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Abstract

Finite element methods for higher order parabolic curve flow are
reasonably well established since the pioneering work of Dzuik, Kuwert
and Schätzle [SIAM J. Math. Anal., 33(5):1228–1245, 2002]. We
develop here a new finite element scheme for a corresponding system
of two second order equations for the curve diffusion flow using a
biorthogonal system. This approach improves accuracy and efficiency
over other methods.
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1 Introduction
Curve diffusion flow is a specific evolution law that governs how a curve
changes shape over time. This law was introduced in 1956 by Mullins [7],
who provided the first description of surface diffusion flow as a model for the
formation of grooving at the grain boundaries of heated crystal structures.
Fundamental theoretical and numerical results for the curve diffusion flow of
closed curves were obtained by Dziuk et al. [4]. They developed numerical
algorithms for both the curve diffusion equation and the related elastic flow.
Their methods involve spatial discretisations using piecewise linear finite
elements. The fourth order equation is converted to a natural system of two
second order equations, the second being simply the formula for the curvature
of the curve in terms of derivatives of its position vector. The semi-discrete
system of two equations is then discretised in time using backward differences.
Thus a system of linear equations can be solved at each time step.

Here we make an adjustment to the ideas of Dziuk et al. [4] by using a
biorthogonal system with different finite element spaces for each of the
two equations that simplify the calculations. Such an idea was used by
Lamichhane [6], for example. More recently, for different boundary conditions
for higher order linear and nonlinear equations, Das et al. [1] introduced a
unified mixed finite element method for fourth order time-dependent problems
using biorthogonal basis functions.

In terms of computational complexity for curve diffusion, our method in
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Section 2 yields a very simple equation. We expect that for more complex
flows, such as elastic flow, which involves more terms, the system derived
using the biorthogonal approach will still be advantageous.

Section 3 verifies our computational technique by comparing numerical solu-
tions with some known explicit closed curve solutions to the curve diffusion
flow [5]. We also demonstrate an ellipse evolving to a circle as expected,
although there is no explicit solution formula in this case.

2 Curve diffusion flow
A time-dependent family of curves u : (a, b) × (0, T ] → R2 satisfies the curve
diffusion flow defined by

∂u

∂t
= −

∂2κ

∂s2
,

where κ denotes the curvature of u, and s is the arc length. Since κ is given
precisely by the second arc length derivative of u, the curve diffusion is written
as the system

∂u

∂t
+
∂2κ

∂s2
= 0 , (x, t) ∈ (a, b) × (0, T ] , (1)

κ−
∂2u

∂s2
= 0 , (x, t) ∈ (a, b) × (0, T ] . (2)

The first equation is fourth order, given the relationship between κ and u.
However, (1–2) is an equivalent system of two second order equations, which
is convenient for our approach. In our setting the variable x ∈ (a, b) is
identified with a point on the unit circle as we wish to consider closed curves;
equivalently, u(· , t) will be periodic for every t.

We restrict this article to planar curves so u(x, t) = (u1(x, t), u2(x, t)) ∈ R2 .
The arc length of curve u, from starting point u(a), is defined as

s(x, t) =

∫ x
a

∣∣∣∣∣∂u∂x (x̃, t)
∣∣∣∣∣dx̃ ,
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from which it follows that
∂s

∂x
(x, t) =

∣∣∣∣∣∂u∂x (x, t)
∣∣∣∣∣ ,

the length of the tangent vector in the x parametrisation.

2.1 The mixed formulation
We introduce an additional unknown variable ω that is the second derivative
of the curvature with respect to arc length and therefore, from equation (2),

ω =
∂4u

∂s4
. (3)

The main reason to introduce a new variable ω is to reduce the order of
derivatives in the original pde. As Lamichhane [6] shows, for example,
equation (3) can be written as the energy functional minimization

min
(u,ψ)∈H2(0,L)×L2(0,L)

1

2

∫L
0

ψ2 ds−

∫L
0

ωuds ,

subject to

ψ =
∂2u

∂s2
, (4)

where Hk denotes the Sobolev space with kth order weak derivatives in L2.
Here L2 is the classical Lebesgue space of square integrable functions. We
refer to Wick [9] for more information on the spaces used here.

