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On some overdetermined free boundary
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Samira Khatmi' Mohammed Barkatou?

(Received 23 October 2006; revised 19 November 2007)

Abstract

This article deals with some free boundary problems for the Lapla-
cian operator. We first give sufficient conditions of existence of free
boundaries. Then combining the maximum principle to the mono-
tonicity of the mean curvature, we prove a symmetry result in the
case where the source term is constant. The method presented in this
work is new and all the results obtained here can be extended to more
general divergence operators. The technique used to prove the sym-
metry result can be applied for other symmetric overdetermined value

problems.
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1 Introduction

Let D be an open and bounded subset of RN (N > 2) which contains all the
domains we use in this article. Let ¢ > 0 be a parameter and denote by f a
positive function. We look for an open set O C D such that the following
overdetermined free boundary problem has a solution.

—Aug=f inQ, uo=00n03Q }P(Q,f),
F(c,f){ —Avg=ugp inQ, vo=00n03Q }P(Q,ug),

o » Mo — ¢ on 9Q (overdetermined condition).
Here v is the outward normal vector to 0Q). Notice that since ug =0 =vg

on 0Q) then 3 3
Vgl = — 22 and  |[Vvg| = — 22
ov ov

Therefore the overdetermined condition becomes

IVuo||Vval=c¢c on 0Q.
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In general without any assumptions on data, the problem F (c,f) has no
solution.

Section 2 contains some preliminary results. In Section 3, we study the
problem F (c,f) when f is a positive function belonging to L*(D) and having
a compact support with nonempty interior: the solution we look for must
strictly contains the convex hull of the support of f, say C. Our approach
here consists of solving the shape optimization problem associated to F (¢, f).
The boundary of the minimum () we obtain can touch 0C. So, the shape
derivative allows us to get the overdetermined condition only on 0Q \ C.
Our goal in this section is to give sufficient conditions in order to have C
strictly contained in Q and |[Vugq||[Vva| = ¢ on 9Q), see Theorems 18 and 20.
For Theorem 18 we apply the maximum principle, whereas for Theorem 20
we use the monotonicity of the mean curvature for the domains which are
of class C2. Section 4 concerns the case where f = 1. This section proves
that any solution of F (¢, 1) must be a ball. To get this symmetry result, we
combine the maximum principle to the monotonicity of the mean curvature.
Recall that when f = 2, the problem F (¢, f) arises from a variational problem
in Probability [11]. Kinateder and McDonald [11] used the first exit time for
Brownian motion from a smoothly bounded domains in Euclidian space and
defined two natural functionals on the space of embedded, compact, oriented,
unparametrized hypersurfaces in Euclidian space. They developed explicit
formulas for the first variation of the functionals and characterized the critical
points as balls. Huang and Miller [10] established the variational formulas for
maximizing the functionals (they considered) over C* domains with a volume
constraint and obtained the same symmetry result for their maximizers. We
present a new method to derive this symmetry result. We can also extend
it to the p-Laplacian case (see Remark 26 at the end of Section 4). The last
section concludes.
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2 Preliminaries

Definition 1 Let Ky and K, be two compact subsets of D. We call a Haus-
dorff distance of Ky and Ky (or briefly du(Kq,K3)) the following positive
number:

dn(Ky, K2) = max [p(Ky, K2), p(K2, Ky)],

where p(Ky, Kj) = max,ek, d(x,K;), 1,j = 1,2, and d(x, K;j) = minyek; [x —yl.

Definition 2 Let wy be a sequence of open subsets of D and w be an open
subset of D. Let K, and K be their complements in D. We say that the

. . H
sequence Wy, converges in the Hausdorff sense, to w (or briefly w, — w)

if
lim dy(Kn, K) = 0.

n— +o0o

Definition 3 Let wy, be a sequence of open subsets of D and w be an open
subset of D. We say that the sequence wy, converges in the compact sense

to w (or briefly wy LN w) if

e cvery compact subset of w is included in wy, for n large enough, and

o cvery compact subset of W€ s included in WS, for n large enough.

Definition 4 Let w,, be a sequence of open subsets of D and w be an open
subset of D. We say that the sequence wy, converges in the sense of char-

. : : L . .
acteristic functions, to w (or briefly w, — W) if Xw, converges to X in
P (RN), p # 00, (Xw is the characteristic function of w ).

loc

Lemma 5 [5, 15] If w, is a sequence of open subsets of D then
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1. there exists a subsequence (still denoted by wy,) which converges, in the
Hausdorff sense, to some open subset of D,

2. 100 < lminfy_,e/0Qy| .

