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Abstract

In ecology, a strong Allee effect is closely associated with population
sustainability to extinction. To address this topic, we propose and
investigate the intricate features of a three-species food chain model
subjected to Crowley–Martin functional response and a strong Allee
effect in prey. Here, our focus is to examine how the mortality rate of
the middle predator can influence the species interactions. Numerical
simulations and stability analysis are utilised to demonstrate the dy-
namics of the proposed model. The stability analysis is performed using
linearization methods on each equilibrium point. Using Sotomayor’s
theorem, the occurrence of transcritical bifurcations are investigated.
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Through bifurcation analysis, we observe bi-stability as well as Hopf
and transcritical bifurcations. We observe that all species maintain
their viability at medium mortality rates, whereas extinction occurs at
low mortality rates.
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1 Introduction
Prey-predator interactions are one of the key components of ecological research,
offering a basis for understanding the nature of food chains. Numerous
ecological frameworks have been constructed to explain these interactions,
including the Lotka–Volterra model [7] and the food chain model. Recently,
the exploration of three-dimensional food chain models is drawing interest
due to their potential to generate complex dynamics in ecosystems [6, 9].
Extensive research has also focused on the Holling Type II functional response
due to its half-saturation constants, which are relevant for capturing key
biological processes, such as the limiting effects of handling time on predator
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consumption rates [16]. This functional response is expressed as

bXY

δ+ X
,

where X denotes prey densities, Y denotes predator densities, b represents
the predation rate and δ is the half-saturation constant. A Holling Type II
functional response occurs when the rate of prey consumption increases
simultaneously with an increase in prey density [2]. Research by Dupke
et al. [4] also supports the notion that increased prey density raises the
predation rate until it reaches a saturation phase. Distinct from the Holling
Type II functional response, is the Crowley–Martin functional response [3]

pXY

1+wX+ vY +wvXY
,

where p denotes the feeding rate, w signifies the predator’s handling time
and v indicates the magnitude of interference among predators. The Crowley–
Martin functional response reveals that during prey hunting, predators may
hinder one another’s endeavors. Research suggests that the predation rate
declines as predator density increases, even with high prey density. Research
conducted by Sk et al. [15] and Sajan et al. [13] on the Crowley–Martin
functional response reveals that systems incorporating this response can
exhibit richer dynamics, including bi-stability and tri-stability, which are
generally not observed in models using other functional responses.

In most food chain models, prey exhibits logistic growth patterns. However,
in real ecosystems, there are events where low-density populations exhibit
positive correlation between growth rate and population density, unlike logistic
growth. This natural event, referred to as the Allee effect [1], happens when
a species participates in mutual hunting or defence against predators. A
population influenced by the Allee effect is described by the equation

dX

dτ
= rX

(
1−

X

K

)
(X− γ) ,
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where r denotes the prey’s natural growth rate, K is the environmental carrying
capacity and γ denotes the Allee threshold. According to the equation, the
population grows at a rate r and is constrained by the environmental carrying
capacity K. The growth of the population is concurrently affected by the
Allee effect, denoted by the term (X− γ) . When 0 < γ < K , it indicates a
strong Allee effect, while K ≤ 0 indicates a weak Allee effect. Studies reveal
that the Allee effect, especially the strong one, can lead to either species
survival or extinction [6, 14].

Real-world instances pertinent to ecological modelling include the interaction
between mosquitoes and the water bug predator in freshwater wetlands, which
follows the Crowley–Martin functional response [8], as well as Atlantic cod
(Gadus morhua) that exhibit the Allee effect [11]. Both the studies unveil
interesting dynamics that motivate the current article. This study addresses
the integration of the Crowley–Martin functional response with a strong Allee
effect in analysing the dynamics of food chain models and generates new
insights in understanding species behaviour.

