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Abstract

We consider the magnetohydrodynamic flow and heat transfer of
a classical Newtonian fluid in a straight channel with fixed irregular
cross section. A spatial fractional operator is introduced to modify
the classical Fourier’s law of thermal conduction, and we obtain the
space fractional coupled model. With the help of the finite element
method, the coupled model is solved numerically. Finally, a special
numerical example is proposed to verify the stability and efficiency of
the presented method.
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1 Introduction
In recent years, the magnetohydrodynamic (mhd) flow and heat transfer prob-
lem has attracted great attention due to its extensive applications in actual
production and life. Because fractional operators have the characteristics of
heredity and memory, they are widely used in the modelling and application
of mhd flow and heat transfer. Zheng et al. [14] presented an analysis method
for mhd flow of an incompressible generalized Oldroyd-B fluid. The effect of
second order slip on mhd flow of a fractional Maxwell fluid was explored by
Aman [1].

Due to their complexity, many numerical methods have been developed to
solve fractional equations [7, 8]. Li and Zeng [9] employed finite difference
methods to solve fractional differential equations. In recent years, Zhang
et al. [12] developed a time-stepping numerical method for time-fractional
nonlinear equations.

In this article we provide a numerical method to solve the space fractional mhd
flow and heat transfer coupled model, which occurs in an irregular domain.
Irregular domains are considered because flow problems in such domains have
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(a) Physical model (b) Convex domain (c) Convex domain

Figure 1: Physical model and convex domain Ω with boundaries x1(y), x2(y),
y1(x) and y2(x).

more extensive application value. This numerical method can be used to
calculate other space fractional coupled models, providing a framework for
studying the mhd flow and heat transfer problems of space fractional fluid.
This article is organized as follows: the space fractional coupled model is given
in Section 2. Based on the unstructured finite method, Section 3 proposes the
numerical method. In Section 4, we present the matrix form of the method
and a numerical example is considered to verify the stability and efficiency of
the numerical scheme. Section 5 presents some conclusions.

2 Mathematical model
The physical model and the convex cross sectional domain Ω are shown in
Figure 1. We assume that the length of the channel Lw is in the z-direction and
is much longer than the diameter of the cross sectional domain Ω which lies in
the xy-plane. The channel is filled with classical Newtonian fluid. The channel
wall has non-slip boundary conditions, and has constant temperature Tw. The
channel and fluid are exposed to a constant magnetic field B in the y-direction.
The flow is independent of z, that is to say, the velocity distribution of the
model is u = (0, 0,w(x, y, t)) .
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The momentum equations are [10]

∇ · u = 0 ,

ρ

[
∂u

∂t
+ (u · ∇)u

]
= ∇ · S+ J× B+ ρgη(T − Tw) , (1)

where u = (0, 0,w) is the velocity vector, ∇ is the gradient operator, ρ is
the density of the fluid, S is the Cauchy stress tensor, g is the gravitational
acceleration vector, η is the coefficient of thermal expansion, and T and Tw
are the temperatures of the fluid and the wall, respectively. Since the flow is
subjected to an external magnetic field, we include J× B , in which J is the
current density vector and B is the total magnetic field vector. According to
the characteristics of a classical Newtonian fluid, the viscous stress constitutive
equations are Sxz = µ∂w/∂x and Syz = µ∂w/∂y , in which µ is the dynamic
viscosity, and Sxx = Sxy = Syy = Szz = 0 . The generalized Ohm’s law is
J + ξ(J × B) = σ(E + u × B) [4], where ξ is the Hall coefficient, E is the
electric field, and σ is the electric conductivity. The distribution of magnetic
field is B = (0, B0, 0) . Neglecting the effect of the electric field in the Hall
effect, the governing equation (1) is transformed into

∂w

∂t
=

µ

ρ

(
∂2w

∂x2
+

∂2w

∂y2

)
−

σB2
0

ρ(1+ ξ2B2
0)
w− gη(T − Tw) . (2)

Due to the influence of external magnetic field, the flow is affected by the
Joule heating effect. The temperature equation with the Joule heating effect
is