Definition 6 [3] Let C be a compact convex set and let int(C) be its interior.
The bounded domain w satisfies C-GNP if

1. w D nt(C),
2. 0w \ C s locally Lipschitz,

3. for any c € 0C there is an outward normal ray Ac such that Ac N w is
connected, and

4. for every x € 0w \ C the inward normal ray to w (if exists) meets C.

Put
Oc ={w C D : w satisfies C-GNP}.

Theorem 7 If w,, € Oc, then there exists an open subset w C D and a
subsequence (again denoted by wy) such that (i) wy L w , (1) wn LN w,
(i11) Xw, converges to X in L'(D) and (iv) w € Oc. Furthermore, the
assertions (i), (it) and (iii) are equivalent.

Barkatou proved this theorem [3, Theorem 3.1] and the equivalence be-
tween (i), (ii) and (iii) [3, Propositions 3.4, 3.5, 3.6, 3.7 and 3.8]. Notice that,
in general, we do not have the equivalence between (i), (ii) and (iii) [9].

Proposition 8 Let {wn, w} C Oc such that wy M w. Let Un and Uy
be respectively the solutions of P(wn,f) and P(w,f). Then u, converges
strongly in HY(D) to we (Un and w,, are extended by zero in D).
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This proposition was proven for N = 2 or 3 [3, Theorem 4.3].

Proposition 9 [/, Theorem 3.5] Let vy, and vy, be respectively the solutions
of P(wn, gn) and P(w,g). If gn converges strongly in H7'(D) to g then
v converges strongly in HY(D) to vy (v and vy, are extended by zero in D).

Definition 10 Let C be a convez set. We say that an open subset w has the
C-sp, if

1. w D int(C),

2. 0w \ C s locally Lipschitz,

3. for any c € 9C there is an outward normal ray A. such that A. N w is
connected, and

4. forallx € 9w\ C K,Nw =0, where K, is the closed cone defined by

{y eRY:(y—x).(z—x) <0, forallze C}.
Remark 11 K, is the normal cone to the convex hull of C and {x}.

Proposition 12 [3, Proposition 2.3] w has the C-GNP if and only if w sat-
isfies the C-SP.

Theorem 13 [2, Theorem 1.4] Let L be a compact subset of RN . Let f,, be
a sequence a functions defined on L. We assume that the f,, are of class C3

0fn
aXi

0%f,
aXian

0%f,
aXian an

<M,

— ) - ) —

where M is a strictly positive constant and is independent of n.
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Define a sequence Q., by Q. = {x € L:f,,(x) > 0} and suppose there
exists & > 0 such that |t (x)| + |Vin (x)| > o« for all x in L. If the Q. have
the C-GNP, then there exists Q of class C? and a subsequence (still denoted
by Qn) such that Q. converges in the compact sense to Q.

Remark 14 The aim of Theorem 13 is to give the C? regularity of the
minimum Q (respectively Q*) of ] (respectively j) defined below. This is
in order to use the shape derivative and so to resolve Problem F (c,f). The
proof of this theorem uses the following lemma

Lemma 15 Let L be a compact subset of RN. Let f,, be a sequence of func-
tions defined as Theorem 13. Suppose that Q is an open subset of L such
that

Q={xel:h(x)>0} and 0Q ={x e L:h(x)=0},

where N is a continuous function defined in L. If £, converges uniformly to h
in L, then the Q. converge in the compact sense, to Q.

3 Problem F(c,f)

In this section, N € {2,3}. If w is an open subset of D, let [dw| (respec-
tively |wl) be the perimeter (respectively the volume) of w and Hp, be the
mean curvature of dw .

3.1 Shape optimization problems

Consider the following shape optimization problem (OP).

Find Q € Oc such that J(Q) = min J(w),

weO¢
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where

1
J(w) = clw| — EJ u? dx,

with |w| the volume of w and u,, (respectively v,) the solution of P(w, f)
(respectively P(w,uy)). Notice that by Green’s formula,

J(w) = clw| — %J fv, dx.

3.1.1 Existence of the minima

Theorem 16 There exists Q € O¢ which is of class C* and minimizes the
functional T on Oc. Furthermore, wq (respectively vg) is the solution of
P(Q,f) (respectively P(Q,uq)).

