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Abstract

We develop a dual pairing summation-by-parts operator with Go-
dunov flux splitting for the sediment transport model. The required
number, location, and form of boundary conditions are determined
via the energy method at the continuous level. Stability of the initial
boundary value problem is rigorously established. At the discrete level
the boundary conditions are weakly enforced via penalty terms. Stabil-
ity of the numerical model is demonstrated through a discrete energy
estimate that mimics the continuous energy. Numerical experiments
are conducted to verify the analysis.
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1 Introduction
Understanding sediment transport in shallow water environments is critical
for a wide range of environmental and engineering applications, including
coastal management, riverbed formation, and erosion prediction. The shallow
water wave equation describes the flow of water in environments where the
water depth is much smaller than the wavelength, and serves as a fundamental
model for simulating these dynamics. However, translating this understanding
into accurate sediment transport models remains a complex challenge due
to the interplay between hydrodynamic forces and morphodynamics solid
transport discharge. Many authors have developed numerical models to
simulate sediment transport in shallow water environments. These models
typically involve solving the shallow water wave equation coupled with a
sediment transport equation [19, 15, 16, 17, 7, 2].

There are many different equations to model the sediment transport: Grass
equation [4]; Meyer-Peter and Müller equation [11]; van Rijn’s equation [15,
16, 17]; Nielsen’s equation [12]; Kalinske’s equation [6]. Most of the models
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are controlled by critical shear stress, which determines whether the sediment
will be transported or not. The Meyer-Peter and Müller equation, van Rijn’s
equation, Nielsen’s equation, and Kalinske’s equation are examples of such
models. In these models, the critical shear stress is determined experimentally
and depends on the sediment properties such as size, density, and shape. In
contrast, the Grass equation [4] is not based on the critical shear stress, but
directly relates the sediment transport rate to the flow velocity. For this
reason, we choose the Grass equation to model the sediment transport in this
study; it is also simpler and computationally cheaper than the other models.

A key challenge in accurately approximating bedload sediment transport is
that the interaction between fluid flow and sediment transport is often weak,
leading to a wide range of time scales in the system. This makes the numerical
simulation of sediment transport in shallow water environments particularly
challenging. The low order numerical schemes are very diffusive while the
high order schemes are often unstable [2].

In this article, we use a high-order numerical method based on dual pairing
summation-by-parts (sbp) operators [18, 10] to discretize the model. In the
following sections, we present the continuous stability analysis, well-posedness
of the boundary conditions, and the discrete stability analysis. The stability
of the numerical model is analyzed using the energy method, and the well-
posedness of the boundary conditions is established. We do the analysis in
a one-dimensional linearised systems. To ensure stability, we apply penalty
terms to weakly enforce the boundary conditions. This technique provides a
framework for achieving high accuracy while preserving the stability of the
model, guaranteed by the energy method [1, 8, 9, 13].

The rest of the article is as follows. In Section 2, we prove the continuous
stability of the linearised model including the number and location of the
boundary conditions. In Section 3, we present the discrete stability analysis
as well as the penalty terms. In Section 4, we present numerical experiments
to verify the stability and accuracy of the model.
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2 Continuous stability
One-dimensional linearised model and Riemann invariant Consider
the one-dimensional shallow water wave equation coupled with the sediment
transport equation:

∂th+ ∂x(uh) = 0 , (1a)

∂t(uh) + ∂x(u
2h+

1

2
gh2) = −gh∂xz , (1b)

∂tz+ ∂x(qb) = 0 , (1c)

where x is the spatial variable, t ≥ 0 is time, h(x, t) > 0 and u(x, t) are
water depth and depth averaged fluid velocity, respectively, z(x, t) is sediment
depth, and g is the gravitational acceleration. The Grass equation for the
sediment is

qb =
A

1−φ
|u|nu , (2)

where φ is the porosity of the sediment, A is interaction between the sediment
and the fluid, and 0 ≤ n ≤ 3 is an integer. The value of parameter A is
determined experimentally; A closer to zero implies weak interaction between
the sediment and the fluid, and A closer to one means strong interaction
between the sediment and the fluid. Usually n = 2 , as suggested by Castro
Diaz et al. [2], and A = 0.0005 , as suggested by Wren et al. [19].

