ε logN
α
≥ 1

4
.

Note that ε−1 ≤ (4 logN)/α . There are three transition points: τ3 =
(ε log log logN)/α , τ2 = τ3 + (ε log logN)/α , τ1 = τ2 + 1

4
. Therefore the

domain (0, 1] is subdivided into four subintervals: I1 = (0, τ3], I2 = (τ3, τ2],
I3 = (τ2, τ1], I4 = (τ1, 1].

There are N/4 mesh points in four subintervals respectively. In each
interval we use equidistant mesh, so we can let h1 = h2 = · · · = hN/4 = H4 ,
hN/4+1 = hN/4+2 = · · · = hN/2 = H3 , hN/2+1 = hN/2+2 = · · · = h3N/4 = H2 ,
h3N/4+1 = h3N/4+2 = · · · = hN = H1 .

Case 3: ε log logN
α

≥ 1
4

.

Note that ε−1 ≤ (4 log logN)/α. There are two transition points: τ3 =
(ε log log logN)/α, τ2 = τ3 + 1

4
. Therefore the domain (0, 1] is subdivided

into three subintervals: I1 = (0, τ3], I2 = (τ3, τ2], I4 = (τ2, 1].

There are N/2 mesh points in I4 and N/4 mesh points in I1, I2 respec-
tively. In each interval we use equidistant mesh, so we can let h1 = h2 =
· · · = hN/4 = H4 , hN/4+1 = hN/4+2 = · · · = hN/2 = H3 , hN/2+1 = hN/2+2 =
· · · = hN = H1 .
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4 Difference equation

Multi-transition points difference scheme is constructed as Problem PN,M
ε

LN,Mε U(xi, tj) = εδ2
xU(xi, tj) + a(xi, tj)D

+
x U(xi, tj)− d(xi, tj)D

−
t U(xi, tj)

= f(xi, tj) , (xi, tj) ∈ ΩN,M ,
U(xi, 0) = s(xi) , (xi, 0) ∈ ΓN ,
U(0, tj) = q0(tj) , (0, tj) ∈ ΓM0 ,
U(1, tj) = q1(tj) , (1, tj) ∈ ΓM1 ,

(8)
where

D+
x U(xi, tj) =

U(xi+1, tj)− U(xi)

hi+1

,

D−x U(xi, tj) =
U(xi, tj)− U(xi−1, tj)

hi
,

δ2
xU(xi, tj) =

D+
x U(xi, tj)−D−x U(xi, , tj)

h̄i
,

D−t U(xi, tj) =
U(xi, tj)− U(xi, tj−1)

τ
,

Ω̄N = {xi}Ni=0 ,

ΩN = {xi}N−1
i=1 ,

Ω̄M = {tj}Mj=0 ,

ΩM = {tj}Mj=1 ,

Ω̄N,M = Ω̄N × Ω̄M ,

ΩN,M = ΩN × ΩM ,

ΓN = {(xi, 0) | xi ∈ Ω̄N} ,
ΓM0 = {(0, tj) | tj ∈ ΩM} ,
ΓM1 = {(1, tj) | tj ∈ ΩM} ,
ΓN,M = ΓN ∪ ΓM0 ∪ ΓM1 .
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Analogous to that argument in [6, 7], it is easy to prove the following
discrete minimum principle and uniform stability result.

Lemma 2 Suppose that a mesh function U(xi, tj) satisfy{
LN,Mε U(xi, tj) ≤ 0 , (xi, tj) ∈ ΩN,M ,
U(xi, tj) ≥ 0 , (xi, tj) ∈ ΓN,M ,

(9)

then U(xi, tj) ≥ 0 holds for all (xi, tj) ∈ Ω̄N,M .