A study by Saha and Samanta [12] highlighted that the mortality rate is
crucial in regulating system dynamics. On the other hand, Ye et al. [17]
revealed that in the presence of the Allee effect, increased predator mortality
enhances prey productivity and reduces rivalry among predators for prey.
Taking a similar approach, we focus on mortality rates as the bifurcation
parameter in this study; however, we include the influence of a strong Allee
effect in species interaction. Inspired by previous ecological discoveries, this
article examines how alterations in mortality rates can disturb the stability
of food chain models. We are also interested in how a strong Allee effect in
prey affects the species interactions. By analysing the variations in mortality
rates, we recognise dynamical patterns that may serve as indicators in natural
environments.
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2 Food chain model
This study evaluates a prey-predator model simulating the food chain model
of prey X, middle predator Y and top predator Z, as proposed by Hastings
and Powell [5]. Our model integrates a Holling Type II functional response
between X and Y with a Crowley–Martin functional response between Y and Z

while considering a strong Allee effect on X:

dX

dτ
= rX

(
1−

X

K

)
(X− γ) −

bXY

δ+ X
,

dY

dτ
=

nXY

δ+ X
−

pYZ

1+wY + vZ+wvYZ
− qY , (1)

dZ

dτ
=

sYZ

1+wY + vZ+wvYZ
− cZ ,

where n is a conversion rate from prey to middle predator, q is the middle
predator’s natural death rate, s is the middle predator’s conversion rate to
top predator, and c is the top predator’s natural death rate.

Non-dimensionalization is applied to model (1) to decrease the amount of
variables utilizing the scaled parameters:

t = rKτ , x =
X

K
, y =

bY

rK2
and z =

pZ

rK
.

Then, we obtain the non-dimensional model

dx

dt
= x (1− x) (x− η) −

xy

µ+ x
,

dy

dt
=

σ1xy

µ+ x
−

yz

m3yz+m1y+m2z+ 1
− ρ1y , (2)

dz

dt
=

σ2yz

m3yz+m1y+m2z+ 1
− ρ2z ,

where η = γ/K , µ = δ/K , σ1 = n/rK , m1 = wrK2/b , m2 = vrK/p ,
m3 = wvr2K3/(bp) , ρ1 = q/(rK) , σ2 = sK/b and ρ2 = c/(rK) .
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Table 1: Stability analysis of model (2).

Equilibrium point Stability conditions
P0(0, 0, 0) Always stable
P1(1, 0, 0) ρ1 > σ1/(µ+ 1) and η < 1

P2(x2, 0, 0) η > 1 and ρ1 > ησ1/(µ+ η)
P3(x3, y3, 0) ρ2(1+m1y3) > σ2y3 and

µy3 > (µ+ x3)
2 [(x3 − η)(1− x3) + x3(1+ η− 2x3)]

P4(x4, y4, z4) D1 > 0 , D1D2 −D3 > 0 and D3 > 0

There are five distinct equilibrium points exhibited by model (2) (the expres-
sions for xi, yi and zi, with i = 2, 3, 4 , are listed in Appendix A):

1. extinction equilibrium, P0(0, 0, 0);

2. axial equilibriums, P1(1, 0, 0) and P2(x2, 0, 0);

3. top predator-free equilibrium, P3(x3, y3, 0); and

4. coexistence equilibrium, P4(x4, y4, z4).

The Jacobian matrix associated with model (2) is

J(x, y, z) =

J11 J12 0

J21 J22 J23
0 J32 J33

 , (3)

where Jij, with i, j = 1, 2, 3 , are listed in Appendix B. Utilizing Jacobian
matrix (3), we conduct a stability analysis using the linearization approach
at each equilibrium point, and apply the Routh–Hurwitz criterion at the
coexistence equilibrium point, as listed in Table 1. The proof of this analysis
is given in Appendix C.

Additionally, we examine the occurrence of bifurcations in model (2) with
respect to the middle predator’s mortality rate ρ1. The conditions for trans-
critical bifurcation (tb) are derived through Sotomayor’s theorem [10].



