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Abstract

We present an efficient data-driven offline/online Bayesian algorithm
for uncertainty quantification (UQ) in the induced scattered field when a
time-harmonic incident wave interacts with an uncertain heterogeneous
medium. The incident wave of interest need not be known in advance,
and the uncertainty is informed by noisy scattering data obtained from
other incident waves impinging on the medium. Our UQ algorithm is
accelerated by a novel stochastic reduced order model (ROM) based on
the T-matrix, and the ROM is independent of both the incident wave,
and other incident waves used to generate the data. This important
property allows the model to be set up offline.
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1 Introduction

We consider the interaction of time harmonic incident waves u™® with a

heterogeneous medium occupying a bounded region D C R?, with real
refractive index n. The non-absorbing medium, with n(x) = /1 — m(x) for
x € D, is characterised by its contrast function m with support contained in D
(ensuring that the refractive index in the exterior free-space D¢ := R?\ D
is constant). Here, D = D U 0D, with 0D being the boundary of the
domain D. Interaction of the incident wave (from D¢) with the medium
induces a scattered wave u® such that the total wave u = u™® + u® satisfies
the Helmholtz equation

Au(x) + k(1T —mu(x) =0, xeR%. (1)

Here k = 27t/A is the wavenumber in the unbounded region D€, and A the
incident wavelength. The scattered field u® is also required to satisfy the
Sommerfeld radiation condition [5, eq. (3.108)].

We focus on uncertainty quantification for the far field of u® when the contrast
function m is uncertain, conditioned on the far field data obtained for certain
incident and observation directions. The far field of interest is induced by an
incident plane wave with direction different, in general, to the incident waves
for which the data is obtained. The far field u* is defined in relation to the
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scattered wave as N
1KT

N
where 1 = |x|. The limit holds uniformly with respect to the observation
direction X = x/r € 0B, where 9B C R? denotes the set of all directions.

u(x) = —= ™ (x) + O(1/7)], (2)

In Figure 1 we illustrate a model configuration that has an incident wave
impinging on the medium with direction dy associated with the data, and
a second incident wave with direction d* associated with the quantity of
interest. Such configurations are simple models for medical applications in
which ultrasound is focused, and the focusing takes account of the low-contrast
heterogeneity of the body tissue through which the ultrasound propagates [16],
which must be inferred through data.

The uncertainty quantification problem in this work is closely related to the
inverse medium problem, and we refer to the most recent edition of the book
by Colton and Kress for the state of the art in this subject [5]. Typically the
forward problem (1) is solved using coupled FEM-BEM algorithms [14], the
Lippmann—Schwinger equation [13] or the Born approximation [2, 4|. The
Born approximation |5, Section 8.4]

ViRim) =K | TRy my) () dy, kB, ()
D

gives an approximation to the far field u* that is valid when the contrast
C = SUPyep Im(x)] is small, or for low wavenumber. Here

G(X,y) = e WY

44/ 1k ’

is derived from the free-space Green’s function of the Helmholtz equation,
and v*°(-;m) in (3) explicitly indicates dependence of the far field on m. In this
work, we assume that the low-contrast medium satisfies (ka)?c < 2, where a
denotes the radius of D, so that the Born approximation (3) is valid and
approximation results of Colton and Kress [5, Section 8.2] can be applied. The

(4)
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Figure 1: Schematic showing a heterogeneous medium occupying D, with
boundary 0D, illuminated by an incident wave with direction d, (associated
with the far field data) and an incident wave with direction d* (associated
with the quantity of interest).

Born approximation is considered to be sufficient for several inverse problem
applications [5], including flaw characterization using ultrasound [18]|. In the
next section we describe an efficient method to use v*°(-;m) to efficiently
construct an approximation to u®(X) for any observation direction X.

The key idea in this work is to use a stochastic counterpart of the T-matrix [8]
to facilitate computing the uncertain far field from the Born approximation
without knowing the incident and observation directions in advance. In
Section 2 we describe a T-matrix-based ROM for computing the far field.
In Section 3 we use the T-matrix for efficiently sampling the data-informed
posterior distribution for the far field of interest. In Section 4 we demonstrate
our algorithm by performing uncertainty quantification for a challenging test
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problem with a piecewise constant heterogeneous medium.