Lemma 3 The solution U(xi, tj) of difference equation PN,M
ε for all (xi, tj) ∈

Ω̄N,M satisfies

|U(xi, tj)| ≤ C1 max
ΩN,M

∣∣LN,Mε U(xi, tj)
∣∣+ C2 max

ΓN,M
|U(xi, tj)| . (10)

The solution of difference equation PN,M
ε has the decomposition

U(xi, tj) = V (xi, tj) +W (xi, tj) , (11)

where V (xi, tj) and W (xi, tj) satisfy
LN,Mε V (xi, tj) = Lεv(xi, tj) , (xi, tj) ∈ ΩN,M ,
V (xi, 0) = v(xi, 0) , (xi, 0) ∈ ΓN ,
V (0, tj) = v(0, tj) , (0, tj) ∈ ΓM0 ,
V (1, tj) = v(1, tj) , (1, tj) ∈ ΓM1 ,

(12)

and 
LN,Mε W (xi, tj) = Lεw(xi, tj) , (xi, tj) ∈ ΩN,M ,
W (xi, 0) = w(xi, 0) , (xi, 0) ∈ ΓN ,
W (0, tj) = w(0, tj) , (0, tj) ∈ ΓM0 ,
W (1, tj) = w(1, tj) , (1, tj) ∈ ΓM1 .

(13)
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5 ε-uniform convergence

Applying Lemma 3, it is easy to prove the following lemma.

Lemma 4 At each mesh point (xi, tj) ∈ Ω̄N,M , the error in the smooth
component satisfy the ε-uniform error bound

|V (xi, tj)− v(xi, tj)| ≤ C1N
−1 + C2M

−1 , (14)

where V (xi, tj) is the solution of (12) and v(x, t) is the smooth component in
Lemma 1.

Lemma 5 At each mesh point (xi, tj) ∈ Ω̄N,M , the error in the singular
component satisfy the ε-uniform error bound

|W (xi, tj)− w(xi, tj)| ≤ C(N−1 +M−1) , (15)

where W (xi, tj) is the solution of (13) and w(x, t) is the singular component
in Lemma 1

Proof: The discussion is separately into the following three cases.

Case 1: ε logN
α

< 1
4

.

Firstly we consider the region {(xi, tj) | xi ∈ [τ1, 1], tj ∈ Ω̄M} . Introduc-
ing the mesh function in one dimension P (xi), which is the solution on the
constant coefficient finite difference equation{

εδ2P (xi) + αD+P (xi) = 0, xi ∈ ΩN ,
P (0) = 1 , P (1) = 0 ,

(16)
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where

D+P (xi) =
P (xi+1)− P (xi)

hi+1

,

D−P (xi) =
P (xi)− P (xi−1)

hi
,

δ2P (xi) =
D+P (xi)−D−P (xi)

h̄i
.

It can be proved as in [2, 3] that

D+P (xi) ≤ 0 , 0 ≤ i < N , (17)

0 ≤ P (τ1) ≤ CN−1 . (18)

Consider the barrier function

Ψ±(xi, tj) = C1P (xi) + C2tjM
−1 ±W (xi, tj) . (19)

Choosing C1, C2 large enough, applying Lemma 3, leads to

|W (xi, tj)| ≤ C(N−1 +M−1) in {(xi, tj) | xi ∈ [τ1, 1], tj ∈ Ω̄M}. (20)

Lemma 1 leads to

|w(xi, tj)| ≤ C(N−1 +M−1) in {(xi, tj) | xi ∈ [τ1, 1], tj ∈ Ω̄M}. (21)

Therefore in {(xi, tj) | xi ∈ [τ1, 1], tj ∈ Ω̄M}

|W (xi, tj)− w(xi, tj)| ≤ C(N−1 +M−1), . (22)

Secondly, consider the result in {(xi, tj) | xi ∈ [0, τ1], tj ∈ Ω̄M} . Now we
introduce the mesh function in one dimension

Q(xi) =


c4

τ3
Nε
ϕ4(xi) +Q(τ3) , 0 ≤ i ≤ N

4
,

c3
τ2−τ3
Nε

e−ατ3/εϕ3(xi) +Q(τ2) , N
4
≤ i ≤ N

2
,

c2
τ1−τ2
Nε

e−ατ2/εϕ2(xi) ,
N
2
≤ i ≤ 3N

4
,

(23)
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where the coefficient c2, c3 and c4 are large constant, ϕj(xi) , 2 ≤ j ≤ 4 , are
defined by