2 Food chain model C26

Theorem 1. (1) A transcritical bifurcation, named tb2, arises from P1 at

ρ1 = ρtb2
1 =

σ1

µ+ 1
.

(2) A transcritical bifurcation, named tb1, arises from P3 at

ρ1 = ρtb1
1 =

σ1(σ2 − ρ2m1)(x̂− η)(µ+ x̂) − ρ2σ1

(1+ µ)(σ2 − ρ2m1)(x̂− η)(µ+ x̂) − ρ2

.

Proof: For case (1), the Jacobian matrix J(P1) = 0 possesses a zero eigen-
value when ρ1 = ρtb2

1 = σ1/(µ + 1) . The eigenvectors associated with the
zero eigenvalues of J(P1) and J(P1)

T , respectively, are

v =


1

(µ+1)(η−1)

1

0

 ; w =

01
0

 .
Let

f =

f1f2
f3

 =


x (1− x) (x− η) − xy

µ+x
σ1xy
µ+x

− yz
m3yz+m1y+m2z+1

− ρ1y
σ2yz

m3yz+m1y+m2z+1
− ρ2z

 .
Then, we employ Sotomayor’s theorem [10] to evaluate the conditions of

(TB1) wTfρ1(P1; ρ
tb2
1 ) =

[
0 1 0

]
·

00
0

 = 0 ,

(TB2) wT [Dfρ1(P1; ρ
tb2
1 )v] =

[
0 1 0

]
·

 0

−1

0

 = −1 ̸= 0 ,

(TB3) wT [D2f(P1; ρ
tb2
1 )(v, v)] =

[
0 1 0

]
·


2η−2µ−4

(η−1)2(µ+1)3

2σ1µ

(µ+1)3(η−1)

0

 = 2σ1µ

(µ+1)3(η−1)
̸= 0 .
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Consequently, we conclude that at P1, a transcritical bifurcation is exhibited
by model (2) as ρ1 surpasses ρtb2

1 = σ1

µ+1
since the criteria (TB1)–(TB3) are

satisfied.

The proof for case (2) is similar and therefore it is omitted. ♠

3 Results and discussion
In order to analyse the dynamics of model (2), a bifurcation analysis is
conducted by varying the mortality rate of middle predator ρ1. The bifurcation
plots are acquired using MatCont with parameter values of η = 0.12 , µ =
0.81 , σ1 = 4.88 , σ2 = 2.22 , m1 = 0.51 , m2 = 0.19 , m3 = 1.15 and
ρ2 = 0.13 .

For prey, middle predator and top predator, respectively, Figures 1, 2 and 3
illustrate model (2) as ρ1 varies. The stable steady states are shown as blue
solid curves, the unstable steady states as red dotted curves, and green dotted
lines to delineate different regions, I, II, III, IV and V. Labels in these plots are:
H (Hopf bifurcation); tb (transcritical bifurcation); and lpc (limit point of
cycles). Model (2) exhibits transcritical bifurcations at tb1 (ρ1 = 2.646) and
tb2 (ρ1 = 2.696), and a Hopf bifurcation at H (ρ1 = 1.75). These bifurcations
divide the diagrams into the five distinct regions (I, II, III, IV and V). For
each region, we set a specific value (Table 2) and generate phase portraits
with time series diagrams to study the underlying patterns of the populations
over time.

According to Figures 1, 2 and 3, in Region I (low ρ1; ρ1 between 0 and
1.49), P0 is stable (Figure 4) as a low mortality rate indicates a slightly high
middle predator population which poses a threat for prey. Additionally, a
strong Allee effect also hampers prey growth; over time, both middle and top
predators get insufficient food for survival, leading to their extinction.