ρCp

[
∂T

∂t
+ (u · ∇)T

]
= −∇ · q+ RJ , (3)

where Cp is the heat capacity, q is the heat flux, and the Joule heating
effect is RJ =

1
σ
|J|2 [3]. We apply a new spatial fractional heat conduction

model to describe the heat flux q = −kλα−1∇αT [13]. Here k is the thermal
conductivity, α is the spatial fractional derivative parameter satisfying 0 <
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α < 1 . In order to maintain the correct dimensions of the equation, we
introduce a spacial parameter λ [13]. For T = T(x, y, t) , define

∇αT =

[
δ̄
∂αT

∂xα
− (1− δ̄)

∂αT

∂(−x)α
, δ̄

∂αT

∂yα
− (1− δ̄)

∂αT

∂(−y)α

]
,

where δ̄ (0 ⩽ δ̄ ⩽ 1) is the weight coefficient of forward versus backward tran-
sition probability. The left and right Riemann–Liouville fractional derivatives
of order α are defined as, respectively,

∂αT

∂xα
=

1

Γ(1− α)

∂

∂x

∫ x

x1(y)

T(s, y, t)

(x− s)α
ds ,

∂αT

∂(−x)α
=

−1

Γ(1− α)

∂

∂x

∫ x2(y)

x

T(s, y, t)

(s− x)α
ds ,

and similarly for ∂αT/∂yα and ∂αT/∂(−y)α . Substituting the fractional
derivative and the current density J into (3) gives the fractional equation

ρCp

∂T

∂t
= kλα−1

[(
δ̄
∂α+1T

∂xα+1
+ (1− δ̄)

∂α+1T

∂(−x)α+1

)
+

(
δ̄
∂α+1T

∂yα+1
+ (1− δ̄)

∂α+1T

∂(−y)α+1

)]
+

σB2
0

1+ ξ2B2
0

w2 . (4)

Due to the non-slip boundary conditions at the wall and the wall tempera-
ture Tw, the initial and boundary conditions are

w(x, y, 0) = w0(x, y) , T(x, y, 0) = T0(x, y) , (x, y) ∈ Ω,

w(x, y, t) = 0 , T(x, y, t) = Tw , (x, y) ∈ ∂Ω , t > 0 , (5)

where w0 and T0 are the known smooth functions.

For convenience, dimensionless quantities are introduced:

x∗ =
x

λ
, y∗ =

y

λ
, t∗ =

µt

ρλ2
, w∗ =

ρλw

µ
, θ =

T − Tw

Tw
,
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w∗
0 =

ρλw0

µ
, θ0 =

T0 − Tw

Tw
, Ha2 =

σB2
0λ

2

µ
, m = ξB0 ,

Gr =
gηTwρ

2λ3

µ2
, Pr =

µCp

k
, Br =

µ2

ρ2λ2TwCp

,

where Ha is the Hartmann number, m is the Hall parameter, Gr is the thermal
Grashof number, Pr is the Prandtl number, and Br is the Brinkmann number.
We take δ̄ = 1/2 , and then the coupled equations (2) and (4) are rewritten
as (dropping the asterisks)

∂w

∂t
=

∂2w

∂x2
+

∂2w

∂y2
−

Ha2

1+m2
w− Gr θ , (6)

∂θ

∂t
=

1

2Pr

[∂α+1θ

∂xα+1
+

∂α+1θ

∂(−x)α+1
+

∂α+1θ

∂yα+1
+

∂α+1θ

∂(−y)α+1

]
+

Br Ha2

1+m2
w2 , (7)

and the boundary conditions (5) are

w(x, y, 0) = w0(x, y) , θ(x, y, 0) = θ0(x, y) , (x, y) ∈ Ω,

w(x, y, t) = 0 , θ(x, y, t) = 0 , (x, y) ∈ ∂Ω , t > 0 . (8)

3 Numerical method
In order to study the general situation and test the effectiveness of the
numerical method, we add the forcing terms f1(x, y, t) and f2(x, y, t) in
equations (6) and (7), respectively. In the following discussion, we consider
the 2D space fractional coupled equations

∂w

∂t
=

∂2w

∂x2
+

∂2w

∂y2
−

Ha2

1+m2
w− Gr θ+ f1(x, y, t) , (9)

∂θ

∂t
=

1

2Pr

[
∂α+1θ

∂xα+1
+

∂α+1θ

∂(−x)α+1
+

∂α+1θ

∂yα+1
+

∂α+1θ

∂(−y)α+1

]
+

Br Ha2

1+m2
w2 + f2(x, y, t) , (10)
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with boundary conditions (8).