Because of the nonlinear evolution equation (1c) for the sediment depth z,
and the source term in the right hand side of the momentum equation (1b),
the coupled equation (1a)–(1c) are much more complicated than the nonlinear
shallow water equation. However, for a stationary sediment depth profile
with ∂tz ≡ 0 we recover the standard 1D nonlinear shallow water equation.

We linearise our model by substituting h = H + h̃ , u = U + ũ , z = Z + z̃ ,
where h̃, ũ and z̃ denote small perturbations of the constant water depth
H > 0 , fluid velocity U and sediment depth Z, respectively.
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Substituting (2) into (1c) and linearising the equation, we have

∂th̃+U∂xh̃+H∂xũ = 0 , (3a)
∂tũ+ g∂xh̃+U∂xũ = −g∂xz̃ , (3b)

∂tz̃+
A

1−φ
3U2∂xũ = 0 . (3c)

In (3c), if U = 0 we have ∂tz̃ = 0 and hence our system can be reduce to a
linearised shallow water wave equation with source terms. Throughout this
manuscript, we assume non-zero U.

Rewriting equation (3) in matrix form, we have

∂tp = Dp , D = −M∂x , M =

U H 0

g U g

0 k 0

 , k =
A

1−φ
3U2, (4)

where p =
[
h̃ ũ z̃

]⊤
.

We now introduce the dimensionless variables q =
[
h∗ u∗ z∗

]⊤
= W−1p

to ensure dimensional consistencies in our calculation. Here W is a diagonal
matrix W = diag(

√
H,

√
g,

√
k). Furthermore, we drop the star for simplicity.

Then, we have the symmetrized matrix form

∂tq = Dq , D = −M̃∂x , M̃ = W−1MW =

 U
√
gH 0√

gH U
√
gk

0
√
gk 0

 . (5)

Since M and M̃ are similar, they have the same eigenvalues, while the
eigenvectors are related to each other by a factor of W. Note that M̃ is
symmetric; hence it has real eigenvalues. We can easily check that all the
eigenvalues are distinct via the discriminant of the characteristic polynomial
of the matrix. Distict eigenvalues mean that the system is strictly hyperbolic
and implies the diagonalizability of matrix M̃ as well as the original matrix M.
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Interesting boundary conditions for this type of problem are transmissive
boundary conditions. These boundary conditions are closely related to the
Riemann invariants of the system, which involve the eigenvectors of the matrix.
In the next section, we see that for non-zero depth averaged velocity, the
number of boundary conditions is influenced by the sign of the depth averaged
velocity, but not the size of the flow (this is different from the shallow water
wave equation, which depends on whether the flow is super or sub-critical).

Given that the matrix is diagonalizable, we could find the roots of the
characteristic polynomial of the matrix M to determine the sign of the
eigenvalues from which the number and type of boundary conditions follow.
While algebraically factoring the characteristic polynomial is challenging, the
computation can be done numerically.

Well-posedness We consider (5) in a bounded domain with initial and
boundary conditions. Let Ω = [0, L] be our domain of interest and Γ = {0, L}

be the boundary points. Consider the initial boundary value problem (ibvp)

∂tq = Dq , x ∈ Ω, t ≥ 0 , (6a)
q(x, 0) = f(x) , x ∈ Ω, (6b)

Bq = b(t) , x ∈ Γ , t ≥ 0 , (6c)

where B is a linear boundary operator, b is the boundary data and f ∈ L2(Ω)
is the initial condition. We aim for ibvp (6) to be well-posed within our
choice of B.