Meanwhile, Region II (medium-low ρ1; ρ1 between 1.49 and 1.75) highlights
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Figure 1: Bifurcation plot of model (2) corresponding to ρ1 for each species
of prey.

the presence of a supercritical Hopf bifurcation on P4. Oscillatory behaviour
is observed, as depicted in Figure 5(a), where the densities of all three species
fluctuate over time, consequently disrupting their coexistence. Simultaneously,
we see that P0 is also stable (Figure 5(b)), clarifying an instance of bi-stability.
Depending on the initial value, the species typically attain one of the steady
states, as illustrated in Figure 5(c).

In Region III (moderate ρ1; ρ1 between 1.75 and 2.646), the bi-stability
persists between P4 and P0, reliant on the initial value. At a high initial
value (Figure 6(a)), cohabitation occurs since the medium mortality rate
contributes to the ideal density of the middle predator, hence enhancing the
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Figure 2: Bifurcation plot of model (2) corresponding to ρ1 for each species
of middle predator.

survival of the top predator. At the same time, a strong Allee effect assists the
proliferation of prey. Conversely, populations that initiate with low density
(Figure 6(b)) are vulnerable to extinction due to hunting pressures.

Furthermore, in Region IV (medium-high ρ1; ρ1 between 2.646 and 2.696),
P3 is stable (Figure 7(a)). This is because middle predator densities gradually
decrease over time due to the comparatively high mortality rate, making them
unfavourable for the sustenance of the top predator. Moreover, extinction
of all species occurs at a lower initial value, reflected by the bi-stability
(Figure 7(b)).

Region V (high ρ1; ρ1 is greater than 2.696) may pose a threat to the longevity
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Figure 3: Bifurcation plot of model (2) corresponding to ρ1 for each species
of top predator.

of both the middle and top predators, as P1 is now stable (Figure 8(a)). The
extinction of the middle predator is facilitated by the high mortality rate,
which they are incapable of overcomming and only prey survives due to
the influence of a strong Allee effect. Likewise, P0 is stable, indicating the
bi-stability.

Region II is the ideal region for ensuring the sustainability of the population.
The medium-low mortality rate suggests the natural circumstances are con-
ducive to long-term population stability. Additionally, Region I with low ρ1

is unfavorable to the population and should be avoided.
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Figure 4: Time series diagrams at ρ1 = 0.5 with initial value (a) (0.8, 0.5, 0.2)
and (b) the phase portrait.
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Figure 5: Time series diagrams at ρ1 = 1.6 with initial values (a) (0.9, 0.4, 0.8)
and (b) (0.1, 0.2, 0.6), and (c) the phase portrait.
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Figure 6: Time series diagrams at ρ1 = 2.3 with initial values (a) (0.8, 0.5, 0.7)
and (b) (0.1, 0.2, 0.6), and (c) the phase portrait.
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Figure 7: Time series diagrams at ρ1 = 2.65 with initial values
(a) (0.8, 0.4, 0.7) and (b) (0.1, 0.2, 0.6), and (c) the phase portrait.
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Figure 8: Time series diagrams at ρ1 = 2.9 with initial values (a) (0.8, 0.4, 0.7)
and (b) (0.1, 0.2, 0.6), with (c) the phase portrait.
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Table 2: Numerical results of model (2).

ρ1 Steady state Eigenvalues Property Figure
0.5 (0, 0, 0) −0.12,−0.5,−0.13 Stable 4(a)
1.6 (0.94, 0.09, 1.51) −0.62, 0.01 ± 0.3i Unstable 5(a)

(0, 0, 0) −0.12,−1.6,−0.13 Stable 5(b)
2.3 (0.95, 0.07, 0.39) −0.67,−0.03 ± 0.2i Stable 6(a)

(0, 0, 0) −0.12,−2.3,−0.13 Stable 6(b)
2.65 (0.96, 0.06, 0) −0.01,−0.05,−0.7 Stable 7(a)

(0, 0, 0) −0.12,−2.65,−0.13 Stable 7(b)
2.9 (1, 0, 0) −0.88,−0.2,−0.13 Stable 8(a)

(0, 0, 0) −0.12,−2.9,−0.13 Stable 8(b)