ϕ4(x0) = 1 , ϕ4(τ3) = 0 , ϕ4(xi) =
λ

N/4−i
4 −1

λ
−N/4
4 −1

, 0 ≤ i ≤ N
4
,

ϕ3(τ3) = 1 , ϕ3(τ2) = 0 , ϕ3(xi) =
λ

N/2−i
3 −1

λ
N/4
3 −1

, N
4
≤ i ≤ N

2
,

ϕ2(τ2) = 1 , ϕ2(τ1) = 0 . ϕ2(xi) =
λ
3N/4−i
2 −1

λ
N/4
2 −1

, N
2
≤ i ≤ 3N

4
,

(24)

where 
λ4 = 1 + αH4

ε
,

λ3 = 1 + αH3

ε
,

λ2 = 1 + αH2

ε
,

λ1 = 1 + αH1

ε
.

(25)

It is easy to prove
|Q(xi)| ≤ CN−1. (26)

At mesh points {(xi, tj) | xi ∈ [0, τ1], tj ∈ Ω̄M}, consider the barrier function

Φ±(xi, tj) = C1Q(xi) + C2N
−1 + C3tjM

−1 ± (W (xi, tj)− w(xi, tj)) ,
(27)

where Ci, i ∈ [1, 3], are large constant. Choosing Ci, i ∈ [1, 3], large enough,
applying Lemma 3, we have

|W (xi, tj)− w(xi, tj)| ≤ C(N−1 +M−1), (28)

holds for {(xi, tj) | xi ∈ [0, τ1], tj ∈ Ω̄M} .

Combining (22) and (28) yields

|W (xi, tj)− w(xi, tj)| ≤ C(N−1 +M−1) , (xi, tj) ∈ Ω̄N,M (29)
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Case 2: ε log logN
α

< 1
4

and ε logN
α
≥ 1

4
.

Introduce the mesh function in one dimension R(xi) ,

R(xi) =


c4

τ3
Nε
ψ4(xi) +R(τ3) , 0 ≤ i ≤ N

4
,

c3
τ2−τ3
Nε

e−ατ3/εψ3(xi) +R(τ2) , N
4
≤ i ≤ N

2
,

c2
logN
N
e−ατ2/εψ2(xi) +R(τ1) , N

2
≤ i ≤ 3N

4
,

c1
1
N
ψ1(xi) ,

3N
4
≤ i ≤ N ,

(30)

where cj, j ∈ [1, 4], are large constant; ψj(xi), 1 ≤ j ≤ 4 , are defined by

ψ4(x0) = 1 , ψ4(τ3) = 0 , ψ4(xi) =
λ

N/4−i
4 −1

λ
N/4
4 −1

, 0 ≤ i ≤ N
4
,

ψ3(τ3) = 1 , ψ3(τ2) = 0 , ψ3(xi) =
λ

N/2−i
3 −1

λ
N/4
3 −1

, N
4
≤ i ≤ N

2
,

ψ2(τ2) = 1 , ψ2(τ1) = 0 , ψ2(xi) =
λ
3N/4−i
2 −1

λ
N/4
2 −1

, N
2
≤ i ≤ 3N

4
,

ψ1(xi) = 1− xi , 3N
4
≤ i ≤ N .

(31)

It is easy to prove
|R(xi)| ≤ CN−1. (32)

At every mesh points (xi, tj) ∈ Ω̄N,M , construct the barrier function

Θ±(xi, tj) = C1Q(xi) + C2tjM
−1 ± (W (xi, tj)− w(xi, tj)) , (33)

where C1, C2 are large constant. Choosing Cj, j ∈ [1, 2] , large enough, ap-
plying Lemma 3, we have

|W (xi, tj)− w(xi, tj)| ≤ C(N−1 +M−1) , (xi, tj) ∈ Ω̄N,M . (34)

Case 3: ε log logN
α

≥ 1
4

.

Similar to the discussion in Case 1 and Case 2, thus we have the same
results as Case 1 and Case 2. Lemma 5 is proved. ♠

Combining Lemma 4 and Lemma 5, we obtain the main theorem.
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Theorem 6 Let u(x, t) be the solution of Pε and U(xi, tj) be the solution
of (PN,M

ε ), then

|W (xi, tj)− w(xi, tj)| ≤ CN−1 + CM−1, (35)

holds at each mesh points (xi, tj) ∈ Ω̄N,M .