Define an inner product and the induced norm:

(p,q) =

∫
Ω

q⊤p dx , ∥q∥2 = (q,q) . (7)

We then introduce a function space which relates to the boundedness of the
differential operator D:

V = {q | q(x) ∈ R3 ; ∥q∥ < ∞ , 0 ≤ x ≤ L ;Bq(x) = 0 , x ∈ Γ } .
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We also need to define the well-posedness of our ibvp and the semi-boundedness
of the operator.

Definition 1. The ibvp (6) is well-posed if for homogeneous boundary data
b(t) = 0 there exists a unique solution q satisfying

∥q(·, t)∥ ≤ κeνt∥f∥ , ∥f∥ < ∞ ,

for some constants κ > 0 and ν ∈ R independent of f.

Definition 2. The operator D is semi-bounded in the function space V if it
satisfies

(q, Dq) ≤ µ∥q∥2 , µ ∈ R .

The operator D is maximally semi-bounded if it is semi-bounded in the
function space V but not semi-bounded in any space with fewer boundary
conditions.

The maximally semi-boundedness of differential operator D is a necessary
and sufficient condition for the well-posedness of the ibvp (6), as shown by
Gustafsson et al. [5]. We ensure the well-posedness of the ibvp (6) by proving
that the differential operator D is maximally semi-bounded. The following
lemma is similar to our previous work [14], except there is an additional
sediment equation, and hence the matrix M is larger.

Lemma 3. Consider the differential operator D with the constant coefficients
and matrix M̃ given in (5), the inner product defined in (7) and q⊤q > 0

for all nonzero q ∈ R3. If the matrix M̃ is symmetric, M̃ = M̃⊤, and(
q⊤M̃q

) ∣∣∣L
0

≥ 0 , then D is semi-bounded.

The next course of action is to derive boundary operator B such that {Bq(x) =
0 , x ∈ Γ } with the minimal number of boundary conditions such that the
boundary term is never negative or equivalently, (q⊤M̃q)

∣∣∣L
0

≥ 0 .
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Let the energy related to this linearised PDE be

E :=

∫
Ω

(h2 + u2 + z2) dx = ∥q∥2. (8)

Recall the ibvp (6a), multiply it by q⊤ and add its transpose, then integrate
over the domain to obtain the energy estimate∫

Ω

[
∂t(q

⊤q) + ∂p(q
⊤M̃q)

]
dx = 0 , (9)

via integration by parts. Furthermore, by the divergence theorem

d

dt
∥q∥2 + q⊤M̃q

∣∣∣x=L

x=0
= 0 . (10)

We want to have the energy bounded. So, it is sufficient to have d
dt

∥q∥2 be
negative. This is achieved by having appropriate boundary conditions.

The number of boundary conditions Finding the eigenvalues of the
matrix is non-trivial, even with numerical methods for approximating tridi-
agonal matrix eigenvalues. However, we determine their signs by analysing
the characteristic polynomial. The polynomial characteristic of matrix M̃ is
λ3 − 2Uλ2 + (−Hg+U2 − gk)λ+Ugk with discriminant

4H3g3 − 8H2U2g2 + 4HU4g+ 12H2g3k

+ 20HU2g2k+ 12Hg3k2 +U2g2k2 + 4g3k3

= 4

[(√
gH

)3

−U2
√
gH

]2
+ 12H2g3k+ 20HU2g2k

+ 12Hg3k2 +U2g2k2 + 4g3k3.

The discriminant of this polynomial can be shown to be positive for k > 0

and hence three different real roots are guaranteed. Let λ1 > λ2 > λ3 be the
roots of the characteristic polynomial. Then

λ1 + λ2 + λ3 = 2U , (11a)
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λ1λ2 + λ1λ3 + λ2λ3 = −Hg+U2 − gk , (11b)
λ1λ2λ3 = −Ugk . (11c)

If U > 0 , from (11c), we have an odd number of negative eigenvalues since
g, k > 0 . From (11a) it is not possible to have three negative eigenvalues, so
there must be one negative eigenvalue. So we will have one negative eigenvalue
and two positive eigenvalues. A similar argument is made for U < 0 but in
this case there are two negative eigenvalues and one positive.

