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Abstract

This work uses the Bayesian inference technique to infer the Young
modulus from the stochastic linear elasticity equation. The Young
modulus is modeled by a Karhunen—Loéve expansion, while the solution
to the linear elasticity equation is approximated by the finite element
method. The high dimensional integral involving the posterior density
and the quantity of interest is approximated by a higher-order quasi-
Monte Carlo method.
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1 Introduction

The modulus of elasticity is a fundamental material parameter that charac-
terizes stiffness and is critical in structural and mechanical design. However,
its estimation is often subject to uncertainty due to measurement noise, ma-
terial variability, and limited data availability. Traditional methods typically
provide point estimates without accounting for these uncertainties, which can
lead to overconfident predictions and potential design risks.

Bayesian inference [1, 2, 4, 8] offers a probabilistic framework for estimating
the modulus of elasticity by combining observed data with prior knowledge.
Instead of yielding a single value, it produces a full posterior distribution
that captures the uncertainty in the estimate. This allows for more informed
decision-making, particularly in applications involving heterogeneous materi-
als, small sample sizes, or complex testing conditions. Moreover, Bayesian
methods are inherently flexible, allowing for sequential updating as new data
becomes available. This makes Bayesian inference a powerful and trans-
parent tool for improving the reliability and interpretability of elasticity
measurements in engineering and materials science.

The equation governing small elastic deformations of a polygonal body ()
in R? with body force f and displacement vector field u(-,y) satisfies

—V-o(y;u(x,y)) =f(x), forxeQ, (1)

subject to homogeneous boundary conditions, u(-,y) = 0 on 0Q (the bound-
ary of ), where y = (yj)j>1 belongs to U = (—%,%)N consisting of a

countable number of parameters yj, which are assumed to be i.i.d. uniformly
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distributed. The parametric Cauchy stress tensor o(y; -) € [L*(Q)]**? is
defined as

o(y;ul-,y)) =A,y [V -ul-,y)lT+2u(-,yle(u(-,y)) on Q,

where I is the identity tensor and g(u) := % {Vu + (Vu)T} is the symmetric
strain tensor. The gradient V and the divergence V- are understood to
be with respect to the variable x € (). The inhomogeneous random Lamé
coefficients i and A are represented in terms of the Young’s modulus E as

E(x,y)v

_ Elx,y)
) (1+v)(1=2v)’ )

=20 1) and A(x,y) =

nix,y

where the constant 0 < v < % is the Poisson ratio of the elastic material, and
Young’s modulus is defined by the Karhunen—Loéve expansion

E(x,y) = Eo(x) + ) yb;(x). (3)
j=1

The ; are [2(Q)-orthogonal basis functions, which are assumed to belong
to L*®°(Q).

In this work, we use the Bayesian inference technique to determine the
conditional distribution of the solution to (1), given some data measurements.
We consider the approximation of the conditional density with some quantity of
interest applied to the solution using a higher-order quasi-Monte Carlo (QMC)
method and finite element methods.

2 The forward problem

We introduce the following vector function spaces and the associated norms.
Let V := [H)(Q)}?, and the associated norm be || - [|y. For ] > 1, the
norm on the vector Sobolev space H' := [H/(Q)]? is denoted by || - ||;. For
the L?(Q)-norm, we use the notation || - || . Finally, V* is denoted the dual
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space of V with respect to the L*(Q) inner product, with norm denoted
by || - |

The weak formulation for the forward problem is described as follows. Giveny €
U, find u(-,y) € V satisfying

A%

B(y;u,v) =£(v), forall veV. (4)

The bilinear form is defined by

Blyiu,v)i= | 2u(y) elu) s elv) + My)¥ - u¥ vl dx,
Q

where the colon operator is the inner product between tensors, and the linear

functional is defined by

£(v) ::Lf-vdx.