Multiplying (4) by a Lagrange multiplier µ(s), and integrating by parts, we
get ∫L

0

ψµds = −

∫L
0

∂u

∂s

dµ

ds
ds , µ ∈ H1(0, L) .

The minimization problem is recast as a variational problem

min
(u,ψ)∈Q

1

2

∫L
0

ψ2 ds−

∫L
0

ωuds ,
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where Q = H1(0, L) × L2(0, L) , and subject to∫L
0

ψµds+

∫L
0

∂u

∂s

dµ

ds
ds = 0 , µ ∈ H1(0, L) .

Constructing and computing the Lagrange equation, our problem becomes∫L
0

ψφds+

∫L
0

φλds+

∫L
0

dλ

ds

dν

ds
ds =

∫L
0

ωνds , (ν,φ) ∈ Q , (5)

subject to ∫L
0

ψµds+

∫L
0

∂u

∂s

dµ

ds
ds = 0 , µ ∈ H1(0, L) .

Now, getting back to equation (1), substituting ω = ∂4u/∂s4 , multiplying it
by the test function ν and integrating over the domain gives us∫L

0

∂u

∂t
νds+

∫L
0

ωνds = 0 , (6)

for all test functions ν ∈ H1(0, L) . Substituting equation (5) into (6), the
problem is to find (u,ψ, λ) : (0, T ] → H1(0, L)× L2(0, L)×H1(0, L) such that∫L

0

∂u

∂t
νds+

∫L
0

ψφds+

∫L
0

λφds+

∫L
0

dλ

ds

dν

ds
ds = 0 , (ν,φ) ∈ Q , (7)

subject to ∫L
0

ψµds+

∫L
0

∂u

∂s

dµ

ds
ds = 0 , µ ∈ H1(0, L) .

Choosing the test functions φ = 0 and ν = 0 in turn in equation (7) yields∫L
0

∂u

∂t
νds+

∫L
0

dλ

ds

dν

ds
ds = 0 , for all ν ∈ H1(0, L) ,∫L

0

ψφds+

∫L
0

λφds = 0, for all φ ∈ L2(0, L) , (8)

subject to ∫L
0

ψµds+

∫L
0

∂u

∂s

dµ

ds
ds = 0 , µ ∈ H1(0, L) . (9)
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2.2 Finite element discretisations
We consider the discretisation of a nonlinear parabolic equation model in
both space and time. Piecewise linear finite elements are used to discretise
space, and later on, the backward Euler method is used to discretise time.
Since ds = |∂u/∂x|dx we convert (8) and (9) back into the standard x
parametrisation to obtain∫b

a

∂u

∂t
ν

∣∣∣∣∣∂u∂x
∣∣∣∣∣ dx+

∫b
a

dλ

dx

dν

dx

∣∣∣∣∣∂u∂x
∣∣∣∣∣
−1

dx = 0 , for all ν ∈ H1(a, b) ,∫b
a

ψφ

∣∣∣∣∣∂u∂x
∣∣∣∣∣ dx+

∫b
a

λφ

∣∣∣∣∣∂u∂x
∣∣∣∣∣ dx = 0 , for all φ ∈ L2(a, b) , (10)

subject to∫b
a

ψµ

∣∣∣∣∣∂u∂x
∣∣∣∣∣dx+

∫b
a

∂u

∂x

dµ

dx

∣∣∣∣∣∂u∂x
∣∣∣∣∣
−1

dx = 0 , µ ∈ H1(a, b) , (11)

where u, λ ∈ H1(a, b), and ψ belongs to the biorthogonal space M(a, b) ⊂ L2 .
The advantage of this formulation is that the x variable (unlike s) is completely
independent of t.