Recall that the number of boundary conditions on each boundary is determined
by the sign of eigenvalues of M̃. Negative eigenvalues of M̃ will give us the
number of boundary conditions on the left boundary, and positive eigenvalues
of M̃ will give us the number of boundary conditions on the right boundary.
For U > 0 , we have one negative eigenvalue and two positive eigenvalues. So,
it is one boundary condition on the left and two boundary conditions on the
right (inflow at x = 0). For U < 0 , we have a similar case but with swapped
boundary conditions (inflow at x = L). For either case, we need two boundary
conditions on the inflow and one boundary condition on the outflow.

Let M̃ = SΛS⊤ and Λ = diag(λ1, λ2, λ3) . Then, using a linear transformation
S⊤q = w = [w1, w2, w3]

⊤, we rearrange the boundary terms (bt) in the
diagonalized form:

bt =
(
λ1w

2
1 + λ2w

2
2 + λ3w

2
3

) ∣∣∣
x=0

− (λ1w
2
1 + λ2w

2
2 + λ3w

2
3)
∣∣∣
x=L

. (12)

Case U > 0 : left inflow, right outflow We have λ1 > λ2 > 0 and λ3 < 0 .
We formulate the boundary conditions by

{Bq(x) = b , x ∈ Γ } ≡ {w1 − β1w3 = b1(t) , w2 − β2w3 = b2(t) at x = 0 ;

w3 − α1w1 − α2w2 = b3(t) at x = L} , (13)

where b = [b1 b2 b3]
⊤ and β1, β2, α1, α2 ∈ R are boundary reflection co-

efficients. The parameters α1, α2, β1, β2 are constrained by the stability
condition, as in the following lemma for which the proof is in Appendix A.
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Lemma 4. Consider the boundary term bt defined in (12) and the boundary
conditions (13) with b = 0 for case U > 0 with λ1 > λ2 > 0 > λ3 . If both
conditions

(
λ1
−λ3

)
β2
1 +

(
λ2
λ3

)
β2
2 ≤ 1 and

(
−λ3
λ1

)
α2
1 +

(
−λ3
λ2

)
α2
2 ≤ 1 are fulfilled,

then the boundary term bt is negative.

Case U < 0 : right inflow, left outflow This case is similar to the U > 0

case, but flip the boundary conditions. All the conditions and the proof are
similar.

3 Numerical scheme
In this section, we discretize the boundary conditions using dual pairing
summation-by-parts (dp-sbp) operators and enforce stability with simultane-
ous approximation terms (sat) as penalties.

Define a uniform grid {xi}
N
i=0 with x0 = 0 and xN = L . Let ∆x = xi+1 − xi

be the grid spacing. Write hi = h(xi, t) , ui = u(xi, t) , zi = z(xi, t) , and
h = [hi]

N
i=0 , u = [ui]

N
i=0 , z = [zi]

N
i=0 . Write p =

[
h u z

]⊤
.

Dual pairing SBP operator. An operator pair (D,P) is said to be a
summation-by-parts (sbp) operator with order p along with a weighted inner
product ⟨· , ·⟩P if it has: a) quadrature properties, that is ⟨1, f⟩P ≈

∫
Ω
fdx for

any function f; b) discrete derivative property, that is Df(x) = f ′(x) for all
polynomial f with degree less than or equal to p; and c) summation-by-parts
property, that is

⟨Df,g⟩P + ⟨f, Dg⟩P = f(xN)g(xN) − f(x0)g(x0) .

Along with the sbp operator, we define the dual pairing operator as follows.

