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Abstract

In this paper, we consider an optimal control problem governed by
elliptic differential equations posed in a three-field formulation. Using
the gradient as a new unknown we write a weak equation for the
gradient using a Lagrange multiplier. We use a biorthogonal system to
discretise the gradient, which leads to a very efficient numerical scheme.
A numerical example is presented to demonstrate the convergence of
the finite element approach.
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1 Introduction

The cost functional of an optimal control problem governed by a partial
differential equation often involves the solution as well as the gradient of the
solution. In that situation, a better approximation of the gradient is obtained
by using a mixed finite element method [1]. Recently, mixed finite element
approaches have become quite popular to discretise optimal control problems
involving elliptic partial differential equations [3-5].

In this paper, we apply a mixed finite element method to approximate
the solution of an optimal control problem governed by a Poisson problem.
In contrast to previous approaches [3-5], which are based on a two-field
formulation of the Poisson problem, we use a three-field formulation of
the Poisson problem which allows us to use a biorthogonal system in the
discretisation. The use of a biorthogonal system allows us to statically
condense out all the extra degrees of freedom we have in the mixed formulation
leading to a very efficient finite element approach. The formulation is obtained
by introducing the gradient of the solution of Poisson equation as a new
unknown and writing an additional variational equation in terms of a Lagrange
multiplier. An efficient numerical scheme is obtained by using a biorthogonal
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system to discretise the space of the gradient of the solution and the Lagrange
multiplier space in the discrete setting.

Let Q be a bounded and convex domain in R? and T the boundary of Q. In
the following we use the usual notations for the Sobolev space H*(Q) for
positive integer k, and the associated norm on H*(Q) with L2(Q) = H°(Q)
denoting the set of all real-valued square integrable functions defined on Q [2].
Let & € R be a parameter, yq € L2(Q) the desired state and 04 € [L*(Q)]?
the desired gradient. Consider the following optimal control problem

urenllln ](U U _HU yd”og"‘—”(y GdHOQ+ HuHOQ7 G:vya (1)

subject to the partial differential equation
—V-KVy=Bu+f inQ with y=0 onT, (2)

where K € L®(Q,R?*2?) is a real-valued, symmetric and positive definite
matrix, and B is the bounded linear operator defined on the set of admissible
set of controls Ugq

Ugg = {u e L*(Q): ulfo.o < M},
so that for some positive constant b
Buflo.o <bllufo.o, ue Uaa.

The existence and uniqueness of the optimal control follows from the strict
convexity [13]. Using B* as the adjoint operator of B the first order optimality
condition can be formulated as

(au+B*p,v—u) >0, veE Ugg, (3)

where p is the adjoint state associated with u and it solves the following
adjoint equation of finding p € H}(Q) such that

JQ[KVP-VqHVy—Gd)-Vq+(y—yd)q]dx:o, qeHy(Q). (4)
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The variational inequality in equation (3) can be written as

B*
u(x) = Pmm (— p> :

x

where [12,13]
Pla,p) (f(x)) = max(a, min(b, f(x))).

We start with the following variational form of (2) to recast our problem as a
three-field formulation:

1
min - J KVy - Vydx — J (f + Bu)y dx, (5)
o) o)

yeH Q) 2

and introduce the gradient of the state of the system as a new unknown
o = Vy, and write its weak equation as

J (0—y) - bdx=0, ¥ e [2Q)
Q

where 1 acts as a Lagrange multiplier. Using V = H}(Q), R = [[?(Q)]?, and
l(y) = [, (f+Bu)ydx, we get a constrained minimisation problem, which
leads to the following saddle point problem of finding (y, 0, $) € V x R x R
such that

((

a((y,0),(z, 7))+ bl(z,7),d) = {(z), (z,T) € VxR,
b((y, o

) _— beR (6)

—

where

a((y, 0), (z,7) = jﬂ Ko-tdx, blly0),p) = L(o— Vy) - dx.

Thus our optimal control problem is to find (y,o0,d,u) € VX R x R x Ugq
such that (6) is satisfied as well as the inequality (3), where p =y in (3) is
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one field in the problem of finding three fields (§, &, ¢) € V x R x R such that

J (I)-Vzdx—J (y—yalzdx =0, z€V, (7)
o) o)
J (K6+J>)-de—|—J (0—0q)-tdx =0, TER, (8)
o) Q
J(&—Vg)-tl)dXZO, P eR. 9)
Q

Here the adjoint equations are derived from the Euler-Lagrange equations of
the following minimisation problem

1 ~
arg min (—J Ko - 6dx—€(g,6)) , (10)
(9,6)e[VxR] Q

under the constraint
| G-vi w0 wer
Q

where

0(9,5) = L(yd oY) dx— L(o_ ou) - 5 dx.

To get a stable discrete formulation we replace the bilinear form a(-, ) by the
bilinear form a(-,-) [6] defined as

a((y,0),(z,1)) = %JQ (Ko -1+ KVy-Vz) dx.

