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Abstract

As part of the third generation of solar cells, dye-sensitized solar
cells (dsscs) are a novel, cost effective solution to the renewable
energy problem. Mathematical modelling provides unique insight
into operating dsscs efficiently, particularly in the role of diffusion
in the nanoporous semiconductor of the device. A recently published
fractional diffusion model explores the link between the electron density
of dsscs and the porosity of the semiconductor. In this article, we
solve the fractional diffusion model numerically using cubic B-splines
to discretise space and an implicit finite difference scheme to discretise
time. We compute the error by a standard collocation method.
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1 Introduction
Dye-sensitized solar cells (dsscs) were originally proposed by O’Regan and
Grätzel [19] in 1991. They remain a financially advantageous alternative to
traditional silicon based solar cells due primarily to the use of the significantly
cheaper nanoporous titanium dioxide (TiO2).

Södergren et al. [21] developed the first diffusion-based mathematical model
for dsscs, employing an ordinary differential equation to capture electron
density in dsscs. Extensions to this model included time-dependence by Cao
et al. [4], nonlinear diffusion by Anta et al. [2] and Maldon et al. [15], and
a system of linear diffusion equations that include the electrolyte couple by
Andrade et al. [1] and Maldon and Thamwattana [14].

Fractional diffusion offers a unique perspective on the electron diffusion for
dsscs. Nelson [17] and Benkstein et al. [3] studied electron behaviour in TiO2

under continuous-time random walk (ctrw) simulations, which were used by
Maldon and Thamwattana [13] to create a fractional diffusion equation based
on Henry and Wearne’s model [10].
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In this article, we consider the Caputo fractional derivative [5]

dγf

dtγ
=

1

Γ(1− γ)

∫ t

0

f′(σ)

(t− σ)γ
dσ . (1)

Given a dssc of thickness d, let x = 0 denote the transparent conductive
oxide (tco) end of the dssc and x = d denote the counter electrode. The
electron density n(x, t) at position x ∈ [0, d] and time t ≥ 0 satisfies the
fractional partial differential equation (fpde) [13, for further details]

∂n

∂t
= D0

∂1−γ

∂t1−γ

∂2n

∂x2
+φαe−αx − kR[n(x, t) − neq] , (2)

where D0 is the diffusion coefficient, γ is the exponent in the mean square
displacement in the ctrw simulation of the semiconductor, φ is the incident
photon flux, α is the dye absorption coefficient, kR is the recombination
constant, and neq is the dark equilibrium electron density. We prescribe the
boundary conditions

n(0, t) = n0 := neqe
qVB

mIkBT , (3)
∂n

∂x

∣∣∣∣∣
x=d

= 0 , (4)

n(x, 0) = n0 , (5)

where q is the electron charge, VB is the bias voltage, mI is the diode ideality
factor, kB is Boltzmann’s constant and T is the temperature of the dssc. The
special case γ = 1 recovers the standard diffusion special case [10] studied by
Maldon et al. [12].

We nondimensionalise equation (2) with the scaling

N =
n− n0

n0

, χ =
x

d
, τ =

(
D0

d2

) 1
γ

t .
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This nondimensionalisation requires the diffusion coefficient D0 to assume
the units m2 s−γ. In the absence of measured fractional diffusion coefficients
for dsscs we use the linear diffusion coefficient value given in Table 2. The
nondimensional fpde is

∂N

∂τ
=

∂1−γ

∂τ1−γ

∂2N

∂χ2
+ µe−νχ − ζ

(
N+

n0 − neq

n0

)
, (6)

where

µ =
φα

n0

(
d2

D0

) 1
γ

, ν = αd , ζ =
kR

n0

(
d2

D0

) 1
γ

.

The nondimensional boundary conditions are

N(0, τ) = 0 , (7)
∂N

∂χ

∣∣∣∣∣
χ=1

= 0 , (8)

N(χ, 0) = 0 . (9)

In this article, we apply a cubic B-spline collocation method to solve the
fpde (6) under (7), (8) and (9). We calculate the accuracy of the numerical
solution with the maximum relative error using an interpolated fine-grid
simulation as a pseudo-exact solution.

2 Cubic B-spline collocation method
We solve equation (6) under (7), (8) and (9) using a B-spline collocation
method. El Danaf [6] developed a spline method for a space-time fractional
diffusion problem with arbitrary Dirichlet boundary conditions. Esen et al. [7]
provided a quadratic B-spline method for solving space-time fractional dif-
fusion problems. Zahra and Elkholy [22] also solved fractional ordinary
differential equations numerically using cubic spline methods. In this article
we use the cubic B-spline functions proposed by Mittal and Jain [16] to
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discretise space and the finite difference approximation given by Oldham and
Spanier [20] to discretise time.