Proof: Let up be the solution of the Dirichlet problem P(D,f), by the
Maximum Principle, 0 < u, < up so

1 1
J(w) = clw| - zjwui, dx > _EJDuzD’
and inf | exists. Let Q,, be a minimizing sequence in Oc. We choose Q,,
as in Theorem 13 above and get the existence of a subsequence (), and
of Q which is of class C? such that Q. X, Q. Then, from Theorem 7, (i)
implies Q,, LNV , (iv) gives Q € Oc and by (iii) [Qy, | converges to |Q].
The convergence of [, uf Xa,, to [pusxa is given by (iii) of Theorem 7
together with Proposition 8. We then conclude that J(Q) = mingeo. J(w) .
Now, on one hand Proposition 8 implies that wg is solution of P(Q,f). On
the other hand, Proposition 8 together with Proposition 9 implies that vq is
the solution of P(Q,ug). [
Put
Oo ={w C Q: w satisfies C-GNP}.
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Counsider 3
j(w) :clawl—i—J &d
dw a'V

where 1, the solution of the Dirichlet problem P(w ,f). By Green’s formula,

j(w) = clow| —J f(x) dx.

Theorem 17 There exists Q" € Oq which minimizes the functionalj on Oq .
Q* is of class C?.

Proof: Since f is positive, then for all w C D,

i(w) > —JDf(x) dx.

So infj exists. As in the proof of Theorem 16 above, there exists a sub-

sequence QF and Q" which is of class C? such that Q* 0. Now,
from Theorem 7, (iv) gives Q* € O¢ and by (iii an )dx converges to

o+ f(x) dx. Then item 2 of Lemma 5 permits to get ](Q*) mingeopqj(w) .

A

3.1.2 The optimality conditions

In this subsection, we use the standard tool of the domain derivative to write
down the optimality condition. Before doing this, recall the definition of
the domain derivative [17, 14]. Suppose that Q is of class C2. Consider
a deformation field V € C? (RN;RN) and set Q, = {x+tV(x):x € Q},
t > 0. The application Id+tV (a perturbation of the identity) is a Lipschitz
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diffeomorphism for t small enough and by definition, the derivative of J at Q)
in the direction V is

(0, V) = lin 12 1)

As the functional ] depends on the domain Q through the solution of the
Dirichlet problem P(Q, f), we need to define also the domain derivative uj,

of un:
W, = lim 2 —ta
Q t—0 t

Furthermore, ug, is the solution of the following problem [17, 14]:

—Auly =0 in Q,
{ (1)

ub:—a;—fv-v on 0Q),
Now to compute the the shape derivatives of ] and j, recall the following [9].
1. The shape derivatives of the volume and the perimeter are respectively

J V.-vdo and J NHayaV -vdo.
20 2Q

2. Since ug € H)(D) and Q is of class C?, if we put
F(Q) = J ufl dx,
Q
then the Hadamard formula gives

dF(Q,V) = ZJ Uqug dx.
Q
But vq is solution to Dirichlet problem P(Q, uwgq), so by Green’s formula

dF(Q,V) = ZJ IVugl||VvalV -vdo.
20
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Now since J(w) = c|w| — JF(w) then
dJj(Q,V) = J (c = |Vuqg||Vvag|) V-vdo. (2)
20
Q being the minimum of the functional J, dJ(Q, V) > 0 for every admissible

direction V. Therefore

J (c — [VuqllVval) V-vdo >0 for every admissible direction V.
20

We mean by admissible direction the one which allows us to keep the C-GNP
or the C-spP (according to Proposition 12). Since Q has the C-GNP, it satisfies
the C-sp. Then

forallx e 0Q\C, K.NnQ=40.

For t sufficiently small, let Qy = Q +tV (Q) be the deformation of Q in the
direction V. Let x¢ € 0Q¢. There exists x € 0Q such that x{ = x + tV(x).
Using the definition of K, and the equality above, we get (for t small enough
and for every displacement V)

for all x; € 00\ C, K, NQ,=0,

which means that Q satisfies the C-sp (and so the C-GNP) for every direc-
tion V when t is sufficiently small. Then, using V and —V, and that the set
of the functions V - v is dense in [?(0Q), we deduce

IVuol|[Vval=c¢ on 0Q\oC. (3)
On the other hand, the admissible directions V on 9Q N 0C must satisfy
V(x)-v(x) =0,

and one gets
IVuol|lVval<c on 9QnNoC. (4)
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Now, thanks to Hadamard formula, the shape derivative of j at Q* is

dj(Q*, V) :J (NcHoor — f)V-vdo >0,
00+

for every admissible direction V.