Definition 5. The dual pairing operator (D+, D−) is a dual pairing operator
of the sbp operator (D,P) if it satisfies the following properties for some
function f and primitive g.
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1. Dual pairing property. That is D = 1
2
(D+ +D−) and

⟨D+f,g⟩P + ⟨f, D−g⟩P = f(xN)g(xN) − f(x0)g(x0) .

2. Upwind property. That is, ⟨f, (D+ −D−)f⟩P ≤ 0 for all f ∈ RN .

Discretization and penalty terms Let f± = f(pi) ± γpi be Godunov
flux splitting [3] with f = f+ + f− and where γ is the maximum absolute
eigenvalue of the operator f. Let M be the matrix defined in (4). Let S be
the orthogonal matrix that diagonalizes M̃ from (5).

We use the dual pairing sbp operator to approximate the spatial derivative.
We choose D+ and D− to be forward finite difference and backward finite
difference operators, respectively. Let D = (D+f− +D−f+). Let P be the
diagonal matrix such that (D,P) is an sbp operator [10]. Hence the pair
(D+, D−) is a dual pairing operator with respect to the sbp operator (D,P).

Incorporating penalty terms modifies the system:

d

dt
p+ (M ⊗ D)p+

γ

2
[I ⊗ (D+ −D−)]p = sat . (14)

For the case U > 0 ,

sat = −
1

2
(WS ⊗ P−1)

 τ1e0(w1 − β1w3)
τ2e0(w2 − β2w3)

τ3eN(w3 − α1w1 − α2w2)

 . (15)

For the case U < 0 ,

sat = −
1

2
(WS ⊗ P−1)

τ1e0(w1 − α1w2 − α2w3)
τ2eN(w2 − β2w1)
τ3eN(w3 − β3w2)

 . (16)

Matrix W is the rescaling matrix from (5), S is the matrix that diagonalises
M̃, and P is the diagonal matrix related to the dp sbp operator.



4 Numerical experiments C157

Introduce the discrete weighted L2-norm:

∥q∥2 = q⊤(I ⊗ P)q ≥ 0 , (17)

with the associated discrete energy E = ∥q∥ . We now show that the energy
is non-increasing to ensure the stability of the system.

Theorem 6. Consider the semi-discrete approximation of the system (14)
with the penalty terms and U > 0 . If the penalty terms τ1, τ2 and τ3 are
chosen such that the following conditions are satisfied:

2(τ1 + λ1) < −λ3 and 2λ1λ3 + 2λ3τ1 − β2
1τ

2
1 > 0 , (18a)

2(τ2 + λ2) < −λ3 , and 2λ2λ3 + 2λ3τ2 − β2
2τ

2
2 > 0 , (18b)

8λ1λ2λ3 + 8λ1λ2τ3 − 2(λ1α
2
2 + λ2α

2
1)τ

2
3 > 0 , (18c)

then the energy of the system is non-increasing, or equivalently,

d

dt
∥q∥2 ≤ 0 . (19)

The proof of this Lemma is in Appendix B.

4 Numerical experiments
In this section we present numerical experiments to demonstrate the stability
of the proposed scheme. We use [0, L] as the domain of interest with L = 10m,
H = 1m, and g = 9.81m/s2. We use U = 1 so that x = 0 is the inflow
boundary and x = L is the outflow boundary. We also use the following
parameters for the numerical experiments: A = 0.0005 , φ = 0.3 , t = 0 . The
initial condition is a Gaussian profile f(x) = 1

2
exp

[
− 1

2

(x−L/2)2

32

]
.

Let M = TΛT−1 be diagonalization of M. The transmissive boundary for
U > 0 is

ω1 = 0 ,ω2 = 0 at x = 0 , and ω3 = 0 at x = L ,
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where ω1 ,ω2 ,ω3 are the eigenvectors of the matrix T .