For the well-posedness of the elastic problem (1), we assume throughout this
article that E;; < E < Enae on Q x U, for some positive constants E i,
and E, ... This assumption leads to

Emin Emax v Emin v Emax

04y SHh S04y M v S S a0 -2

on Q x U. Then, for every f € V* and y € U, the parametric weak for-
mulation problem (4) has a unique solution [3, Theorem 2]|. For a practical
implementation, we truncate the Karhunen-Loéve expansion of E in (3)
by Es = Eo + 3 ;_; Yjbj, that is, we assume that y; = 0 for j > s. Then,
with y, = (y1,Y2,---,Ys,0,0,...), and by using (2), the errors from truncat-
ing the Lamé coefficients are

1
IG5 y) = ml Yol < 55775 D IWjllixi) and

j>s+1

1
[AC,Y) =AY )l (a) < T~ D illa -

j>s+1

IA
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For the convergence of the series truncation in (3), we order the func-
tions |[\j|lte(q) in a decreasing order, that is, [[Wjlltea) > [[Wjt1lli=(a)
for j > 1. In addition, we assume that for some 0 <p < 1:

oo

o0
D WilPeiq) <00 or > [[jllieia) < Cs' TP (5)
j=1

j=s+1

For the Galerkin finite element convergence analysis, assume that

E, € W(Q), Z [Wjllwree () < o0 (6)
=

The weak formulation for the truncated problem is: for every y, € U,
find u(-,y,) € V satisfying

B(ygu,v) =L(v), forall veV. (7)

Following the proof of Clarke et al. [3, Theorem 5], we obtain error results in
the following theorem. The constant C depends on Q, v, E,;, and E..

Theorem 1. Assume that (5) is satisfied for some 0 < p < 1, and X :
V — R is a bounded linear functional, [x(W)| < ||x|lv<||Wllv for allw € V.
Then, for every f € V', y € U, and s € N, the solution W of the truncated
parametric weak problem (7) satisfies

x(u(-,y)) —x@(-,y,))l < Cs'VPIf]

v+ X| Ve .
Next, we approximate the truncated solution u using the Galerkin finite
element solution of degree at most r with r > 1. So, we introduce a fam-
ily of regular triangulation (made of simplexes) 7 of the domain Q and
set h = max,e7, (h,), where h, denotes the diameter of the mesh element p.
Let Vi, C H}(Q) denote the usual conforming finite element space of contin-

uous, piecewise polynomial functions of degree at most r on 7y, that vanish
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on 0Q). Let V} = [Vi,]¢ be the finite element vector space. We define the
parametric finite element approximate solution as: find uy(-,y,) € Vi such
that

B(ygun,vn) =L(vy), forall vy, € Vy, foreveryy,eU. (8)

In the following theorem, we discuss the error estimate from the finite element
discretization. For the proof, we refer to Clarke et al. [3, Theorem 6.
We assume that the truncated continuous solution u satisfies the regularity
property: for some 1 <] <,

[yl < Clifll-r,  for every y, € U, (9)

where |- [lo = || - |-

Theorem 2. Assume that (6) and (9) are satisfied. If x : L*(Q) = R is a
bounded linear functional, then for every y, € U, we have

X(T( -, ys)) —x(@n( -,y ) < CHT i llxll, for1<J<r.

The constant C depends on Q, v, . and B, but not on h.
So far, we have discussed the error from truncating the infinite series expansion
in (2) and the error from approximating the truncated solution via the finite

element method. The next task is to estimate the expected value of (1)
using a higher-order QMC rule.

3 Higher-order QMC method

We use an N-point QMC rule Qn s (F) to approximate an s-dimensional integral:

1L(F) = jw Fly) dy ~ QualF)i= > F(y,). (10)
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The QMC points {y,,...,Yn_1} belong to [0,1)*. We analyze, in particu-
lar, deterministic Qn,s using interlaced high-order polynomial lattice rules,
as introduced by Dick [5] and as considered for affine-parametric operator
equations by Dick et al. [7].

Before we introduce the polynomial lattice rule, we need some notation.
Let Ny be the set of all non-negative integers. Let b be prime and Z, be the
finite field with b elements. For convenience, we identify the elements in Zy

with the integers {0, 1,...,b—1}. Let Zy[x] = {Z‘;O axt | ke Ny, a; € Zb},
be the set of all polynomials with coefficients in Zy, , and let Gy be the set
of polynomials in Zy[x] of degree less than m. For each integer n such that
0<n<b™—1, we associate the polynomial n(x) = Z?:(; Nix' € Gy, and
have the b-adic expansion n =3 " nlbi.

For polynomials p, q € Zy[x], we consider the Laurent series expansion of
the rational function
q(x)

o0

Z tx '€ Zy((x™")  for some integer w,
p(x)
(=w

where Zy((x™")) is the field of formal Laurent series over Zs,.