Arguing as above and observing that the deformation domain Qf is in Q
if the directions V on 0QQ* N 0Q) satisfy V(x)-v(x) < 0, we get

Hso- =0 on 0Q*\ (0CU0Q),
Haoo- <0  on 0Q*NoQ, and (5)
Haox > Nic on 0Q* N oC.

3.1.3 Main theorems

Theorem 18 Let Q) be as in Theorems 16 and C be of class C?. Let uc
(respectively vc) be the solution of P(int(C),f) (respectively P(int(C)uc)).
Suppose that both we and ve are in C*(C) and

IVuc||Vvel >c¢ on 09C. (6)

Then Q is a solution of F(c,f) which strictly contains C.

Proof: 0Q # 0C, otherwise Q = int(C), ug = uc and vg = vc. But the
optimality conditions (3) and (4) give

Vuc|[Vvel = [Vug|[Vval < ¢ on dC,
which contradicts (6).
Now, suppose that 9Q N 9dC # 0. Since ug and uc are in C2(C),

Aug=—Ff=Auc inint(C) and ug>0=uc on 0oC,
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the maximum principle implies that
un > uc in int(C).
But ug # uc in int(C), then
ug > uc inint(C).
Now, since ug = uc on 00 N AC, then by the maximum principle we get

duo _duc | sanac,
ov ov

_Oug

or again, since [Vug| = —F2,

IVucl < [Vug| onoQnoacC.

Now by the maximum principle, g > 0 on Q. Then replacing f by ua, wo
by va and uc by ve, and arguing as above, we obtain

Vvl < |[Vvgl onoQnacC.
But (6) together with (4) implies
c < |Vuc|lVvcl < [Vug||Vval <c¢c ondCnNoQ.
which is absurd. It then follows that C is strictly contained in Q and so

[Vuo||Vvol =c on 0Q).

Theorem 19 Let Q and QF be as in Theorems 16 and 17. Suppose
IVuo«||Vva«| > ¢ on 0Q". (7)

Then Q is a solution of F(c,f) which strictly contains Q*.
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Replacing Q) by Q¥ the proof is the same as above.

Theorem 20 Let Q and QF be as in Theorems 16 and 17. Suppose that
C is of class C? and

Hac < NiC on 0C. (8)
Then

1. C 1s strictly contained in QF,

2. Q is a solution of F(c,f) which contains Q.

Proof:

1. Suppose by contradiction that 9Q*N0C # (. Since int(C) € Q* and C
and Q* are of class C?, then by using the monotonicity of the mean
curvature together with (5) and (8) we have on 9Q* N oC

f f
N¢ = 00* >~ I'loC Nc )

which gives a contradiction.

2. Cis strictly contained in QO* which is contained in Q (by definition). So
C is strictly contained in Q and (3) gives the overdetermined condition
on 0Q).
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4 A symmetry result

In this section, we suppose that f =1 and N > 2.

Definition 21 [6] We say that a domain w satisfies the e-cone property if
for all x € dw there ewist a direction vector & € RN such that the cone
Cly,&,¢e) Cw forally € B(x,e)Nw@. € denotes both angle and hight of the
cone.

Denoting by O; the class of domains which have the e-cone property, we have
this lemma.

Lemma 22 [0] If wy, € O, then there exists an open subset w C D and a
subsequence (again denoted by w,) such that (i) wy 1w, (7i) Wy N w,
(111) dwn I dw, (iv) Xew, converges to X in L'(D) and (v) w € O,
(Vi) Ve, converges strongly in H)(D) to v (Vew, and v, are respectively the
solution of P(wn, 1) and P(w,1)).

Let Q be a solution of the problem F (¢, 1) and put
O1={w>0: weO,.

Consider

1
hiw) = cHowl - 3 |

where 1, is the solution of the Dirichlet problem P(w, 1).