4 Conclusion
This study analyses a three-species food chain model, considering the influence
of a strong Allee effect with a Crowley–Martin functional response. This
model seeks to comprehend the intricate species interactions in the context
of food chains. The stability of equilibrium points is assessed using the
linearization approach and the Routh–Hurwitz criterion. The role of the
mortality rate of the middle predator has been explored via the bifurcation
diagrams, phase portraits and time series across various mortality rate values.
The medium mortality rate of the middle predator is vital as it impacts the
stability of the coexistence steady state. The findings indicate a connection
between variations in the middle predator’s mortality rate and shifts in
population densities. An increase in the middle predator’s mortality rate
may reduce the top predator population. In this scenario, the presence of
a strong Allee effect on prey enhances their survivability. Therefore, to
preserve a balanced ecosystem, it is imperative to establish a proper strategy
to maintain the optimal mortality rate. Further research into the model’s
dynamical behaviours, incorporating other ecological factors like herd and
fear refuge, would be intriguing and deserve further consideration.
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A Expressions of xi, yi and zi

The expressions xi, yi and zi (i = 2, 3, 4) are:

x2 = η ,

x3 =
µρ1

σ1 − ρ1

,

y3 = (1− x3)(x3 − η)(µ+ x3) ,

x4 is the positive root of:
A0x

6 +A1x
5 +A2x

4 +A3x
3 +A4x

2 +A5x+A6 = 0 , where
A0 = σ1σ2m3 − σ2m3ρ1 ,

A1 = σ2m3[σ1(µ− 2η− 2) + 2ρ1(η− µ+ 1)] ,

A2 = σ2m3

(
ρ1[4µ+ η(4µ− 4) − η2 − µ2 − 1]

+σ1[η
2 + η(4− 2µ) − 2µ+ 1]

)
,

A3 = σ2

[
m3

(
η2[ρ1(2− 2µ) + σ1(µ− 2)]

+ η[ρ1(2µ
2 − 8µ+ 2) + 4µσ1 − 2σ1]

+ µ[2ρ1(µ− 1) + σ1]
)
+m2ρ1 −m2σ1 + 1

]
−m1ρ2 ,

A4 = σ2

(
η2m3[σ1 − µ2ρ1 + µ(4ρ1 − 2σ1) − ρ1]

+ η[m2σ1 − 4µ2m3ρ1 + 2µm3(2ρ1 − σ1) −m2ρ1 − 1]

− µ2m3ρ1 + µ(m2ρ1 + 1) −m2ρ1 +m2σ1 − 1
)
+ ρ2m1(η− µ+ 1) ,
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A5 = σ2

(
m3µη

2(2µρ1 − 2ρ1 + σ1)

+ η[2µ2m3ρ1 − µ(m2ρ1 + 1) +m2ρ1 −m2σ1 + 1]

− µ(m2ρ1 + 1)
)
+ ρ2m1[η(µ− 1) + µ] ,

A6 = ηµ(σ2m2ρ1 −m1ρ2 + σ2) − η2µ2σ2m3ρ1 + ρ2 ,

y4 = (1− x4)(x4 − η)(µ+ x4) ,

z4 =
(1− x4)(x4 − η)(µ+ x4)(σ2 − ρ2m1) − ρ2

ρ2(m3(1− x4)(x4 − η)(µ+ x4) +m2)
.

B Expressions of Jij

The expressions Jij (i, j = 1, 2, 3) are:

J11 = (x− η) (1− x) + x (1− 2x+ η) −
yµ

(µ+ x)2
,

J12 = −
x

µ+ x
,

J21 =
σ1yµ

(µ+ x)2
,

J22 =
σ1x

µ+ x
−

z (m2z+ 1)

(m3yz+m1y+m2z+ 1)2
− ρ1 ,

J23 = −
y (m1y+ 1)

(m3yz+m1y+m2z+ 1)2
,

J32 =
σ2z (m2z+ 1)

(m3yz+m1y+m2z+ 1)2
,

J33 =
σ2y (m1y+ 1)

(m3yz+m1y+m2z+ 1)2
− ρ2 .