6 Numerical results

Considering the particular problem from the problem class Pε
Lεu(x, t) = εuxx + 2ux − ut = e−t , (x, t) ∈ Ω ,

u(x, 0) = e−2x/ε−e−2/ε

1−e−2/ε , (x, 0) ∈ Sx ,
u(0, t) = 1 + e−t , (0, t) ∈ S0 ,
u(1, t) = e−t , (1, t) ∈ S1 .

(36)

The exact solution is

u(x, t) =
e−2x/ε − e−2/ε

1− e−2/ε
+ e−t .

The maximum pointwise errors are defined by

EN,M
ε = max

Ω̄N,M
ε

|u(xi, tj)− U(xi, tj)| , EN,M = max
ε∈[1,2−36]

EN,M
ε . (37)

We solve this problem using Shishkin’s scheme, Bakhvalov–Shishkin’s scheme
(bs) and Multi-transition points scheme (mtp) respectively. The maximum
pointwise errors are shown in Table 1 which shows that all three methods
converge to the exact solution, but Multi-transition points scheme is better
than Shishkin’s scheme. Our method is a computationally efficient method.
It is more useful in applications.
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Table 1: Comparison of the maximum pointwise errors EN,M .
Scheme Number of Intervals N = M

32 64 128 256
Shishkin 0.06516 0.03591 0.01965 0.01071

bs 0.06339 0.03241 0.01624 0.00810
mtp 0.05748 0.02847 0.01434 0.00727

7 Conclusion: compare the three difference

schemes

In this section, Shishkin’s scheme and Bakhvalov–Shishkin’s scheme are com-
pared with the new method.

Shishkin [6] proposed a simple transition point in solving large Reynolds
number problem. Assume that we have an exponential boundary layer at
x = 0 , so the boundary layer function is e−αx/ε, for some fixed α. Shishkin’s
idea is to choose transition point τ = min{(ε logN)/α, 1

2
} . The piecewise-

uniform meshes are

Ω̄i =

{
xi | xi =

2iτ

N
, i ≤ N

2
; xi = xi−1 +

2(1− τ)

N
,
N

2
< i ≤ N

}
Shishkin’s scheme becomes uniform mesh when ε log(N)/α ≥ 1/2 . This
piecewise-uniform mesh is only slightly more complex than a uniform mesh,
because it is simply two uniform meshes glued together at a carefully chosen
transition point. But the same problems as in [2] arise, and thus it cannot
achieve a convergence rate of order O(N−1).

In order to improve the convergence rate, Bakhvalov–Shishkin’s scheme
is presented [5]. The original Bakhvalov mesh requires the solution of a
nonlinear equation to determine the transition point where the mesh switches
from coarse to fine. Instead Bakhvalov–Shishkin’s scheme fix the transition
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Table 2: Comparison of three difference schemes.
Scheme Condition Equidistant Compute xi Convergence Rate

Shishkin NO ε logN
α
≥ 1

2
Simple O(N−1 log2N +M−1)

bs ε ≤ N−1 NO Complicated O(N−1 +M−1)
mtp NO NO Simple O(N−1 +M−1)

points as in the Shishkin’s mesh. Bakhvalov–Shishkin’s scheme introduces
τ = min{(ε logN)/α, 1

2
} . So assume that

ε ≤ N−1. (38)

Now the interval [τ, 1] is uniformly dissected into N/2 subintervals, while
[0, τ ] is partitioned into the same number of mesh intervals by inverting the
function e−αx/ε. It specifies the xi, 0 ≤ i ≤ N

2
so that e−αx/ε is a linear

function in i, this leads to

xi =

{
−2ε

α
log
(

1− 2(N−1)i
N2

)
, 0 ≤ i ≤ N

2
,

τ + 2(1−τ)i
N

, N
2
≤ i ≤ N ,

(39)

Note: Bakhvalov–Shishkin’s scheme is first-order convergent uniformly with
respect to large Reynolds number, which is more accurate than Shishkin’s
original piecewise uniform scheme and is the same accuracy as our new
method. However, it is more difficult to determine the mesh partition (39).
The computational procedure is more complicated than our scheme. Another
default is that it assumes condition (38). Our method has two advantages
than Bakhvalov–Shishkin’s scheme.
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