Before stating the main theorem of this section, let us state the two follow-
ing propositions. The proofs are analogous to those of Theorems 16 and 17.
They use Lemma 22 together with the lower semicontinuity of the perimeter
and the continuity of the volume (for the Hausdorff topology). To obtain
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the optimality conditions, we use the shape derivative as in Subsection 3.1.2.
Using the same notations, to get Q in (Q;); (for t small enough) we must
choose a deformation directions V such that V-v >0 on 0Q N 0Q;. In the
same way V -v <0 on 0Q N9Q, allows us to have (Q;) in Q (Q; and Q,
are given by Propositions 23 and 24).

Proposition 23 There exists Q1 € Oq which minimizes J1 on Oq. If Qg s
of class C?, then

1. ‘VUQ_1 |’VVQ1’ < NCZHaQ] on 6Q1 NoQ 5
2. ‘VUQ1 HV\)Q]’ = NCZHaQ] on 6Q1 \ 0Q) .

Consider
O ={wCQ:dwNdQ;#0and w e O,

and
Jo(w) = clow| — |w].

Proposition 24 There exists Q; € O, which minimizes ]2 on O,. If Qy is
of class C?, then

1. Hagn, < ﬁ on 00N 00, ,
2. HaQZ :NLC on aﬂz\aQ .

In the sequel, we state and prove the main theorem of this section.
Theorem 25 If Q is a solution of F(c,1), then Q is a ball of radius Nc.

As we see in the following proof, to reach the conclusion of the theorem, we
show that Q = Q;.
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Proof: Since QO C Q;, it is sufficient to show that 0QQ = 0Q;. By
Lemma 22 and the definition of @, 0Q,N0Q; # (). So since Q, C Q C O
then

00,N00Q N0 #0.

This together with the monotonicity of the mean curvature and the fact
that Q, Q; and Q, are of class C?, implies that for all x € 0Q,N0QN3Q;,

Hao, (x) < Haa(x) < Hag,(x) < NLC (9)

Hence, Propositions 23 and 24 imply
Vg, (x)IVva, (x)] < Ne?Hag, (x) < c.
Suppose that 0Q # 0Q;, by the maximum principle we obtain
¢ = [Vuga(x)[[Vva(x)| <[Vug, (x)[[Vvg, (X)] < ¢,
which is a contradiction. It then follows that O = Q7 and so
¢ =|Vual|lVval = Nc*Han  on 2Q.

This implies that
1

Hoo = —
Q) Nc ’
which means that Q is a ball of radius Nc thanks to Alexandrov’s result [1].
In this case, (9) implies Q; = Q. o

Remark 26 Combining the Hopf’s comparison principle [18] with the mono-
tonicity of the mean curvature, one can extend the result of Theorem 25 to
the case of the p-Laplace operator.
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5 Concluding remarks

Remark 27 Recall that the C-GNP is satisfied by the solution of the so-
called Quadrature Surface Free Boundary Problem [16, 8]. The domain which
satisfies the C-GNP may be non-Lipschitz, it may contain cusps [3]. As a
consequence, Q¢ cannot be contained in O..

Remark 28 The hypothesis in Theorem 13 about the local regularity is
not too restrictive because of, for instance, results due to DiBenditto [7],
Lewis [12] and Lieberman [13].

Remark 29 For the p-Laplacian, the continuity with respect to the domain
is a consequence of the y,-convergence [4]. So using Hopf’s comparison
principle and replacing the condition (6) by

IVuc||Vve| >c¢ on C.
one can extend Theorems 18 and 19 to the p-Laplacian case.
Remark 30 Theorem 20 can be extended to other divergence operators like

div(a(x,Du)). For this kind of operators the continuity with respect to the
domain is a simple consequence of Mosco convergence [4].

Remark 31 Consider the following free boundary problem. We look for
a domain Q) and a couple of functions (wo;va) such that ug is solution
of P(Q), f), vg is solution to P(Q,ug) and

IVuqg||[Vval = cHga + ¢ on 0Q).

By considering the functional of domain

o 1 5
Jolw) = N\aw\ + clw| — 3 quw dx,
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we use the same arguments as in Theorem 16 and prove the existence of a
minimum Q for J, on O¢ which is of class C?. Then performing the shape
derivative we obtain the following optimality conditions

|qu||VVQ| = O‘Hac +c¢ on 0Q) \ oC s
IVual|lVval < oHagc+¢ on 9O NaC.

Next, replacing in the inequality (6) of Theorem 18, ¢ by oHac + ¢ we
obtain the same conclusion by combining the maximum principle with the
monotonicity of the mean curvature. Now, according to Remark 30 we can
extend this result to the p-Laplacian case.
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