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Investigating the effect of changing the decay
coefficient in an activated sludge model
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Abstract

The activated sludge process (asp) is widely used to treat both
domestic and industrial wastewaters. The main disadvantage of the
asp is the expense of disposing of excess sludge, which can account for
between fifty to sixty percent of the operating costs of a treatment plant.
We examine a model for the asp in which the biochemical processes are
represented by a simplified version of the well known activated sludge
model No. 1. A promising method to decrease sludge production is to
increase sludge biodegradability. A variety of experimental methods
exist to do this, such as enzyme treatment, ozonation, heat treatment,
and ultrasound. We investigate the effect of increasing the decay
coefficient upon two important process variables: the chemical oxygen
demand and the total suspended solids.
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1 Introduction
The activated sludge process (asp) is the most widely used biological waste-
water treatment method for domestic and industrial wastewaters [9]. Figure 1
shows the most basic reactor configuration: an aerated bioreactor and a
settling unit. The latter concentrates the solid components before recycling
them back into the biological reactor. This recycling is critical as microorgan-
isms are contained inside the solid and it ensures that the biological reactor
maintains a larger concentration of microorganisms than would otherwise be
the case. The creation of enormous amounts of sludge is one of the main
drawbacks of the asp [1].

The activated sludge model No. 1 (asm 1) [5] is a widely used model of the
asp. It describes nitrogen and chemical oxygen demand within suspended-
growth waste-treatment processes. In order to use the model the influent
must be characterised by determining the values of thirteen state variables.
Furthermore, the model contains twenty parameters and their values must be
estimated by calibration.
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Figure 1: A single bioreactor connected to a settling unit [7] where F is the
flow-rate through the bioreactor, R is the recycle ratio, and w is the fraction
of the recycle stream that is wasted.

We study a simplification of the asm 1 which excludes processes involving
nitrogen. This simplification was suggested shortly after the introduction
of the asm 1 [2], however the simplified model has not been investigated.
We investigate how adjusting the biomass decay changes the soluble sub-
strate concentration and the total suspended solids inside the bioreactor.
Hao et al. [4] provide the motivation for our approach in their investigation of
viral infections to reduce sludge production. When their approach is applied
to our model, the viral infections increase the decay rate. Future advances
in biotechnology may allow the decay parameter to become a tuneable pa-
rameter. We therefore investigate the effect of both increasing and decreasing
this parameter. We find that the behaviour of the reactor in response to
these changes depends critically upon the value of the soluble substrate
concentration in the influent stream.
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Figure 2: Overview of the biochemical processes.

2 Assumptions of the model
The simplified model used here includes three biological processes (Figure 2).
In the first process the slowly biodegradable particulate substrate Xs is
slowly hydrolysed by the heterotrophic biomass XB,H to produce the soluble
substrate Ss.

In the second process the heterotrophic biomass XB,H grows by consumption
of the soluble substrate Ss. This process is sensitive to the concentration
of soluble oxygen SO, with oxygen acting as a ‘switch’, turning the process
on and off. When the switch is ‘on’ the dissolved oxygen concentration has
minimal effect on the process rate.

The final process is biomass decay. This converts the heterotrophic biomass XB,H
into a combination of nonbiodegradable particulates XP and biodegradable
particulate substrate Xs. The hydrolysis of the latter produces the soluble sub-
strate Ss (first process), which is the growth substance for the heterotrophic
biomass (second process).

3 Model equations
In the model equations (2)–(6) for a reactor of volume V with flow-rate F of
the influent stream, subscript ‘in’ refers to the concentration of some material
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in the influent stream and subscript ‘max’ indicates the maximum possible
concentration. In addition, all model equations are dependent on the reaction
rates

M2 =
Ss

Ks + Ss
, M8h =

SO

KO,H + SO
, ksat =

Xs

KXXB,H + Xs
, (1)

where Ks is the substrate half-saturation coefficient of the heterotrophic
biomass XB,H, KO,H is the oxygen half-saturation coefficient of the heterotrophic
biomass, and KX is the half-saturation coefficient for hydrolysis of the slowly
biodegradable particulate substrate Xs. The three rates are Monod kinetic
terms, where M2 is for the biodegradable soluble substrate Ss, M8 is for the
soluble oxygen SO with respect to the heterotrophic biomass, and ksat is for
the saturation kinetics.

For time t, the rate of change in the concentration of the soluble substrate is

V
dSs

dt
= F(Ss,in − Ss) −

µmax,H

YH
M2M8hXB,HV + khksatM8hXB,HV , (2)

where YH is the heterotrophic yield coefficient, kh is a hydrolysis coefficient,
and µmax,H is the maximum specific growth rate for heterotrophs. The terms
on the right-hand side are, respectively, the change in mass due to the flow
of the influent stream through the reactor, the decrease in mass due to
growth of the biomass, and the increase in mass due to hydrolysis of slowly
biodegradable particles.