C Proof of Stability Analysis
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Stability of extinction equilibrium, P0

The Jacobian matrix at P0 is

J(P0) =

−η 0 0

0 −ρ1 0

0 0 −ρ2

 .
The eigenvalues of J(P0) are −η, −ρ1 and −ρ2 which are negative values. This
indicates that P0 is always stable.

Stability of axial equilibrium, P1

The Jacobian matrix at P1 is

J(P1) =

η− 1 − 1
µ+1

0

0 σ1

µ+1
− ρ1 0

0 0 −ρ2

 .
The eigenvalues of J(P1) are η− 1, σ1/(µ+ 1) − ρ1 and −ρ2. This indicates
that P1 is stable when ρ1 > σ1/(µ+ 1) and η < 1 .

Stability of axial equilibrium, P2

The Jacobian matrix at P2 is

J(P2) =

−η2 + η − η
µ+η

0

0 ησ1

µ+η
− ρ1 0

0 0 −ρ2

 .
The eigenvalues of J(P2) are −η2+η, ησ1/(µ+η)−ρ1 and −ρ2. This indicates
that P2 is stable when η > 1 and ρ1 > ησ1/(µ+ η) .
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Stability of top predator-free equilibrium, P3

The Jacobian matrix at P3 is

J(P3) =


1− x3(x3 − η) + x3(1+ η− 2x3) −

µy3

(µ+x3)2
− x3

µ+x3
0

σ1µy3

(µ+x3)2
0 − y3

m1y3+1

0 0 σ2y3

m1y3+1
− ρ2

 .
One eigenvalue of J(P3) is σ2y3/(m1y3+1)−ρ2 and the other two eigenvalues
are obtained from the matrix[

1− x3(x3 − η) + x3(1+ η− 2x3) −
µy3

(µ+x3)2
− x3

µ+x3
σ1µy3

(µ+x3)2
0

]
,

with the characteristic polynomial

λ2 −
(µ+ x3)

2[(1− x3)(x3 − η) + x3(1+ η− 2x3)] − µy3

(µ+ x3)2
λ+

σ1µx3y3

(µ+ x3)3
.

This signifies that P3 is stable when ρ2(1 +m1y3) > σ2y3 and µy3 > (µ +
x3)

2[(x3 − η)(1− x3) + x3(1+ η− 2x3)] .

Stability of coexistence equilibrium, P4

The Jacobian matrix at P4 is

J(P4) =

a11 a12 0

a21 a22 a23

0 a32 a33

 ,
with

a11 = (x4 − η)(1− x4) + x4(1− 2x4 + η) −
y4µ

(µ+ x4)2
,

a12 = −
x4

µ+ x4
,
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a21 =
σ1x4µ

(µ+ x4)2
,

a22 =
σ1x4

µ+ x4
−

z4(m2z4 + 1)

(m3y4z4 +m1y4 +m2z4 + 1)2
− ρ1 ,

a23 = −
y4(m1y4 + 1)

(m3y4z4 +m1y4 +m2z4 + 1)2
,

a32 =
σ2z4(m2z4 + 1)

(m3y4z4 +m1y4 +m2z4 + 1)2
,

a33 =
σ2y4(m1y4 + 1)

(m3y4z4 +m1y4 +m2z4 + 1)2
− ρ2 .

From J(P4), we get the characteristic equation

λ3 +D1λ
2 +D2λ+D3 = 0 ,

where

D1 = −(a11 + a22 + a33) ,

D2 = a11a22 + a11a33 + a22a33 − a12a21 − a23a32 ,

D3 = a12a21a33 + a11a23a32 − a11a22a33 .

Then, by the Routh–Hurwitz criterion, P4 is stable when D1 > 0 , D1D2−D3 >

0 and D3 > 0 .
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