2 A stochastic T-matrix reduced order model

For simplicity, we let our quantity of interest be the far field u®(X) induced
by the incident wave u™®(x) = ™4 with arbitrarily chosen, but known,
direction d*. Our uncertainty quantification algorithm for u*(X) has two
parts. The first part involves offline construction of a reduced order model
based on deterministic T-matrices associated with an ansatz of the contrast
function. The key here is that such T-matrices can be constructed offline. The
second part involves fast online uncertainty quantification for u®(x), through
uncertain coefficients of the ansatz and associated stochastic T-matrix. The
observation directions X and the incident wave direction d* are not required
for the first part of the algorithm, and once constructed offline, the reduced
order model can be used for any X and d*.

The deterministic T-matrix derivation is based on the idea that for a fixed and
known refractive index, the wave model is governed by the linear Helmholtz
operator transforming an input incident wave into an associated radiating
scattered field. Through series expansions of the incident and scattered
fields using classical regular wave functions (involving the Bessel functions)
and radiating wave functions (involving the Hankel functions), respectively,
the model is equivalently considered to be governed by an infinite T-matrix
transforming the infinite number of coefficients in the incident wave expansion
into those in the scattered field expansion. The far field series expansion of the
wave model is obtained by taking the far field of the radiating wave functions
(that are stable complex exponentials) and hence the T-matrix can also be
considered as an operator transforming the incident field expansion coefficients
into those of the far field. For a stable construction of the T-matrix and
key properties, including the configuration shape independent convergence of
the truncated-expansions-based T-matrix, we refer to Ganesh, Hawkins and
Hiptmair [9], Ganesh and Hawkins |7] and references therein.
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Our offline algorithm is based on the regular wavefunction expansion of the

incident wave as
o0

u™(x) = Y bfjg(kr)e?, (5)

{=—00

where we use polar coordinates x = (rcos0,rsin0) with origin 0, and we
assume that 0 € D. Here J; is the Bessel function of order . For incident
plane waves u™(x) = e*?¢  with wave direction d = (cos ¢,sin ), the
input expansion coefficients are known analytically [5, Equation (3.112)],

by = ilfle7i®, (6)
The corresponding expansion, with unknown coefficients, of the far field is
SRR = /1 .
u™(x) = K_Zoo a E(—i)wﬂ —i)e?, (7)

and the vector of expansion coefficients (ay) is obtained from the vector of
incident wave coefficients (b,) by

(ag) =T(by), (8)

where T = [ty] is the T-matrix of the scatterer [8]. The entries in the
T-matrix are given by Ganesh and Hawkins |6, 8] as

tyy = l\/Eiw/'(] +1) Jznv"o(f'm) e 110 40 (9)
{4 4 T o [ ) )
where X = (cos 0, sin 0) . Here we use the Born approximation
vt (x;m) = —kzj G*(X,y)m(y)u(y)dy, X € 0B, (10)
D

to compute the far field induced by the incident wave ui*(y) = J¢(kp)e'*®,
and make use of polar coordinates y = (pcos ¢, psind).
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We introduce an ansatz for the uncertain contrast function

M
m(y) =) wmi(y), yeD, (11)

j=1
where the coefficients p; are uncertain, and m; forj = 1,..., M are appropriate

deterministic basis functions. Our motivation for the above ansatz is that
through the Spectral Theorem applied for a compact normal Hilbert—Schmidt
(H-8) integral operator on [*(D), the classical Kosambi-Karhunen-Loéve
(KKL, but widely abbreviated as KL) theorem provides a robust theoretical
foundation for a series expansion of a stochastic process (such as m) using a
class of orthogonal basis functions that are eigenfunctions of the H-S integral
operator, with associated H-S kernel (defined on D x D) corresponding to the
covariance of the stochastic process. In practice, the KKL expansion needs to
be truncated, leading to an approximate KKL ansatz with appropriate basis
functions [e.g. 10, and references therein| in which localized KKL eigenfunctions
with sub-domain covariances are used for a stochastic model with epistemic
uncertainties.

Except for the case of simple geometries D (typically with harmonics as
eigenfunctions), finding the KKL eigenfunction solutions of the H-S kernel-
based second-kind Fredholm integral equation (FIE or equivalent PDE) requires
numerical approximations of the FIE/PDE in finite dimensional subspaces
of L?(D) [10]. Finite dimensional subspaces spanned by splines or radial basis
functions (such as thin plate splines) have been widely used to approximately
solve FIEs and PDEs. Thus, in general, a practical truncated KKL-type ansatz
is spanned by basis functions used in standard numerical methods for FIE/
PDE. FEven for the case of simple geometries for which analytical global
harmonic eigenfunctions are known, use of localized basis functions in KKL-
type expansions for representing uncertain random fields may be preferred.
For example, Bachmayr and Djurdjevac |1, and references therein| show the
advantages of using a non-standard KKL-type basis ansatz even for the simple
sphere geometry.