For the irregular convex domain Ω ∈ R2 shown in Figure 1, denote xmin =
min(x,y)∈Ω x1(y) , xmax = max(x,y)∈Ω x2(y) , ymin = min(x,y)∈Ω y1(x) , and
ymax = max(x,y)∈Ω y2(x) . In this work, we define the L2-inner product
in the irregular domain as the integral over Ω [5], and the L2-norm as
∥u∥2

L2(Ω)
= (u, u)L2(Ω) .

For convenience of analysis and calculation, we define the notation

x1D
α+1
x θ =

∂α+1θ

∂xα+1
, xD

α+1
x2

θ =
∂α+1θ

∂(−x)α+1
,

and the definitions of y1
Dα+1

y θ and yD
α+1
y2

θ are similar. Then we rewrite the
space fractional derivatives as

∂α+1θ

∂xα+1
+

∂α+1θ

∂(−x)α+1
= x1D

α+1
x θ+ xD

α+1
x2

θ ,

and ∂α+1θ/∂yα+1 + ∂α+1θ/∂(−y)α+1 is similar.

Firstly, let T̃ be the final time, τ be the time step and N be a positive integer,
satisfying τ = T̃/N . Let tn = nτ , n = 0, 1, · · · , N , C(Ω) be the space of
continuous functions on Ω, and C(Ω × (0, T̃ ]) be the space of continuous
functions on Ω×(0, T̃ ]. For the functions w(x, y, t), θ(x, y, t) ∈ C(Ω×(0, T̃ ]) ,
denote wn = wn(x, y) = w(x, y, tn) and θn = θn(x, y) = θ(x, y, tn) , and
introduce the notation D1w

n = (wn −wn−1)/τ and D1θ
n = (θn − θn−1)/τ .

Then, we discretize temporal derivatives with the backward difference formulas
δwn = D1w

n +O(τ) and δθn = D1θ
n +O(τ) . For convenience, we derive

the bilinear form [11]

B(u, v) = −
[(

x1D
α+1
2

x u, xD
α+1
2

x2 v
)
+
(
xD

α+1
2

x2 u, x1D
α+1
2

x v
)

+
(
y1
D

α+1
2

y u, yD
α+1
2

y2 v
)
+
(
yD

α+1
2

y2 u, y1
D

α+1
2

y v
)]

. (11)

In particular, B(u, v) is important for stability of the numerical method, and
satisfies the following property [2].
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Lemma 1. For u ∈ Hγ(Ω) , and 1
2
< γ < 1 , the bilinear form B(u, v) (11)

satisfies B(u, u) ⩾ 0 .

Based on the formulas proposed by Feng et al. [6], we calculate B(u, v),
and obtain numerical solutions. Next, we give the full-discrete scheme and
produce a weak formulation to solve the coupled model. Let {Th} be a family
of unstructured triangulations of Ω, and h be the maximum diameter of Th.
Denote the finite element space

Sh = {uh : uh ∈ C(Ω) ∩H
α+1
2

0 (Ω) , uh|E ∈ Ps(E) , ∀E ∈ Th} ,

where H
α+1
2

0 (Ω) is the general Sobolev space and Ps(E) is the polynomial
space in E with degree no more than s. Say wn

h and θn
h are the finite element

solutions at time t = tn , and then we define the fully discrete scheme: find
wn

h and θn
h, such that for any v ∈ Sh and n ⩾ 1 :(

wn
h −wn−1

h

τ
, v

)
+ (∇wn

h,∇v) = −
Ha2

1+m2
(wn

h, v) − Gr(θn−1
h , v) + (Ihf

n
1 , v) ,

(12)(
θn
h − θn−1

h

τ
, v

)
+

1

2Pr
B(θn

h, v) =
Ha2 Br
1+m2

((wn
h)