The rate of change in the concentration of the heterotrophic biomass is

V
dXB,H

dt
= −FXB,H + R(C− 1)FXB,H − bHXB,HV + µmax,HM2M8hXB,HV , (3)

where C is the concentration factor for the settling unit, R is the recycle ratio
of the settling unit, and bH is the heterotrophic decay coefficient. The terms
on the right-hand side are, respectively, the change in mass due to the flow of
the influent stream through the reactor, the change in mass due to the flow
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of the recycle stream through the reactor, the decrease in mass due to death
of the biomass, and the increase in mass due to growth of the biomass.

The rate of change in the concentration of the biodegradable particulate
substrate is

V
dXs

dt
= F(Xs,in − Xs) + R(C− 1)FXs + (1− fp)bHXB,HV − khksatM8hXB,HV ,

(4)
where fp is the fraction of biomass yielding particulate products. The terms
on the right-hand side are, respectively, the change in mass due to the flow of
the influent stream through the reactor, the change in mass due to the flow
of the recycle stream through the reactor, the increase in mass due to death
of the biomass, and the decrease in mass due to hydrolysis.

The rate of change in the concentration of soluble oxygen is

V
dSO

dt
= F(SO,in − SO)+VKL,A(SO,max −SO)−

(1− YH)

YH
µmax,HM2M8hXB,HV ,

(5)
where KL,A is the oxygen transfer coefficient. The terms on the right-hand side
are, respectively, the change in mass due to the flow of the influent stream
through the reactor, the change in mass due to the use of aerators in the
reactor, and the decrease in mass due to growth of the biomass.

Finally, the rate of change in the concentration of nonbiodegradable particulate
products is

V
dXP

dt
= −FXP + R(C− 1)FXP + fpbHXB,HV . (6)

The terms on the right-hand side are, respectively, the change in mass due
to the flow of the influent stream through the reactor, the change in mass
due to the flow of the recycle stream through the reactor, and the increase in
mass due to death of the biomass.

Two common ways to characterise the performance of a treatment plant are
the chemical oxygen demand (cod), which characterises the organic content
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of a wastewater, and the total suspended solids (tss), which characterises
the amount of sludge. The chemical oxygen demand in the influent stream,
the reactor, and the effluent stream are, respectively,

codin = Ss,in + Xs,in , (7)
cod = Ss + XB,H + Xs + XP , (8)

code = Ss . (9)

The total suspended solids (with units of ss/L) in the influent stream, the
reactor, and the wastage stream are, respectively,

tssin = c1Xs,in , (10)
tss = c1 (Xs + XP) + c2XB,H , (11)

tssw = Ctss , (12)

where the parameters ci are conversion factors. The total suspended solids in
the effluent stream is zero because the settling unit is assumed to capture all
particulates. The parameter values used in our study are typical values for a
domestic wastewater system [8].

European Union directive (91/271 ‘Urban wastewater’) [3] fixes the maximum
chemical oxygen demand allowed in the effluent of small sized wastewater
treatment plants to

codmax = 125mg/L . (13)

A plant must operate with the cod in the effluent stream below this value.
The default value of the decay parameter is bH = 0.22 day−1; this is a typical
value for our application [6, 10]. A key experimental parameter is the residence
time, which is defined as the volume of the reactor divided by the feed flow
rate τ = V/F .

In what follows, a ‘washout solution’ refers to a solution for which the steady-
state concentration of the heterotrophic biomass is zero. Literally, the biomass
has been washed out of the reactor. The ‘no-washout solution’ refers to a
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solution for which the steady-state concentration of the heterotrophic biomass
is positive, as are the values of all the other state variables. Note that the
washout solution corresponds to process failure; the wastewater leaves the
treatment plant as contaminated as it was when it entered. Consequently,
wastewater treatment plants are not operated under conditions under which
the washout solution is stable.

4 The effect of changing the decay parameter
Figure 3(a) shows the soluble substrate concentration Ss inside the reactor
as a function of the decay coefficient bH. Recall that the soluble substrate
concentration equals the cod in the effluent stream (equation (9)), and
the cod has a maximum allowable value (equation (13)), and thus the
soluble substrate concentration has the same maximum value of 125mg/L.
The critical value of the decay coefficient bH,cr = 3.16 day−1 is when the
soluble substrate concentration attains this maximum value. When the
decay coefficient is less than (larger than) the critical value, the soluble
substrate concentration is below (above) the maximum value. Thus bH,cr is
the maximum acceptable value of the decay coefficient. When the decay
coefficient is large, bH > 3.6462 day−1, the process fails. Process failure
happens when the heterotrophic biomass XB,H = 0 and the washout steady-
state solution is stable.

Figure 3(b) shows the total suspended solids inside the reactor as a func-
tion of the decay coefficient. As the decay coefficient increases the total
suspended solids decreases, and thus the sludge is minimised at the criti-
cal value of bH. When the decay coefficient is critical bH,cr = 3.16 day−1,
the tss = 377.26mg ss/L, but for the default value of the decay coefficient
bH = 0.22 day−1, the tss = 601.5mg ss/L. Thus the minimum amount of
sludge is a reduction of 37.3% of the sludge obtained with the default bH.
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(a) Soluble substrate concentration inside the bioreactor.
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(b) Total suspended solids inside the bioreactor.