Our goal is to develop an approach that can be applied to complex domains
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and in this article we use a mixed finite element approximation to thin plate
splines (TPS) [17] as basis functions in the ansatz (11). Quantifying the
uncertain coefficients (as random variables) is data-driven through an offline/
online Bayesian framework, and we avoid solving the KKL eigenvalue problem.
For a PDE-based proof on the TPS interpolation approximation properties
with improved error estimates, we refer to Lohndorf and Melenk [15, and
references therein|.

In this article, evaluation of the TPS is restricted to D, and the main challenge
is to choose the control points. We use the nodes of a coarse triangular mesh
tessellation of D, noting that such tessellations can be computed easily even
for complex domains. Using the linearity of (9)—(10) with respect to m, we
write the model-associated stochastic T-matrix as

M
T=> T, (12)
j=1

where TU) = [téje)] is the deterministic T-matrix associated with the known
basis functions m; for j = 1,..., M, where
() 1 k / 2 o~ !
ty) = 1/ =i1(1+ i)J vie(x;my) e 10 do. (13)
4V 0

In general, the T-matrix is not linear with respect to the contrast function,
but linearity of T as a function of the basis functions holds here because the
Born approximation used to compute the T-matrix entries in (10)—(13) is
linear in m, and hence T is linear in m as well.

In practice the series (5)-(7) and the T-matrix are truncated for —N < £, ¢’ <
N where N is a truncation parameter. In this work we compute N based on
the wavenumber using Wiscombe’s formula [19]. Based on the truncation
parameter N, the integral in (13) is approximated to high accuracy using
the 2N + 2 point rectangle rule

o AN
J v (X;m;)e 0 de ~ Z Vive((cos B;,5in 0;) ;my)e V% (14)
0 i=0
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where the rectangle points are 0; = 27i/(2N + 2) and the weights are
vi = m/(N +1). Thus the T-matrices T0) are computed using far-field
data from the fixed observation angles 0; for i =0,...,2N 4 1, but they can
then be used to efficiently compute the far field for any observation angle 0,
and indeed for any incident wave direction d*.

3 Uncertainty quantification of wave model

We model the parameters p; in (11) and (12), for j =1,..., M, as random
variables in a probability space Q. Using Bayes’ Theorem, the posterior
probability distribution for p = (), informed by far field data f, satisfies

Py o | ) o p(f | 1, 0) () plo), (15)

where p(u) is the prior distribution for pu, which encapsulates any a-priori
knowledge or assumptions about the contrast function m, and p(o) is the

prior distribution for the noise 0. We assume that the y; for j =1,..., M are

independent with Gaussian distributions having zero mean and variance w?,
so that ] e
M2

= ————¢€ —— . 16

P08) = g o9 (o) (16)

The contrast function m is real because the medium is non-absorbing. It is
convenient to enforce real coefficients u by using real-valued data obtained by
splitting n-dimensional complex-valued far field data into real and imaginary
components. Consequently, we assume the real valued data f € R*™ includes
Gaussian noise in each component, having zero mean and variance o?. Then
the likelihood function is

o I — f13
(flu,G)——(zﬂczyL@q)< LTk, (17)

where the 2n x M matrix C = [cy] is

C2i-1j = Rev“()?i;mj), Cj = Imv"o(?c\i;m)-), 1= 1,...,TL. (18)
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Here v*°(-;my) is the far field induced by the incident wave u™°(x) = e**do

and Xi,...,X, € 0B are the observation directions for the data. The far field
data f is constructed similarly. We sample (u, o) from the posterior (15) using
the Gibbs sampler [3] with a log-uniform distribution for o. The samples of p
are then samples of the marginal distribution (with o integrated out).

Although v*°(xX;;m;) can be computed directly from (3) using numerical
evaluation of the integral, it is more efficient to use the T-matrix in (12),
which—in contrast to (3)—is independent of the observation directions and
hence can be computed offline beforehand. In particular, using the T-matrix
and the expansion (7) we have

N 1

cargtengi= ) (TV(0)) ) ()1 —i)e™. (19)
{(=—N

In the numerical experiments in Section 4 we exploit that the T-matrix
is also independent of the incident wave direction, which affects only the
coefficients (b¢) in (19). Thus data for incident waves with several different
incident directions is incorporated efficiently.