2, v) + (Ihf
n
2 , v) , (13)

with the initial conditions w0
h = Πhw

0 and θ0
h = Πhθ

0 . Here, Πh is the
orthogonal projection operator satisfying B(u−Πhu, v) = 0 for u ∈ H

α+1
2

0 (Ω)
and v ∈ Sh . Incidentally, we calculate wn

h using equation (12) firstly, and
compute the non-linear term ((wn

h)
2, v) directly.

4 Numerical example

4.1 Numerical implementation

For the unstructured triangulations of Ω, we define the nodes as {(xl, yl) :
l = 1, 2, . . . ,Np} , where Np is the total number of nodes in the mesh. Let ϕk,
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k = 1, 2 . . . ,Np , be the basis functions satisfying ϕk(xl, yl) = δkl . Then the
numerical solutions are wn

h =
∑Np

i=1w
n
kϕk(x, y) and θn

h =
∑Np

i=1 θ
n
kϕk(x, y) .

Taking v = ϕl(x, y) in equations (12)–(13), we have the matrix form

(ζn1MB + ζ01MP)W
n = Fn1 , (14)

(ζn2MB + ζ02MA)Θ
n = Fn2 , (15)

in which

ζ01 = τ , ζ02 =
τ

2Pr
, ζn1 = 1+

τHa2

1+m2
, ζn2 = 1 , n ⩾ 1 ,

Fn1 (v) = (wn−1
h , v) − τGr(θn−1

h , v) + τ(Ihf
n
1 , v) , n ⩾ 1 ,

Fn2 (v) = (θn−1
h , v) +

τHa2 Br
1+m2

((wn
h)

2, v) + τ(Ihf
n
2 , v) , n ⩾ 1 .

Here Wn and Θn are the vectors of wn
k and θn

k , respectively, MB = (ϕk, ϕl) ,
MP = (∇ϕk,∇ϕl) and MA = B(ϕk, ϕl) are the matrices of the basis func-
tions [6], and Fni = (Fni (ϕ1), F

n
i (ϕ2), · · · , Fni (ϕNp

)) , i = 1, 2 , are the vectors
of nonlinear terms. The terms in Fn1 are explicit, so we solve equation (14) and
obtain the numerical solution Wn. We calculate Fn2 using the solution wn,
and then we solve equation (15) to obtain the numerical solution Θn.

4.2 Example

We consider a numerical example on the circle domain Ω = {(x, y) : x2+y2 ⩽
1} with exact solutions w(x, y, t) = (2t+ 1)ex(x2 + y2 − 1)2 and θ(x, y, t) =
(t3 + 1)(x2 + y2 − 1)2 . The coupled model with the boundary and initial
conditions are

∂w

∂t
=

∂2w

∂x2
+

∂2w

∂y2
−

Ha2

1+m2
w− Gr θ+ f1(x, y, t) ,

∂θ

∂t
=

1

2Pr

[∂α+1θ

∂xα+1
+

∂α+1θ

∂(−x)α+1
+

∂α+1θ

∂yα+1
+

∂α+1θ

∂(−y)α+1

]
+

Br Ha2

1+m2
w2

+ f2(x, y, t) ,
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with

w(x, y, 0) = ex(x2 + y2 − 1)2 , θ(x, y, 0) = (x2 + y2 − 1)2 , (x, y) ∈ Ω,

w(x, y, t) = 0 , θ(x, y, t) = 0 , (x, y) ∈ ∂Ω , t > 0 ,

where 0 < α < 1 , and the forcing terms

f1(x, y, t) = −(2t+ 1)ex
[
8x2 + 8y2 + (x2 + y2 − 1)2 + 8(x+ 1)(x2 + y2 − 1)

]
+

[
2+

Ha2(2t+ 1)

