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Fitting a superposition of Ornstein–Uhlenbeck
processes to time series of discharge in a

perennial river environment
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Abstract

Classical Ornstein–Uhlenbeck (ou) processes are Lévy-driven linear
stochastic models with exponentially decaying autocorrelation functions
which do not always fit more slowly decaying real time series data. A
superposition of ou processes (known as a supou process) is proposed
to overcome this issue for application to river discharge time series data.
The discharge data has a sub-exponential autocorrelation function and
this is captured by the supou process based on the mean reversion
speed generated by a Gamma distribution. All the parameters of the
supou process are identified by matching the autocorrelation and the
first to fourth statistical moments of the discharge data. The empirical
and modelled histograms of the discharge data are comparable with
each other.
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1 Introduction
An Ornstein–Uhlenbeck (ou) process is a classical linear autoregressive
model [13]. For the simplest 1D case it has a stationary probability density
function (pdf), an autocorrelation function (acf) which decays exponen-
tially, and its statistical moments are known explicitly [11]. Owing to their
convenience, ou processes have been widely used in scientific and engineer-
ing applications, including but not limited to insurance [6], environmental
engineering [14], and flood analysis [10].

The exponential decay of the acf of ou processes limits their usability because
time series data encountered in applied problems often exhibit long memories,
decaying only at algebraic rates [12]. Examples include hydrological processes,
such as river discharge [4] and solute transport [8], which are key drivers
of water environment and ecosystems. Nevertheless, modern hydrological
models, including the author’s work [14], still rely on ou processes, motivating
us to extend the existing ou framework so that the statistics of interest can
be efficiently evaluated and the acfs are reasonably reproduced.

The objective of this article is to apply the superposition of ou processes,
often referred to as a supou process [1], to river discharge data as a case
study. The supou process is formally a superposition of infinitely many ou
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processes with different mean reversion speeds and mutually independent
background driving Lévy processes with infinite activities. Applications of
supou processes are found in finance [5], physics [3] and related research
areas, but not in hydrology and civil and environmental engineering, to the
best of the author’s knowledge.

Based on river discharge time series data, here it is shown that choosing
a proper density to superpose ou processes enables us to reproduce the
long memory of the acf of the data. Moreover, its key statistical moments
(average, standard deviation, skewness, kurtosis) are found explicitly. Based
on these theoretical results, model parameter values corresponding to the real
data are identified. Finally, it is shown that a plane Monte–Carlo method
serves well for generating sample paths of the supou process, despite its
infinite-dimensional nature. This article contributes both analysis and a new
engineering application to the study of supou processes.

2 Mathematical model
The ou and supou processes are reviewed, and statistical moments and the
acf of the latter are derived. Our explanation of the mathematical models
follows the conventional ones [1].

2.1 The OU process

The classical 1D ou process is

dXt = −λ(Xt − X)dt+ dLt , t > 0 . (1)

Here, t ∈ R is the time, X = (Xt)t>0 is the ou process, L = (Lt)t>0 is a Lévy
process, X ∈ R is the reversion level (minimum discharge in our case), and
λ > 0 is the reversion speed. The Lévy measure v(dz) associated with L
is assumed to be a positive pure-jump subordinator; namely, it satisfies∫+∞
0

z v(dz) ∈ (0,+∞) . For the application example presented in Section 3
we assume v(dz) = az−(α+1)e−bzdz with parameters a, b > 0 and α < 1.
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Physically, equation (1) represents flood events of jumps and associated
recessions. Generalising the results presented in this article to a generic case
where the driving Lévy process is of a jump-diffusion type is straightforward.

Under a stationary state, equation (1) is solved as

Xt = X+

∫ t
−∞ e

−λ(t−s) dLs , t ∈ R , (2)

where the domain of the processes X, L are extended to R [1]. A straightforward
calculation shows that key statistics of X at a stationary state are obtained
analytically. Indeed, by denoting E as the expectation and setting Mk =∫+∞
0

zk v(dz) ∈ (0,+∞) , E[Xt] = X+M1/λ and E[(Xt−E[Xt])2] =M2/(2λ)
are obtained. The representation (2) is a starting point for formulating a
supou process, as discussed in Section 2.2. Finally, the acf with time lag
τ > 0 is

acf(τ) = exp(−λτ) . (3)