The maximiser w,,,, of the posterior distribution (15) minimises the functional

||CuMAP _f||§+T2||uMAP“% ) (2())
where T = 0/w, and is computed as the solution of
(C*C + 7°I) py,p = C*F. (21)

Then u,,,, is used to compute the associated quantity of interest v*°(X; u)
induced by the incident plane wave u™(x) = e**4" . Here we write v™°(X; )
for v*°(x;m) where m is obtained from p using (11) and, using the T-matrix,

N
CHNEY az\/ﬁjk(—i)eﬁ —i)e'?, (22)

(=—N
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with equations (8) and (12), and where (by) is the vector of expansion coeffi-
cients of u"® given by (6).

Samples of (15) computed using the Gibbs sampler provide more information
about the posterior distribution than pu,,,, alone. The samples are used to
compute statistical properties of the quantity of interest such as the mean

~ l & o
Epv>(x;-)] ~ HZV (05m), (23)
i=1
where ..., H,, are samples from (15). Statistical properties of the contrast

function m given by (11) may also be of interest.

4 Numerical results

We demonstrate our algorithm in Matlab with noisy test data obtained by
simulating scattering by three small penetrable homogeneous scatterers with
contrast given by the function m(x) = 1072 for x inside the scatterers and
zero for x exterior to the scatterers. The scatterers are inside the unit disk D
and the wavenumber is k = 8, so that the diameter of D is about 2.5A and
the diameter of the scatterers is about 0.5A. The far field of the medium is
computed to high accuracy using the MIESOLVER package [11], and Gaussian
noise with standard deviation 1% is added to obtain the data, which is publicly
available [12]. In MIESOLVER we apply transmission boundary conditions
on the interfaces of the scatterers with continuity of the total field and its
normal derivative. The contrast function is visualised in Figure 2(left).

We use the ansatz (11) for the data-informed approximation to the con-
trast function. The basis functions m; are thin plate splines constructed to
approximately interpolate at 90 points on a coarse tessellation of D. The
smoothness of the TPS, one of which is visualised in Figure 3, provides a
smooth interpolant throughout D with only a small number of control points,
with error estimates given by Lohndorf and Melenk [15]. The splines corre-
sponding to the 57 interior control points are used for the ansatz (11), and m
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Figure 2: Visualisation of the target contrast function m(x) (left); and the

expected value of the reconstruction (right) with the thin plate spline control
points marked.
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implicitly approximates zero at the boundary control points. The offline/
online UQ algorithm in Section 3 is therefore undertaken over an M = 57
dimensional stochastic space. We sample the posterior distribution using the
Gibbs sampler with w =5 x 1073 in the prior distribution (16).

The T-matrices T0) in Section 2 are computed using the TMATROM package [8]
and the Born approximation integrals in (10) are computed using quadrature
rules defined on a triangular mesh tessellation of D. The integrands in the Born
approximation are smooth because the thin plate spline basis functions m;
are smooth. The test problem used here is challenging because the piecewise-
constant target contrast function is discontinuous and our ansatz (11) is
continous. However, the piecewise constant contrast function allows us to use
the MIESOLVER algorithm, so that the solver we use to generate the data
is completely independent of the solver we use for the UQ and there is no
“inverse crime” [5, Page 179|.

In Figure 4 we visualise the UQ performed using s = 10000 samples of
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Figure 3: Visualisation of a typical thin plate spline m; with the control
points marked.

the posterior distribution for an incident plane wave with direction d* =
(cosm/6,sin7/6) by plotting the expected value (23) and the two-sigma
confidence region. The far field associated with the maximiser p,,,, of the
posterior distribution is also shown. The figure shows excellent agreement
between the predicted far field and the true value computed using MIESOLVER.
The incident wave directions used to generate the data are indicated in the
figure and highlight that incident wave direction d* was not one of the these.
In Figure 2(right) we visualise the expected value of the noisy data-driven
uncertain contrast function computed using the same samples.
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Figure 4: Uncertainty quantification for the real part (top); and imaginary
part (bottom) of the far field induced by the uncertain medium. The expected
value is shown in red, with plus/minus two standard deviations marked
with red shading. The value associated with the maximum of the posterior
distribution is shown in black (dashed line). The true far field is shown in blue.
The incident wave and observation directions used for the data are indicated
in blue. The incident wave direction used for uncertainty quantification is
indicated in red.
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