1+m2

]
ex(x2 + y2 − 1)2 + Gr(t3 + 1)(x2 + y2 − 1)2 ,

f2(x, y, t) = 3t2(x2 + y2 − 1)2 −
Br Ha2

1+m2
(2t+ 1)2e2x(x2 + y2 − 1)4

+
t3 + 1

4Pr cos((α+ 1)π/2)
[(g3(x, a0, α+ 1) + h3(x, b0, α+ 1))

+ (2y2 − 2) (g2(x, a0, α+ 1) + h2(x, b0, α+ 1))

+ (y4 − 2y2 + 1) (g1(x, a0, α+ 1) + h1(x, b0, α+ 1))
]

+
t3 + 1

4Pr cos((α+ 1)π/2)
[(g3(y, c0, α+ 1) + h3(y, d0, α+ 1))

+ (2x2 − 2) (g2(y, c0, α+ 1) + h2(y, d0, α+ 1))

+ (x4 − 2x2 + 1) (g1(y, c0, α+ 1) + h1(y, d0, α+ 1))
]
.

Here

g1(x, a, γ) = aD
γ
x(1) , g2(x, a, γ) = aD

γ
x(x

2) , g3(x, a, γ) = aD
γ
x(x

4) ,

h1(x, b, γ) = xD
γ
b(1) , h2(x, b, γ) = xD

γ
b(x

2) , h3(x, b, γ) = xD
γ
b(x

4) ,

a0 = −
√

1− y2 , b0 =
√

1− y2 , c0 = −
√
1− x2 , d0 =

√
1− x2 .

In this example, the parameters are chosen as Ha = 1 , m = 1 , Gr = 0.5 ,
Pr = 2 and Br = 0.7 . Figure 2 shows the unstructured triangular meshes.
Figure 3 plots the exact solutions and numerical solutions of w and θ at
T̃ = 1 for α = 0.5 , h = 0.086550 and τ = 1/1000 . The exact solutions
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Figure 2: The unstructured triangular meshes.

and numerical solutions of w and θ fit well. Table 1 lists the L2-error and
convergence order of h for different α under τ = 1/1000 and T̃ = 1 . Table 2
exhibits the L2-error and convergence order of τ, and we assume τ ≈ h2 .
The numerical method attains first-order accuracy in time and second-order
accuracy in space, so convergence is of O(h2+τ) . The numerical solutions are
in excellent agreement with the exact solutions, and the presented numerical
method is stable and efficient for solving this example of space fractional
coupled equations for mhd flow.
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Figure 3: Exact solutions and numerical solutions of w and θ.

Table 1: The L2-error and convergence order of h for different α.

α h (×10−1) Ng Ne
w θ

Error (×10−2) Rate Error (×10−2) Rate
2.892 102 174 7.942 − 3.905 −

0.3 1.375 467 868 2.015 1.845 1.011 1.818

0.712 1793 3456 0.553 1.966 0.283 1.936

2.892 102 174 7.946 − 3.755 −
0.6 1.375 467 868 2.016 1.845 0.950 1.849

0.712 1793 3456 0.553 1.965 0.264 1.945
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Table 2: The L2-error and convergence order of τ for different α.

α τ Ng Ne
w θ

Error (×10−1) Rate Error (×10−1) Rate
1/3 102 174 6.151 − 4.809 −

0.4 1/7 467 868 2.471 1.077 2.663 0.698

1/14 1793 3456 1.188 1.057 1.468 0.859

1/3 102 174 6.148 − 4.931 −
0.8 1/7 467 868 2.468 1.077 2.707 0.708

1/14 1793 3456 1.187 1.056 1.486 0.866

5 Conclusion
The mhd flow and heat transfer of a classical Newtonian fluid is modelled.
By introducing a spatial fractional operator to modify the classical Fourier’s
law of thermal conduction, we obtain the space fractional coupled model. To
solve the coupled model numerically, the unstructured mesh finite element
method is proposed. Finally, a numerical example on a circular domain is
conducted to verify the stability and the efficiency of the numerical method.
From the results, the numerical scheme has accuracy of O(τ+ h2) when we
choose L2-error. For future work, we propose investigating how the efficient
numerical method deals with other fractional coupled models on irregular
domains.
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