2.3 Construction of spaces
Consider a partition of the spatial interval I = [a, b] into N equal parts such
that

[a, b] =
N⋃
j=1

Ij ,

where Ij = [xj−1, xj] for 1 ≤ j ≤ N. Here Ij is called an element, {a =
x0, x1, . . . , xN = b} are the nodes (points), and xj = j ∆x + x0 where ∆xj =
xj − xj−1 , and ∆x = max1≤j≤N∆xj which is the spatial domain step size. We
replace the continuous space, here X = H1(R/Z = I,R2) of periodic functions,
with finite-dimensional subspaces by constructing suitable bases as

Xh = {w ∈ C0(I,R2) : w|Ij ∈ P1(Ij), 1 ≤ j ≤ N} .
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Here Xh is a space of piecewise affine periodic functions; these functions are
independent of time, and P1(Ij) is the space of continuous polynomials of
degree one on Ij.

Let νj(x) and µj(x) be suitable basis functions for Xh(a, b) ⊂ H1(a, b), and
let φj(x) be suitable basis functions in Mh(a, b). Our approximate solutions
have the form

uh(x, t) =
N∑
j=1

uj(t)νj(x) ,

ψh(x, t) =
N∑
j=1

ψj(t)φj(x) , (12)

λh(x, t) =
N∑
j=1

λj(t)µj(x) ,

where νj(x) = µj(x) are the finite element basis functions, and Mh(a, b) ⊂
L2(a, b) where Mh(a, b) = {φj(x) ∈ L2(a, b) : φ|Ij ∈ P1(Ij), 1 ≤ j ≤ N} and
is biorthogonal to the standard basis function µj(x). The basis functions
for Mh are

φj(x) =


2(x−xj−1)+(x−xj)

xj−xj−1
if xj−1 ≤ x ≤ xj ,

2(x−xj+1)+(x−xj)

xj−xj+1
if xj ≤ x ≤ xj+1 ,

0 otherwise.

Biorthogonal basis functions comprise two sets of basis functions {µi}
N
i=1,

and {φj}
N
j=1 that satisfy the biorthogonality condition. This means that∫b

a
µiφj dx = Cjδi,j for constants Cj > 0 [6]. Here δi,j is the Kronecker delta.

The time dependence is completely through the time-dependent coefficient
functions of the spatial basis functions. Substituting (12) into (10) and (11)
we get∫b
a

∂uh

∂t
νh

∣∣∣∣∣∂uh∂x
∣∣∣∣∣ dx+

∫b
a

dλh

dx

dνh

dx

∣∣∣∣∣∂uh∂x
∣∣∣∣∣
−1

dx = 0 , for all νh ∈ Xh(a, b) ,



2 Curve diffusion flow C8

∫b
a

ψhφh

∣∣∣∣∣∂uh∂x
∣∣∣∣∣ dx+

∫b
a

λhφh

∣∣∣∣∣∂uh∂x
∣∣∣∣∣ dx = 0 , for all φh ∈ Mh(a, b) ,

(13)

subject to∫b
a

ψhµh

∣∣∣∣∣∂uh∂x
∣∣∣∣∣dx+

∫b
a

∂uh

∂x

dµh

dx

∣∣∣∣∣∂uh∂x
∣∣∣∣∣
−1

dx = 0 , µh ∈ Xh(a, b) . (14)

Thus, the weak formulations (13), and (14) after calculating the integrals,
give rise to the system

1
2
(|uj − uj−1|+ |uj+1 − uj|)

duj(t)

dt
−

1

|uj − uj−1|
λj−1(t)

+
1

|uj − uj−1|+ |uj+1 − uj|
λj(t) −

1

|uj+1 − uj|
λj+1(t) = 0 ,

− 1
2
|uj − uj−1|ψj−1(t) + (|uj − uj−1|+ |uj+1 − uj|)ψj(t)

− 1
2
|uj+1 − uj|ψj+1(t) +

1
2
(|uj − uj−1|+ |uj+1 − uj|) λj(t) = 0 , (15)

subject to

1
2
(|uj − uj−1|+ |uj+1 − uj|)ψj(t) −

1

|uj − uj−1|
uj−1(t)