2.2 The supOU process

The supou process at a stationary state is defined as

Xt = X+

∫ t
−∞

∫+∞
0

e−λ(t−s)Λ(dλ, ds) , t ∈ R , (4)

where Λ is an R-valued pure-jump Lévy basis on (0,+∞) × R [1] with
a probability measure π of λ on (0,+∞) and a background driving Lévy
measure v. Because the reversion speed λ physically corresponds to the
inverse of the correlation time scale, the superposition made in the supou
process (the inner integration of (4) with respect to λ) implies the existence
of multiple time scales in its sample paths. Intuitively, a random reversion
speed is determined at each jump time.

The supou process (4) is a semi-martingale and is expressed as a formal
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summation of infinitely many ou processes:

Xt =

∞∑
i=1

(
ciX+

∫ t
−∞

∫+∞
0

e−λi(t−s) dL(i)s

)
=

∞∑
i=1

X
(i)
t , t ∈ R , (5)

with some non-negative series {ci}i=1,2,3,... such that
∞∑
i=1

ci = 1 , and where

X
(i)
t represents the ou process at t with the reversion speed λi and the

Lévy process is L(i) with the measure civ and each L(i) (i = 1, 2, 3, . . .) is
mutually independent. The ou process defined in Section 2.1 is a special
case where the probability measure π is a Dirac measure concentrated at a
point. The well-posedness of the supou process and its stationarity is satisfied
if R =

∫+∞
0

λ−1 π(dλ) ∈ (0,+∞) [9, Theorem 2.2]. Only the average and
variance have been derived in earlier research [9], but below we analytically
find higher-order statistics.

At a stationary state the average (Ave), standard deviation (Std), skewness
(Skew), and kurtosis (Kurt) of the supou process are

Ave = E[Xt] = X+ RM1 , (6)

Std =

√
E[(Xt − E[Xt])2] =

√
RM2

2
, (7)

Skew =
E[(Xt − E[Xt])3]

Std3
=
RM3

3 Std3
, (8)

and Kurt =
E[(Xt − E[Xt])4]

Std4
− 3 =

RM4

4 Std4
. (9)

The calculation procedure is straightforward as each expectation is calculated
according to the definitions of each statistic and Λ, π, v. Finally, the acf
with time lag τ > 0 is

acf(τ) =
E[(Xt − Ave)(Xt+τ − Ave)]

Std2
=
1

R

∫+∞
0

e−λτ

λ
π(dλ) . (10)

This tractability of the supou process is useful in engineering applications.
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Assume the unimodal Gamma density

π(dλ) =
1

Γ(H)

λH−1

BH
exp

(
−
λ

B

)
dλ , λ > 0 , (11)

with parameters B > 0 and H > 1, then R = [B(H − 1)]−1 follows and the
acf decays at an algebraic rate:

acf(τ) =
(

1

1+ Bτ

)H−1
. (12)

This contrasts with the exponential form (3) of the ou process and suggests
that appropriately randomising the reversion speed leads to a long memory
where multiple time scales coexist.

3 Application to real data
The supou process is fitted against time series data of river discharge from
a perennial river environment in a mountainous region. The study site is
Takeno-hana station at Tabusa River, a branch of the Gono River (a first-class
river in Japan) in Hiroshima Prefecture, Japan, for which the hourly record
of river discharge since January 2017 is publicly available.1 This river is a
habitat of inland fishery resources, including Plecoglossus altivelis altivelis
(Ayu), and its streamflow environment and habitat quality have recently been
of research interest.

Figure 1 shows the four-year discharge time series data (from January 2017
to December 2020) of Takeno-hana station and Figure 2 presents its acf.
Figure 1 suggests that the discharge time series is driven by jumps decaying
toward the minimum value X, which has been determined from the data
as 0.1m3/s. The black symbols in Figure 2 show the empirical acf and its

1Water Information System http://www1.river.go.jp/cgi-bin/SiteInfo.exe?ID=
307051287713030.

http://www1.river.go.jp/cgi-bin/SiteInfo.exe?ID=307051287713030
http://www1.river.go.jp/cgi-bin/SiteInfo.exe?ID=307051287713030
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Figure 1: The hourly discharge time series of Takeno-hana station.

algebraic fit (12) for which a least-squares method gives B = 0.108 per hour
and H = 1.75 , where ensuring the empirical acf is positive is utilised in the
fitting. The fitting results show that the acf of the discharge time series has
an algebraic decay, and furthermore it has a long memory [9] because∫+∞

0

acf(τ)dτ = +∞ , (13)

which is qualitatively different from the exponential fit (3) for which the
integral remains finite. The fitting of Figure 2 suggests an advantage of the
supou process over the classical ou process in the present case.