Let tf > 0 be the (dimensional) final simulation time. The corresponding
nondimensional final simulation time is Tf =

(
D0/d

2
)1/γ

tf . Discretise [0, Tf]

into Nt temporal nodes and [0, 1] into Nx spatial nodes. Let (∆χ) = 1/(Nx −
1), (∆τ) = Tf/(Nt − 1) , χk = (k − 1)(∆χ) and τm = (m − 1)(∆τ) for each
k = 1, . . . ,Nx and m = 1, . . . ,Nt .

2.1 Temporal discretisation
To estimate the fractional derivative of a function f with respect to t of
order 1− γ for 0 < γ ≤ 1 we use the first order approximation [7, 20]

d1−γf

dτ1−γ

∣∣∣∣∣
τ=τm

≈ (∆τ)γ−1

Γ(γ+ 1)

m−2∑
p=0

[(p+ 1)γ − pγ] [f(τm−p) − f(τm−p−1)] , (10)

where the denominator is the usual Gamma function

Γ(z) =

∫∞
0

xz−1e−x dx .

2.2 Spatial discretisation
At each τ = τm we estimate the numerical solution to equation (6) with

N(χ, τm) ≈
Nx+1∑
j=0

ξm,jBj(χ) , (11)
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Table 1: Values of the B-spline functions and their derivatives at key node
values, for j = 0, . . . ,Nx + 1 [16].

Function χj−2 χj−1 χj χj+1 χj+2

Bj(χ) 0 1 4 1 0

B′
j(χ) 0 3/(∆χ) 0 −3/(∆χ) 0

B′′
j (χ) 0 6/(∆χ)2 −12/(∆χ)2 6/(∆χ)2 0

where ξm,j are the unknown coefficients, and the cubic B-spline functions
are [16]

Bj(χ) =
1

(∆χ)3



(χ− χj−2)
3 χj−2 ≤ χ < χj−1 ,

(χ− χj−2)
3 − 4(χ− χj−1)

3 χj−1 ≤ χ < χj ,

(χj+2 − χ)3 − 4(χj+1 − χ)3 χj ≤ χ < χj+1 ,

(χj+2 − χ)3 χj+1 ≤ χ < χj+2 ,

0 otherwise,

where we have extended the spatial discretisation to include the ghost
nodes χ−2, χ−1, χNx+2 and χNx+3. The spline functions are only evaluated
within the domain [0, 1] during the numerical simuation. The values of the
spline functions and their derivatives at each relevant spatial node are given
in Table 1 [16].

2.3 Implicit finite difference scheme
To satisfy the boundary conditions (7) and (8) we use Table 1 to set

ξm,0 + 4ξm,1 + ξm,2 = 0 ,

ξm,Nx−1 − ξm,Nx+1 = 0 ,
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for all m = 1, . . . ,Nt . To satisfy the initial condition (9), for each k =
1, . . . ,Nx we set the collocation

Nx+1∑
j=0

ξ1,jBj(xk) = N(xk, 0) ,

which implies ξ1,j = 0 for each j = 1, . . . ,Nx + 1 . For each m = 2, . . . ,Nt

and k = 1, . . . ,Nx , we set
Nx+1∑
j=0

ξm,j − ξm−1,j

(∆τ)
Bj(xk) =

(∆τ)γ−1

Γ(γ+ 1)

Nx+1∑
j=0

m−2∑
p=0

[(p+ 1)γ − pγ] [ξm−p,j − ξm−p−1,j]

 d2Bj

dx2

∣∣∣∣∣
x=xk

+ µe−νxk − ζ

Nx+1∑
j=0

ξm,jBj(xk) +
n0 − neq

n0

 ,

which, along with the boundary conditions, results in a system of Nx + 2

equations in Nx + 2 unknowns. For each m = 2, . . . ,Nt we solve the system

Aξm = R ,

where
ξm = (ξm,0, ξm,1, . . . , ξm,Nx+1) , (12)

sparse matrix A has elements

A1,1 = 1 , A1,2 = 4 , A1,3 = 1 ,

Aj,j−1 = 1+ ζ(∆τ) −
6(∆τ)γ

Γ(γ+ 1)(∆χ)2
,

Aj,j = 4(1+ ζ(∆τ)) +
12(∆τ)γ

Γ(γ+ 1)(∆χ)2
,

Aj,j+1 = 1+ ζ(∆τ) −
6(∆τ)γ

Γ(γ+ 1)(∆χ)2
,
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ANx+2,Nx = 1 , ANx+2,Nx+2 = −1 ,

and R is the vector with components R1 = 0 , RNx+2 = 0 and

Rj = ξm−1,j−2 + 4ξm−1,j−1 + ξm−1,j + (∆τ)
(
µe−νxj−1 − ζ

n0 − neq

n0

)
−

6(∆τ)γ

Γ(γ+ 1)(∆χ)2
[ξm−1,j−2 − 2ξm−1,j−1 + ξm−1,j]