We also need v,, which maps elements in Zy((x~')) to the interval [0,1).
This map is defined by v, (Z(E)iw t(gX_e> = e max(low) tyb~!, where for any
integer w > m we set v, (Z?iw tex_z) =0.

Let m € N. To generate a polynomial lattice rule in prime base b with
N = b™ points in [0,1)%, we need a generating vector of polynomials
g(x) = (gi(x),...,gs(x)) with gi € Gpm for T < 1 < s, and an irre-
ducible polynomial P € Zy[x] with degree m. The classical polynomial lattice
rule Sppm,s(g) associated with P and the generating vector g is comprised of
the quadrature points

yn:[vm<“(’;)(?:)(x))] €017, forn=0,....N—T.
1<j<s
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Classical polynomial lattice rules give almost first order convergence for
integrands of bounded variation. To obtain high-order convergence, an
interlacing procedure is needed. Following Goda and Dick [10], our interlacing
procedure uses the digit interlacing function Dy : [0,1)* — [0, 1) with digit
interlacing factor o € N is defined by

[e o] 29

Da(X1yennyXg) = Z Z &b

i=1 j=1

where x; = ) ., Ej,ib_i for 1 <j < «. For vectors, we set D3 : [0,1)* —
[Ov 1)3 with Dfx(xh s )Xocs) = (ﬂoc(xb s )ch)> (RS ®cx(x(371)(x+1> s )Xsoc)) .
Then, an interlaced polynomial lattice rule of order « with b™ points in
s dimensions is a QMC rule using Dy (Spp,m,as(g)) as quadrature points, for
some given modulus P and generating vector g.

The following theorem states an error bound for approximating the inte-
gral Z(F) by the QMC quadrature formula Qsn(F) in (10). The proof relies
on Theorem 3.1 by Dick et al. [7].

Theorem 3. Let x = (Xj)j>1 be a sequence of positive numbers such that
Xj = Xj+1 for allj € N and 3 °,%] being finite for some 0 < p < 1.
Letx, = (Xj)i<j<s and let oc := [1/p|+1. Assume that F satisfies the reqularity
property: for any y € [0,1)° and any & € {0,1,..., 0}, [0gF(y)| < claflxg,
where the constant c is independent of y, s and p. Then one can construct
an interlaced polynomial lattice rule of order o« with N points, using a fast
component-by-component algorithm, with cost O(oc sN(log N+ s)) operations,
so that
|IS(F) - QS,N(F)l S CN—VP .

The constant C depends on b and p, but is independent of s and m.
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4 Bayesian inversion

We consider the following inverse problem: given observational data &, predict
a ‘most likely’ value of a Quantity of Interest (Qol) ¢, which is typically a
continuously differentiable functional of the uncertain Young’s modulus E.
Let G be the solution operator of equation (1). That is G(E) = u.

We are given an observation functional O(-):V — Y (these are the bounded
linear functionals X in the forward problem), which denotes a bounded linear
observation operator on the space V of observed system responses in Y. We
assume that there is a finite number K of sensors, and each sensor measures the
values of two components of the data, so that Y = R*. Then O € L(V;Y) ~
(V*)* . We equip Y with the Euclidean norm, denoted by || - ||. For example,
if O(-) is a K-vector of observation functionals then O(-) = (o (- ))Z;.

We want to solve the inverse problem of finding E from &6 = O(G(E)) +n,
where E has probability measure 71y on U (so E ~ 7 on U), and additive
Gaussian noise 1 ~ A'(0,T') has a multivariate normal distribution on R?* with

covariance matrix I'. The covariance-weighted, least squares potential Oy :
V xY — R is then
1

@1 (E;8) = 3115~ O(GEN):= 1 15— O(G(E)) T (5 — O(GIEN)]

The following theorem is a variant of Theorem 14 by Dashti and Stuart [4]

Theorem 4. Assume that the potential ®r(E;d) = %Hé — O(G(E))|? is
1y measurable and that for 5, N'(0,T)-almost surely, it holds that

Z ::J exp (—®r(E;d)) mo(du) > 0.
u

Then the conditional distribution of w|d (or w given d) exists and is denoted
by 7. This distribution is continuous with respect to ™y and
dm® 1

dT'tO(E) = exp (—@r(E;0)) .
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With the Qol ¢ : L*(Q) — R, we associate the parametric map

Y(y) = O(y)d(u(E)) = exp(—Dr(E;8) ) d(u(E)),

where
O(y) = exp (—Or(E;d)) .