2  Finite element method

Let T3, be a quasi-uniform partition of the domain Q in triangles. We use
the standard linear finite element space on the mesh 73, defined as

Sh={zn € Hl(Q) Dzplr € Po(T), T€Tn), Vi=SnN Hgl)(Q)7
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where P1(T) is the space of linear polynomials in T [2].

Let {@1, @2, -, @n} be the finite element basis for S,. We now construct a
set of basis functions {W1, 1o, - - - , un} of another finite element space Wy, so
that the basis functions of Sy, and W;, satisfy a condition of biorthogonality
relation

J Pily dX:Cjéij, Cj %07 1<1,],< N, (11)
Q

where 0i; is the Kronecker symbol, and c¢; a scaling factor [10]. Hence the
sets of basis functions of Sy, and W4, form a biorthogonal system. The finite
element space for the gradient of the solution is

Lh = [Sh]2 )
and for the Lagrange multiplier is
My = Wi]”.

Our discrete problem is to find (yn, On, ©n) € Vi X Ly, X My, such that

a((yn,on), (zn, ™)) + bl(lzn, ™), on) = (zn), (zn, ™) € Vi xLy
b ((Yn, on), ¥n) = 0, b € N(lh,)
12

We now introduce a projection operator Qp : L*(Q) — Sy, defined as

J QhVthXZJ vip dx,  pn € Wh, v € L*(Q).
Q Q

Due to the biorthogonality relation (11), Qp is well-defined, and Quv for
v € L2(Q) is given by

= [ mivdx
Qnv = Z T(‘Pi-
i=1 t

Using the notation that Qp is applied component-wise when applied to a
vector function the second equation of (12) leads to o = Qn(Vyn). Hence
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static condensation of the gradient of the solution and the Lagrange multiplier
leads to the following problem of finding yy, € V;, such that

An(Un,zn) =L(zn), zn € Vi,

where

1
An(Yn, zn) = 5 (J KQnVyn - QnVzy, dx +J KVyy - Vzy, dx) .
o o

Using the same approach to discretise the adjoint equations (7) — (9) we have
the problem of finding (Yn, On, dn) € Vi X Ly, X My, such that

J (T)h -Vzn dx—J (Yh —Ya)zndx =0, zn €V, (13)
Q Q
J (K(NYh-f—(I)h)'Tth-i-J (O'h—Ud)'Tth = 0, ThELh, (14)
Q Q
J (Gn— Vin) b dx = 0, €My (15)
Q

We note that (15) leads to 6, = QnVyn. Using this and setting pp = gn, we
arrive at the problem of finding pn, € Vi such that for all qn € V}, we have

J (KQuVpn) - (QnVqn) dx =J (ya —yn)qn dx
Q Q
— JQ(QhVUh —04) - (QnVan) dx.

Using the same stabilisation approach as for the state variable, we now obtain
the equation of finding py, € Vi such that

An(pPh, qn) = Jﬂ(yd—yh)qh dX_JQ(QhVUh_Gd) (QnVan) dx, qn € Vh.
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3 Variational discretisation: error estimates

Now we consider the discrete formulation of the state and adjoint state equa-
tions where the control u is not discretized initially but given by a projection
formula (18) [12,13]. The discrete problem is then to find (yn,pn,un) €
Vi XV}, X Ugq such that

Ah(yhaz'h) — (Buh + f> Zh)7 Zn € Vh7 (16)
An(Prn, qn) = (Ya —Yn, qn) — (QnVYn — 04, QnVan), qn € Vi,(17)

B*
U = —P[ab] ( OI:h) . (18)

where the bilinear form Ay, (-, -) satisfies the following continuity and coercivity
properties with respect to the H-norm for two positive constants o and 3
independent of h:

(i) An(dn,¥n) < of|dnliollbnlio, OnPn € Vi

<
(i) An(dn, dn) = Blldnllia, dn € V.

Since Qy, is stable in H' and [%.-norms [10], and B is bounded, the right hand
sides of both variational equations (16) and (17) are continuous. Thus both
variational equations (16) and (17) have unique solutions by Lax-Milgram
lemma. We note that the variational inequality

(cup +B*pn,v—un) 20, veUgq,

for the control uy is replaced by the projection formula (18).

For a fixed u, let yn(u) be the solution of
Anlyn(u),zn) = (Bu+f,zn), zn € Vi, (19)
and for a fixed y, let pn(y) be the solution of

An(Pr(y), qn) = (Ya—Y,qn) — (QnVY —04,QnVan), qn € Vi(20)
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Then under the assumption that the domain Q is convex, we have the following
approximation results for the solutions of the discrete equations (19) and

(20).

Theorem 1. Let yn(u) and pn(y) be the solutions of (19) and (20) respec-
tively. Then there exists a constant C, independent of h, such that

Iy —ynWlloo +hly —yn(Wlho < Ch[lyll2.0 (21)
P —PrW)llo.o +hlp —pPr¥)llio < Ch*pllo- (22)
Setting yn = yn(un) and pn = pn(yn), we have the following result.

Lemma 2. Let yn(u) and pn(y) be the solutions of (19) and (20) respectively.
Then there exists a constant C, independent of h, such that

||Uh(u)—yh||1,ﬂ < C||U« uhHOQ

IPr(y) —Prllo < Clly —ynlloa-

The proof of this lemma follows from the coercivity of Ay(+,-) [11, Lemma
3.1].