+
6(∆τ)γ

Γ(γ+ 1)(∆χ)2

m−2∑
p=1

[(p+ 1)γ − pγ] [ξm−p,j−2 − 2ξm−p,j−1 + ξm−p,j]

−
6(∆τ)γ

Γ(γ+ 1)(∆χ)2

m−2∑
p=1

[(p+ 1)γ − pγ] [ξm−p−1,j−2 − 2ξm−p−1,j−1 + ξm−p−1,j] ,

where j = 2, . . . ,Nx + 1. To recover the numerical solution to the original
boundary value problem, we calculate

n(x, tm) ≈ n0

1+ Nx+1∑
j=0

ξm,jBj(χ)

 , (13)

where tm =
(
D0/d

2
)−1/γ

τm is the dimensional time step and χ = x/d is the
nondimensional space variable.

3 Results
To solve equation (2) numerically we use the parameter values in Table 2.

Figure 1 shows the numerical solution to equation (6) under (7), (8) and (9)
using the data from Table 2, Nx = 100 , Nt = 100 and tf = 1 s. From
Figure 1 we see the electron density assumes its shape from the interaction of
the Dirichlet boundary condition, the exponential source term and diffusion.
The electron density grows rapidly from its initial condition, particularly
near χ = 0 . Given that the Dirichlet boundary condition (7) prescribes a
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Table 2: Parameter values for the dssc model.
Parameter Value Unit Reference

γ 0.612 - [3]
D0 10−11 m2 s−γ [2]
α 105 m−1 [8]
d 5 × 10−5 m [2]
kR 4 × 10−8 s−1 [2]
neq 1022 m−3 [18]
φ 1021 m−2 s−1 [9]
VB 0 V -
µ 8.28 × 107 - -
ν 5 - -
ζ 3.31 × 10−26 - -

comparatively lower density at χ = 0 , the diffusion term creates a peak that
moves slowly towards χ = 1 before disappearing in the long term steady-state.

To elucidate the effect of γ on the electron density, Figure 2 plots the numerical
solution of equation (6) at t = 1000 s using the parameter data in Table 2
with Nx = 100, Nt = 100 and several values of γ. Figure 2 reveals that
lower values of γ lead to a slower diffusion process and a higher overall
density. In particular, at t = 1000 s we see that the electron density for the
special cases γ = 1 and γ = 0.75 have slowed growth compared to the cases
for lower values of γ. These densities are in agreement with the numerical
results obtained by Maldon and Thamwattana [13], who used an explicit
finite difference method.
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Figure 1: Plot of the numerical solution to equation (6) under (7), (8) and (9)
with Nx = 100 , Nt = 100 , tf = 1 s and γ = 0.612.
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Figure 2: Plot of the numerical solution to equation (6) under (7), (8) and (9)
with Nx = 100 , Nt = 100 , tf = 1000 s and γ = 0.25, 0.5, 0.75 and γ = 1 .
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Table 3: Values for error ϵ for the numerical solution of equation (6) under
the data in Table 2, tf = 1 , Nt = 100 , and various values of Nx.

Nx 8 16 32 64

ϵ 2.6468 0.5560 0.1037 0.0085

Table 4: Values for error ϵ for the numerical solution of equation (6) under
the data in Table 2, tf = 1 , Nx = 100 , and various values of Nt.

Nt 8 16 32 64

ϵ 0.3462 0.1616 0.0749 0.0310

4 Error calculation
To validate the accuracy of the collocation method we compare to a fine-grid
solution that serves as a pseudo-exact solution. Given a solution vector uc

computed on a grid with spatial and temporal step sizes (∆χ) and (∆τ),
respectively, and an interpolated fine-grid solution vector uf, the error is given
by

ϵ =
√
(∆χ)(∆τ)∥uf − uc∥ , (14)

where ∥ · ∥ denotes MATLAB’s usual norm function.

To calculate the errors we simulate under tf = 1 , the data in Table 2 and a
fine-grid solution uf computed with Nx = 5000 and Nt = 5000 . The errors
under spatial and temporal refinement are given in Tables 3 and 4, respectively.
From Table 3 we see that doubling the number of spatial nodes Nx reduces the
error by a factor greater than four, which is consistent with the second order
accuracy offered by the cubic B-spline discretisation for a nonlinear fractional
diffusion equation in the norm defined by (14) [11]. From Table 4 we see
that doubling the number of temporal nodes Nt reduces the error by a factor
slightly greater than two, which is consistent with first order approximations.
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5 Summary
We solve the fractional partial differential equation (2) using a cubic B-spline
collocation method to discretise space and an implicit finite difference method
to discretise time. From Figures 1 and 2 we see the solution profile bears
a similar shape to the γ = 1 special case, and lower values of γ lead to
higher overall densities and a slower overall diffusion process. The B-spline
collocation method gives good agreement with other solutions to equation (2)
in the literature. The implicit finite difference method also provides an
unconditionally stable temporal discretisation.
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