The discrete model (14) is integrated in time using the classical fourth-order
Rung–Kutta method with a time step of

∆t = Cr
∆x

maxi |λi|
,

where Cr = 0.25 is the Courant–Friedrichs–Lewy number. We use dp-sbp
with the order of accuracy of 4.

We compute the energy throughout the simulation for N = 1601 , to verify
the stability of the scheme. The results are shown in Figure 1a. The energy
is non-increasing, which confirms the stability of the proposed scheme. The
energy lost in around t = 10 and t = 20 is due to the waves moving out of
the domain. The final energy loss is not presented here. Figure 1b shows
that there is energy loss in small amount before the waves move out of the
domain.

Convergence test We performed a convergence test against the exact
solution to verify the order of accuracy of the proposed scheme. We used the
exact solution given by decomposing the matrix M into the eigenvectors of
the matrix T :

dwi

dt
+ γi

dwi

dx
= 0 , (20)

where γi is the eigenvalue of the matrix T . The exact solution is

wi(x, t) = wi(x− γit, 0) , (21)

where w(x, 0) = S−1q(x, 0) is the initial condition.

We computed the error in the L2 norm for different grid sizes. The results are
shown in Figure 2 and Table 1.
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Figure 1: (a) The energy throughout the simulation for N = 1601. The
energy is non-increasing, which confirms the stability of the proposed scheme.
(b) Energy difference in the first 8 seconds.

Table 1: Convergence test for the proposed scheme. The error in the L2 norm
is shown for different grid sizes. The order of accuracy is approximately 4.

N h error rate u error rate z error rate
51 1.05e-01 − 3.28e-01 − 3.23e-04 −
101 1.38e-02 2.92 4.33e-02 2.92 4.29e-05 2.91

201 9.36e-04 3.88 2.93e-03 3.88 2.28e-06 4.24

401 5.84e-05 4.00 1.83e-04 4.00 1.24e-07 4.20

801 3.63e-06 4.01 1.14e-05 4.01 7.41e-09 4.06

1601 2.27e-07 4.00 7.11e-07 4.00 4.61e-10 4.01

3201 1.42e-08 4.00 4.44e-08 4.00 2.89e-11 4.00

6401 8.85e-10 4.00 2.78e-09 4.00 1.81e-12 4.00
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Figure 2: Convergence test for the
proposed scheme. The error in the
L2 norm is plotted against the grid
size. The slope of the error is ap-
proximately 4, which confirms the
fourth-order accuracy of the pro-
posed scheme.

5 Conclusion
In this article, we have proposed a stable numerical scheme with well-posed
boundary conditions. The analysis of the proposed scheme has shown that
the energy is non-increasing for suitable boundary conditions. The number of
boundary conditions is influenced by the sign of the depth averaged velocity of
the flow, but not the size. The shallow water wave equation can be retrieved
as a special case of the proposed scheme. The numerical experiments have
confirmed the stability and the order of accuracy of the proposed scheme.
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A Proof of Lemma 4
At x = 0 let w1 = β1w3 and w2 = β2w3 . We have

bt
∣∣∣
x=0

= λ1w
2
1 + λ2w

2
2 + λ3w

2
3 = (λ1β

2
1 + λ2β

2
2 + λ3)w

2
3 .

Notice that λ1β
2
1 + λ3 + λ2β

2
2 ≤ 0 is equivalent to

(
λ1
−λ3

)
β2
1 +

(
λ2
λ3

)
β2
2 ≤ 1

which leads to bt|x=0 ≤ 0 .

At x = L let w3 = α1w1 + α2w2 . We have

bt
∣∣∣
x=L

= [w1 w2]

[
λ1 + λ3α

2
1 λ3α1α2

λ3α1α2 λ2 + λ3α
2
2

] [
w1

w2

]
=
[
w1 w2

]
BL

[
w1

w2

]
.
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Since
(
−λ3
λ1

)
α2
1 +

(
−λ3
λ2

)
α2
2 ≤ 1, we have λ1λ2 + λ2λ3α

2
1 + λ1λ3α

2
2 ≥ 0 , which

is equivalent to the determinant of the matrix BL being non-negative. We
also have

1 ≥
(
−λ3

λ1

)
α2
1 +

(
−λ3

λ2

)
α2
2 ≥

(
−λ3

λ1 + λ2

)
α2
1 +

(
−λ3

λ1 + λ2

)
α2
2 .