Theorem 3. Let (y,p,u) € (H2(Q)NHS(Q)) x (H2(Q)NH(Q)) xUqq be the
solutions of (1) and (2) with w € HY(Q), and (yn,pn, Un) € Vi X Vi X Uqq
be the solutions of (16)—(18). Then for sufficiently small h there exists a
mesh-independent constant C such that

lu—unllo,o < Ch, |ly—ynlloa <Ch, |[p—pnlloo <Ch (23)

Proof: From the optimality condition, we get

o u—unf o < (p—pn Blun —u))
= (p—pn(y), B(un —u)) + (pr(y) — pn, Blun —u)).

From (19), we have

An(Yn —yYn(u),zn) = (Bup —u), zn).
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Setting zy, = prn(y) — pn we get from the above equation
An(yn —Yn(u), pr(y) —pn) = (Blun —u), prly) — pn).
Thus

afu—unllf o <P —Pprly), Blun —u)) (24)
+ An(Pr(y) —Pr,yn —yn(u)). (25)

From (20), we get

An(Pn(Y) = Pn, qn) = (Yn — Y, qn) — (Qn(VY — Vyn), QnVan).

We now use qn = yn(u) —yp in the above equation to write

An(pr(y) —pn, yn(u) — yn)
= (Yn =Y, yn(W) —yn) — (QnV (Y —yn), QuV(yn(w) —yn))
= (Yn(uw) =y, yn(u) —yn) — (Yn(w) —yn,yn(w) —yn)
—(QnV({y —yn(u)), QnV(yn(uw) —yn))
+(QnV(yn —yn(u)), th (Yn(u ) Yn))
= (yn(u) =y, yn —yn(u)) — [lyn(u yh||(2)Q
+(QnV(y —yn(u)), QhV(yh—yh ) = 1QnV(yn —yn(W|[5 o
< Clly —yn(Wll1,ollyn —ynuw0
< Chflyll2,0/lu—unllo0;

where we use the L? stability of Qy, Theorem 1 and Lemma 2. Now we
use the above estimate for the second term on the right of (24) and use the
following estimate for the first term on the right of (24)

(P — Pr(y), Blun — W)l < Ch?[lu—unllo,olpll2.0;
to write (24) as

afu—unfga < Ch¥plaalu—unlloa + Chllylzolt —unloo.
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which yields

u—unllo.o < C(h?
In order to estimate ||y —ynllo,0, We start with

<y —yn(Wo,o + [yn(w) —ynllo,a-

For the first term on the right of the above estimate we have ||[y—yn(u)|jp.ao <
Ch?|lyl|2.a, and for the second term on the right we use Lemma 2 to write

< CH'LL — uh||07Q.

lyn(w) = ynllo,o < Cllynl(u

Now the result follows using the estimate for ||u — up||o,q. Similarly, to
estimate ||p — pnllo.o, we use the triangle inequality and write

P —Prllo,e <P —Prllo,o + lPrn(y) — Prllo.a-

Since [[p —pn(yY)llo.a < Ch?||p|l2.q, we estimate the second term on the right
side of the above estimate by using Lemma 2 to get

IPn(y) —Prllo.a < Cllpr(y) —prllio < Clly —yYnllo,o-

The final result follows on using the estimate for ||y —yn||o.a- [ )

Remark 4. Using the standard saddle point theory [1| we have the following
error estimate for the error in the gradient o = Vy:

|0 —onllo.a < Ch,

where o1, = QnVyy with y and yp as defined in the above theorem.

Remark 5. The approach based on a biorthogonal system can be easily
extended to a three-dimensional problem and other elliptic partial differential
equations [7-9].
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Errors in L?-norm for the state and adjoint Errors in H'-norm for the state and adjoint oErrors in L2-norm for the control u and the gradient o
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Figure 1: L2 errors for the state y and adjoint p (left), H! errors for the state
y and the adjoint p (middle) and L? errors for the control u and the gradient
o (right) versus the number of elements

4 Numerical results

In this section, we present a numerical example to support the error estimates
proved in the last section. We have used the primal dual active set strategy
to compute the solution of the discrete formulation [13]. Let Q = [0, 1]% with
the boundary I'. We consider the following problem

. 1 1 1
min J(y,w) = 5y~ yalf o + 50— oaldo + 5 lulio

subject to
—Ay=u inQ with y=0 inT,

where the exact solution for the state y = sin(7txq) sin(7x,), the adjoint
state p = 272 sin(7tx; ) sin(7rx;), and the control u = max(a, min(b,p)) with
a = —25, b = 25. The desired states yq and o4 are taken as

Ya = sin(7xy) sin(7xs),
04 = [(m+ 27%) cos(mx1 ) sin(7xz), (70 + 276 sin(7x; ) cos(7xs)] -

We have shown the errors for the state y, adjoint state p, the control u and
the gradient o in Figure 1. We can see the convergence rates as predicted
by the theory. The convergence rates for the gradient o are very close to 1.5,
which is better than the expected rate.
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