+
1

|uj − uj−1|+ |uj+1 − uj|
uj(t) −

1

|uj+1 − uj|
uj+1(t) = 0 . (16)

The scheme (15) and (16) has been discretised for time in a semi-implicit
way, which is similar to the time discretisation used for the curve shortening
flow in isotropic or anisotropic and evolution equation form [2, 3, 4]. Let
0 = t1 < t2 < · · · < tm = T be a partitioning of the time domain, and
let uℓ ≈ u(tℓ) with ℓ = 1, . . . ,m . We replace the time derivative by using
the backward Euler method. Define the absolute quantities hℓj =

∣∣∣uℓj − uℓj−1∣∣∣
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and hℓj+1 =
∣∣∣uℓj+1 − uℓj∣∣∣ . Substituting the backward Euler method and the

absolute quantities into (15) and (16), we get the linear system

1

2
(hℓj + h

ℓ
j+1)

uℓ+1j − uℓj
∆t

−
1

hℓj
λℓ+1j−1 +

1

hℓj + h
ℓ
j+1

λℓ+1j −
1

hℓj+1
λℓ+1j+1 = 0 ,

−
1

2
hℓjψ

ℓ+1
j−1 + (hℓj + h

ℓ
j+1)ψ

ℓ+1
j −

1

2
hℓj+1ψ

ℓ+1
j+1 +

1

2
(hℓj + h

ℓ
j+1)λ

ℓ+1
j = 0 ,

subject to
1

2
(hℓj + h

ℓ
j+1)ψ

ℓ+1
j −

1

hℓj
uℓ+1j−1 +

1

hℓj + h
ℓ
j+1

uℓ+1j −
1

hℓj+1
uℓ+1j+1 = 0 ,

for ℓ = 1, . . . ,m, with the periodic boundary condition ui = ui+N with i ∈ Z
and the initial values uj(0) = u0(xj) with j = 1, . . . ,N .

We need to solve the linear system

Dℓu
ℓ+1 + ∆tAℓλ

ℓ+1 = Dℓu
ℓ ,

M̃ℓψ
ℓ+1 +Dℓλ

ℓ+1 = 0 ,

subject to
Dℓψ

ℓ+1 +Aℓu
ℓ+1 = 0 ,

where the diagonal and two tridiagonal matrices are, respectively,

Dℓ =


1
2
(hℓj + h

ℓ
j+1) 0 · · · 0

0
. . . . . . ...

... . . . . . . 0

0 · · · 0 1
2
(hℓj + h

ℓ
j+1)

 ,

Aℓ =



1
hℓ
j

+ 1
hℓ
j+1

− 1
hℓ
j+1

0 · · · 0

− 1
hℓ
j

. . . . . . . . . ...

0
. . . . . . . . . 0

... . . . . . . . . . − 1
hℓ
j

0 · · · 0 − 1
hℓ
j

1
hℓ
j

+ 1
hℓ
j+1


,
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M̃ℓ =



hℓj + h
ℓ
j+1 − 1

2
hℓj+1 0 · · · 0

− 1
2
hℓj

. . . . . . . . . ...
0

. . . . . . . . . 0
... . . . . . . . . . − 1

2
hℓj+1

0 · · · 0 − 1
2
hℓj hℓj + h

ℓ
j+1


These matrices depend on the results of the previous time step. By substituting
the λ and ψ into the equation system we arrive at[

Dℓ + ∆tA
T
ℓ (D

−1
ℓ )TM̃ℓD

−1
ℓ Aℓ

]
u⃗ℓ+1 = Dℓu⃗

ℓ . (17)

Furthermore, the curvature can be found from equation (2) using the direct
finite element method. Multiplying equation (2) by a test function ν and
integrating over the domain gives us∫L

0

κνds+

∫L
0

∂u

∂s

dν

ds
ds = 0 , for all ν ∈ H1(0, L) . (18)

The standard form for equation (18) is∫b
a

κν

∣∣∣∣∣∂κ∂x
∣∣∣∣∣ dx+

∫b
a

∂u

∂x

dν

dx

∣∣∣∣∣∂u∂x
∣∣∣∣∣
−1

dx = 0 , for all ν ∈ H1(a, b) . (19)

Taking a basis {νj(x)}
N
1 of Xh(a, b) for κ ∈ H1(a, b), the discrete solution

for κ is

κh(x, t) =
N∑
j=1

κj(t)νj(x) .