This implies λ1 + λ2 + λ3α
2
1 + λ3α

2
2 ≥ 0 . Since both trace and determinant

of the matrix BL is non-negative, we have BL is non-negative definite matrix.
Hence, bt

∣∣∣
x=L

≥ 0 . We conclude that bt is negative if both conditions are
fulfilled.

B Proof of Theorem 6
We use the energy method. Recall that we have q = W−1p . Multiply (14)
by q⊤(W−1 ⊗ P) from the left, and adding the transpose we have

d

dt
∥q∥2

P + q⊤[M̃ ⊗ (PD+D⊤P)]q− q⊤[I ⊗ γ
2
P(D+ −D−)]q

= q⊤(I ⊗ P)sat .

Note that q⊤[I ⊗ γ
2
P(D+ −D−)]q = ⟨q, [I ⊗ γ

2
(D+ −D−)]q⟩W≤0

is negative
by choice of D+ and D−. Hence, we have

q⊤[M̃ ⊗ (PD+D⊤P)]q = q⊤[SΛS⊤ ⊗ (PD+D⊤P)]q

= w⊤[Λ ⊗ (PD+D⊤P)]w

= w⊤(Λ ⊗ eNe
⊤
N)w−w⊤(Λ ⊗ e0e

⊤
0 )w ,

where w = S⊤q̃ and the last equality follows from the sbp property. Hence
to have energy non-increasing, we need a negative boundary term:

bt
∣∣∣x=0

x=L
= w⊤(Λ ⊗ e0e

⊤
0 )w−w⊤(Λ ⊗ eNe

⊤
N)w+ q⊤(I ⊗ P)sat . (22)
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Simplifying further, we have

bt
∣∣∣x=0

x=L
=
(
λ1w

2
1 + λ2w

2
2 + λ3w

2
3 + τ1w1(w1 − β1w3) + τ2w2(w2 − β2w3)

) ∣∣∣
x=0

−
(
λ1w

2
1 + λ2w

2
2 + λ3w

2
3 + τ3w3(w3 − α1w1 − α2w2)

) ∣∣∣
x=L

.

At x = 0, we have

bt
∣∣∣
x=0

= −
1

2

[
w1 w3

] [−2λ1 − 2τ1 τ1β1

τ1β1 −λ3

] [
w1

w3

]

−
1

2

[
w2 w3

] [−2λ2 − 2τ2 τ2β2

τ2β2 −λ3

] [
w2

w3

]
.

The conditions given for τ1 (18a) and τ2 (18b) ensure that both of the
matrices, [

−2λ1 − 2τ1 τ1β1

τ1β1 −λ3

]
and

[
−λ3 τ2β2

τ2β2 −2λ2 − 2τ2

]
,

each have positive trace and determinant, hence both are positive definite.

At x = L, we have

bt
∣∣∣
x=L

=
1

2

[
w1 w2 w3

]  2λ1 0 −τ3α1

0 2λ2 −τ3α2

−τ3α1 −τ3α2 2λ3 + 2τ3


w1

w2

w3

 .
The condition given for τ3 (18c) ensures that the determinant of the matrix, 2λ1 0 −τ3α1

0 2λ2 −τ3α2

−τ3α1 −τ3α2 2λ3 + 2τ3

 ,
is positive. Since λ1 and λ2 are positive, all leading principal minors of the
matrix are positive, hence the matrix is positive definite. We conclude that
bt
∣∣∣x=0

x=L
is negative, and hence the energy is non-increasing.
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