Figure 3: Variation of the soluble substrate concentration Ss and total sus-
pended solids tss with the decay coefficient bH. The solid vertical line is the
default value of the decay coefficient. The horizontal dashed line is the maxi-
mum allowed chemical oxygen demand in the effluent stream (equation (13))
and the vertical dashed line is the decay coefficient at that maximum. Param-
eter values: τ = 0.15 days; codin = 300mg cod/L; Ss,in = 200 mg cod/L;
Xs,in = 300− Ss,in
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5 The effect of changing the soluble substrate
concentration in the feed

We now investigate the behaviour of the soluble substrate and the total
suspended solids in the reactor as a function of the decay coefficient for four
values of the soluble substrate concentration in the influent stream Ss,in. We
fix the chemical oxygen demand of the influent stream codin = 300mg/L.
Again recall that the chemical oxygen demand in the effluent stream equals
the soluble substrate concentration inside the reactor (equation (9)) and it
has a maximum allowable value of 125mgcod/L (equation (13)).

Figure 4(a) shows the soluble substrate concentration Ss as a function of
the decay coefficient bH. When the soluble substrate in the feed Ss,in =
50 or 100mgcod/L the steady-state soluble substrate concentration in the
reactor is always below 125mgcod/L. Consequently, the chemical oxygen
demand in the effluent stream is always below the maximum allowed value and
there is no longer a critical value of the decay coefficient. In contrast, when
Ss,in = 150 or 200mgcod/L there is a critical value for the decay coefficient,
which is bH,cr = 3.19 or 3.16 day−1, respectively.

Figure 4(b) shows the total suspended solids tss as a function of the de-
cay coefficient. When the soluble substrate in the feed is either Ss,in =
150 or 200mgcod/L the tss is a decreasing function of the decay rate and
consequently, the minimum tss occurs when the decay coefficient equals
its critical value. The minimum tss = 438.12 or 377.26mg ss/L for critical
decay coefficient bH,cr = 3.16 or 3.19 day−1, respectively. For the default
value of the decay coefficient bH = 0.22 day−1 the tss = 603.32mg ss/L or
600.86mg ss/L when the feed concentrations are Ss,in = 150 and 200mg ss/L,
respectively. The minimum values of the tss reduce the default tss by
37.3% or 27.3%, respectively.

When the soluble substrate in the feed is Ss,in = 50 or 100mgcod/L and
there is no critical decay coefficient to define from the soluble substrate
concentration Ss, we instead consider a critical concentration dependent on
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(a) Soluble substrate concentration inside the bioreactor
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(b) Total suspended solids inside the bioreactor.

Figure 4: Variation of the soluble substrate concentration Ss and total sus-
pended solids tss with the decay coefficient bH and the influent soluble sub-
strate concentration Ss,in = 200mgcod/L (solid-line); 150mgcod/L (dashed
line); 100mgcod/L (dotted line); and 50mgcod/L (dash-dotted line). Pa-
rameter values: Xs,in = 300− Ss,in, τ = 0.15 days.
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the total suspended solids. The tss is respectively minimised on the no-
washout and washout branches. However, in both cases we define the critical
value of the decay coefficient as the value at the local minimum along the
no-washout branch because the treatment plant will not be operated under
conditions in which the washout solution branch is stable.

For Ss,in = 50 or 100mgcod/L the no-washout branch minimum of the
tss = 630.86 or 588.91mg ss/L when the critical decay coefficient is bH,cr =
0.1813 or 0.6219 day−1, respectively. For the default value of the decay
coefficient bH = 0.22 day−1, for Ss,in = 50 or 100mgcod/L, respectively,
the tss = 631.3178mg ss/L or 608.98mg ss/L, and these are reduced by
4.35% or 3.3% when the minimum tss is attained. Evidently, when the
concentration of soluble substrate in the feed is sufficiently small, increasing
the decay coefficient is not an effective way to reduce the total suspended
solids inside the reactor.

6 Conclusion
One of the main disadvantages of the asp is the cost of disposing of excess
sludge. A suite of promising techniques to alleviate this problem rely on
increasing the biodegradability of the sludge within the reactor. To model
these we take the decay coefficient bH as a tuneable parameter and investigated
how the concentrations of soluble substrate and total suspended solids inside
the biological reactor depend upon its value.

We found that for sufficiently large soluble substrate concentrations in the
feed there is a critical value for the decay coefficient. If the decay coefficient
is below its critical value, then the chemical oxygen demand in the effluent
stream is below its maximum allowed value (13). This imposes a restriction
on how much the total suspended solids can be reduced.

If the soluble substrate concentration in the feed is sufficiently small, then the
decay coefficient is always less than its critical value, and the chemical oxygen
demand in the effluent stream is always lower than its maximum value (13).
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In this case, the possible reduction in total suspended solids relative to the
default value is very small.

We conclude that increasing the decay coefficient may be an effective method
for reducing sludge formation, provided that the wastewater contains a
sufficiently high soluble substrate concentration.
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