Substituting the discrete solutions into (19) and calculating integrals lead to

κ⃗ℓ+1 = −D−1
ℓ Aℓu⃗

ℓ+1 . (20)

Equation (20) needs to be calculated for each time step ℓ = 1, . . . ,m, with
periodic boundary condition κi = κi+N with i ∈ Z and initial values κj(0) =
κ0(xj) .
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Table 1: Errors for the function u for the circle under diffusion flow.
N Max error Max rate L2 error L2 rate H1 error H1 rate
10 9.84e-01 - 1.74 - 2.40 -
20 6.30e-01 0.6442 1.12 0.6442 1.57 0.6157
40 2.19e-01 1.5255 3.88e-01 1.5255 5.47e-01 1.5174
80 5.98e-02 1.8706 1.06e-01 1.8706 1.50e-01 1.8685

160 1.53e-02 1.9668 2.71e-02 1.9668 3.84e-02 1.9662
320 3.85e-03 1.9916 6.82e-03 1.9916 9.64e-03 1.9915
640 9.63e-04 1.9979 1.71-03 1.9979 2.41e-03 1.9979

1280 2.41e-04 1.9995 4.27e-04 1.9995 6.04e-04 1.9995
2560 6.02e-05 1.9999 1.07e-04 1.9999 1.51e-04 1.9999
5120 1.51e-05 2.0000 2.67e-05 2.0000 3.77e-05 2.0000

3 Numerical experiments
In this section, we present some numerical tests to gauge the performance of
our algorithm. We compute the maximum error using the L∞-norm, L2-error
using the L2-norm, and H1-error using the H1-norm. The convergence rates
of these norms are also presented. We observe convergence rates of almost
two for all these norms.

As a first example we consider a circle u0(x) = (cos x, sin x) which is stationary
under the curve diffusion flow. Both the exact solution and our numerical
approximation remain stationary, as shown in Figure 1, while the errors of
u and κ are shown in Table 1 and Table 2, respectively.

For our second example, we consider a known explicit solution to the curve
diffusion flow [5], namely the shrinking figure eight with

u(x, t) =
(1− 24 t)

1
4

1+ sin2 x
(cos x, cos x sin x) ,
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Figure 1: The approximate and exact solutions of the curve diffusion flow for
a closed curve with an initial circle.
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Table 2: Errors for the curvature κ for the circle under diffusion flow.
N Max error Max rate L2 error L2 rate H1 error H1 rate
10 9.84e-01 - 1.74 - 2.40 -
20 6.30e-01 0.6442 1.12 0.6442 1.57 0.6157
40 2.19e-01 1.5255 3.88e-01 1.5255 5.47e-01 1.5174
80 5.98e-02 1.8706 1.06e-01 1.8706 1.50e-01 1.8685

160 1.53e-02 1.9668 2.71e-02 1.9668 3.84e-02 1.9662
320 3.85e-03 1.9916 6.82e-03 1.9916 9.64e-03 1.9915
640 9.63e-04 1.9979 1.71e-03 1.9979 2.41e-03 1.9979

1280 2.41e-04 1.9995 4.27e-04 1.9995 6.04e-04 1.9995
2560 6.02e-05 1.9999 1.07e-04 1.9999 1.51e-04 1.9999
5120 1.51e-05 2.0000 2.67e-05 2.0000 3.77e-05 2.0000

where it is straightforward to calculate

κ(x, t) =
(1− 24t)−

1
4

(cos2 x− 2)2 (3 cos x[3 sin2 x− 1], 3 cos x sin x[sin2 x− 3]) ,

as demonstrated by Edwards et al. [5]. The symmetry of the figure eight
implies that the signed area is equal to zero and remains constant under flow.
In our example, the numerical solution shrinks to a point at time T = 1/24.
In our numerical approximation we take the same initial curve u0(x) = u(x, 0)
as given above. The results are shown in Figure 2, and the errors of u and κ
are shown in Table 3 and Table 4, respectively.