The Bayesian estimate of the Qol ¢, given noisy data 6, takes the form

EX($)=2/Z, Z =1(¥)= Lwy) o(dy).

We now propose an approximation strategy to compute the high dimen-
sional integrals Z and Z' using a higher-order QMC method. The truncated
parametric map applied to the truncated forward problem is defined by

Y(y,) = O(y,)d(u(ks)), with O(y,) = exp (—Or(Es;8)).

Thus, the truncated parametric map applied to the finite element approxima-
tion to the forward problem is defined by

Yh(ys) = O(y,)d (un(Es)) .

Theorem 5. Assume that (5), (6) and (9) are satisfied. In addition, the
Qol mapping ¢ is assumed to be a bounded linear functional. Let Z\y =

Qn,s(Wh), and Z' = 1(¥), then we have the error bound

Zn —ZI < CWTTH NTP 4 s771P) 0 for 1< <.

Proof: Let Zy, = Qns(¥) and Z; = I(¥). Then, by using the triangle
inequality, we have

|Z1\l,s,h o ZI| < |Z{\l,s,h o Z;\!,sl + |Z;\J,s - Z;| + |Z/s o Z/| .
We now estimate term by term. An application of Theorem 2 yields

1Z\sn — Zhsl = 1Qns(Wh) — Qns (W] < [[Wh — W[
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< [|©frolp () — d(tt)| < CHT O] i< bl [[ 1]y -
To estimate the quadrature error, we use Theorem 3 and obtain
1Z0,s — Z4) = 1Qn,s (W) — L (W) < CN~VP,
Using Theorem 1 the truncation error is estimated as

Z,— 2| = IL(Y) ~ I(¥)] < Cmax [©(y)lp(w) — d(w)] < Cs' 17

Combining all error estimates, we arrive at the result of the theorem. [ )

In Theorem 5, we assume that the normalizing constant Z is known exactly,
or at least can be approximated sufficiently accurately so as not to influence
the error. Dick et al. [6] discuss an error analysis in which the error arising
from approximating Z is also included.

5 Numerical experiments

We choose unit square Q = [0, 1]%2. Assume that the Young’s modulus
depends on the parameters y = {y;}{_; via the finite expansion (so u =)

E(x,y) =1 +Z—sm 2% ) sin(27t(j + 1)x2), x = (x1,x2) € Q.

As prior measure 7y on (—1/2,1/2)%, we use the uniform product mea-
sure T (du) = ®;_;dyj .

We set the Poisson ratio v = 0.4 and f(x) = (2x; + 10, x; —3). The forward
map G : Wh°(Q) — V, defined by G(E) = u, is approximated by the
quadratic finite element solver G, (E) = i;,. We choose K = 10 observation

points with Cartesian coordinates x, = (0.5,1073 + k(107" —10=4)) for k =
0,1,...,9. The noisy observations are point evaluations of the solution

OkZU(Xk,y*)+nk, k:O,,9
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Figure 1: Un-normalised posterior density with s = 2.

with n ~ MV (0,T). In the experiments, we choose I' = oI, with 0 = 0.1
and I the (2K) x (2K) identity matrix. To generate the observations, the
truth y* was chosen as a sample in the prior. In Figure 1, we set s =2 and
plot the un-normalized posterior density, that is, the function exp(—®r(E;d))
over the uniform grid (—1/2,1/2)?. With u = (u;,u;)" we define the linear

functional

(D(LL) = J'Q(LU + uz)dx .

We then set s = 64, generate another set of measurements with noise and
compute the approximate integrals Z{/Z with different values of N. We use
higher-order QMC point sets based on those used by Gantner and Schwab [9].
Table 1 shows the errors of Z{/Z compared to the reference value (computed
with N = 2" = 32768 quadrature points) with numerical convergence order.
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Table 1: Errors of Zy/Z compared to the reference value.

N | error Convergence order
256 | 0.8758
1024 | 0.3500 0.6617
2048 | 0.1193 1.5527
4096 | 0.0176 2.7612
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