Having obtained the values of B and H, the Lévy measure v is identified. The
theoretical Ave, Std, Skew, and Kurt are fitted against the empirical ones by
a nonlinear least-squares method so that the following objective is minimised:(

Avem − Avee
Avee

)2
+

(
Stdm − Stde

Stde

)2
+
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Figure 2: The empirical (red) and fitted (black) acfs.

(
Skewm − Skewe

Skewe

)2
+

(
Kurtm −Kurte

Kurte

)2
. (14)

Here, the subscripts e andm stand for ‘empirical’ and ‘modelled’, respectively,
and the parameters to be optimised are a, b and α of the Lévy measure v. An
analogous fitting method has been successfully applied to an ou process [14].

Table 1 compares the empirical and fitted statistics and their relative errors
with the best fit values α = 0.596 , a = 0.0130m3α/sα per hour, and b =
0.00806 s/m3 , demonstrating that the assumed model can reproduce the
statistics within the relative errors of several percent. The result suggests
that the discharge time series involves infinitely many small fluctuations as
the background driving Lévy process satisfies α > 0 . The relative errors are
even smaller than 1% for Ave and Std.

Finally, the performance of the model with the identified parameter values is
examined by comparing probability density functions (pdfs). Because the
pdf of the supou process is not available analytically, a Monte–Carlo method
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Table 1: Comparison of the empirical and modelled statistics and their relative
errors.

Statistics Empirical Model Relative error
Ave (m3/s) 2.59× 100 2.58× 100 6.23× 10−3
Std (m3/s) 7.84× 100 7.88× 100 5.92× 10−3
Skew (−) 1.61× 101 1.47× 101 8.38× 10−2
Kurt (−) 4.05× 102 4.19× 102 3.42× 10−2

is employed. By exploiting the randomisation algorithm for supou processes
driven by compound Poisson processes [9], the following discretisation is
proposed to generate sample paths:

X(n+1)∆t = e
−λn∆tXn∆t + (1− e−λn∆t)X+

1− e−λn∆t

λn∆t
∆Ln , n = 0, 1, 2, . . . ,

(15)
with an initial condition X0 > 0 . Here, ∆t = 0.001 hours is the time
increment generated by the rejection sampling method [7], each ∆Ln is a
mutually independent discretised tempered stable process, and λn is a random
variable generated by the identified density proportional to π/λ with each λn
being mutually independent.

With the initial condition X0 = X, a long sample path with length 10 000 years
was generated for the pdf to be numerically evaluated. The statistics com-
puted by the Monte–Carlo method are Ave = 2.57m3/s , Std = 7.87m3/s ,
Skew = 14.8, and Kurt = 422, which are close to the theoretical values in
Table 1. Figure 3 compares the empirical and modelled pdfs, showing that
the proposed model serves well from the viewpoint of the pdf, although
the empirical pdf is slightly sharper than the modelled one. In particular,
both the empirical and modelled results consistently show the convex and
decreasing pdfs.
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Figure 3: The empirical (red) and fitted (black) probability density functions
(pdfs).

4 Conclusion
A supou process was fitted to time series data of a four-year river discharge.
Theoretically, the proposed identification method can be applied to all the
perennial rivers, while its performance would be different for different rivers.
The author is currently studying the applicability of supou processes and
related mathematical models in the analysis of riverine hydrological processes,
including Volterra processes as representative non-Markovian models [2].
Detailed convergence analysis of the Monte–Carlo method is also an important
issue to be addressed in the future. A research project to optimally control
supou processes is currently underway. In this case, the control problem will be
reduced to solving a dynamic programming equation in an infinite-dimensional
space. The author is currently investigating an infinite-dimensional Riccati
equation for regulating discharge.
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