As a final example, we consider the case of an evolving flower-shaped curve
with initial curve u0(x) = ([3 + sin(5x)] cos x, [3 + sin(5x)] sin x) , and an
ellipse curve with an initial curve u0(x) = (2 cos x, sin x) . There are no
explicit solutions for these curve diffusion flows with these initial curves,
however, for very small ‘petals’ Wheeler [8] showed that the flow will drive
this curve towards a circle enclosing the same area. Our numerical results
suggest the conditions given by Wheeler are not strong: flowers with larger
petals also appear to converge under curve diffusion flow to circles.
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Table 3: Errors for the function u for figure eight under diffusion flow.
N Max error Max rate L2 error L2 rate H1 error H1 rate
10 3.10e-01 - 6.63e-01 - 8.65e-01 -
20 1.08e-01 1.5234 1.80e-01 1.8032 4.73e-01 0.8711
40 4.15e-02 1.3804 7.08e-02 1.3423 2.24e-01 1.0789
80 1.40e-02 1.5661 2.04e-02 1.7974 7.46e-02 1.5845

160 3.90e-03 1.8422 5.38e-03 1.9225 2.12e-02 1.8160
320 1.02e-03 1.9331 1.37e-03 1.9767 5.52e-03 1.9413
640 2.59e-04 1.9808 3.43e-04 1.9938 1.40e-03 1.9840

1280 6.50e-05 1.9950 8.58e-05 1.9984 3.50e-04 1.9959
2560 1.63e-05 1.9987 2.15e-05 1.9996 8discretis.75e-05 1.9990
5120 4.07e-06 1.9997 5.37e-06 1.9999 2.19e-05 1.9998

Table 4: Errors for the curvature κ for figure eight under diffusion flow.
N Max error Max rate L2 error L2 rate H1 error H1 rate
10 5.09 - 6.72 - 1.31e+1 -
20 1.80 1.4962 2.43 1.4702 7.21 0.8630
40 8.97e-01 1.0074 1.05 1.2023 4.22 0.7735
80 3.59e-01 1.3209 3.90e-01 1.4349 1.86 1.1824

160 1.14e-01 1.6551 1.15e-01 1.7644 6.11e-01 1.6052
320 3.12e-02 1.8671 3.03e-02 1.9199 1.69e-01 1.8567
640 8.04e-03 1.9590 7.71e-03 1.9773 4.34e-02 1.9581

1280 2.03e-03 1.9865 1.94e-03 1.9925 1.09e-02 1.9880
2560 5.15e-04 1.9771 4.89e-04 1.9849 2.76e-03 1.9890
5120 1.43e-04 1.8481 1.34e-04 1.8707 7.24e-04 1.9298
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Figure 2: The diffusion flow curve for a figure eight at different times.

Discretisation methods often introduce numerical dissipation. This dissipation
causes a loss of area, even if the theoretical system preserves it. For the flower-
shaped curve, the initial area is 29.748667 and the final area is 27.260541, and
for the ellipse curve, the initial area is 6.282152 and the final area is 4.798564,
which are only slight differences, as shown in Figure 3 and Figure 4.
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Figure 3: The diffusion flow for a flower-shape at different times.

4 Conclusion
We presented a mixed finite element method for the curve diffusion equation
for evolving closed curves using a biorthogonal system. The structure of
the biorthogonal system helps in simplifying computations for the numerical
solution, providing a system that is easy to solve. The presented numerical
results demonstrate the efficiency and accuracy of the approach. With the
method here confirmed as accurate in several examples, it is now appropriate
to investigate its behaviour in settings where singularities occur.
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Figure 4: The diffusion flow for an ellipse at different times.
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