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Solving for railway deformations using Weeks’
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Abstract

With the increasing demands being placed on railway infrastructure,
we are motivated to provide readily accessible solutions to models which
can be used to describe the mechanics of rail track, particularly at
transition zones. Transition zones, where foundation materials change
abruptly along the track, are of particular interest as they have to
be maintained as much as eight times more frequently than standard
track sections. Modelling the railway as an infinite Euler—Bernoulli
beam on a viscoelastic foundation, we apply the Laplace transform to
eliminate time derivatives and solve the resultant ordinary differential
equation in space by the method of undetermined coefficients. The
Laplace transform must then be inverted by a numerical technique, to
which end we provide a practical description of Weeks’ method. The
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results obtained through the application of this method are compared
to published solutions for the steady-state deformation of rail track at
transition zones.
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1 Introduction

As populations increase, the need for efficient rail systems increases in turn [8].
In response, high-speed rail networks—where speeds exceed 200 km/h—are
becoming increasingly common throughout Europe and Asia. Notably, these
networks do not exist in Australia, where the current infrastructure is inade-
quate to support such speeds, limiting trains to a maximum of 160 km/h [9].
Heavy haul networks, another response, are also becoming more common
globally, but in this area Australia is playing a leading role [11]. In both
cases there is increased mechanical demand on rail systems and especially on
sleeper and ballast infrastructure, which is widely used in Australia across
its over 30000 km long rail network [12]. This increased demand, in turn,
necessitates either increased maintenance, or improved rail infrastructure. As
such, improving rail infrastructure is an active area of research in Australia
and globally.
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Particular attention may be paid to places along the tracks where the foun-
dation changes abruptly—known as transition zones. Common examples of
transition zones include the ends of bridges, culverts, and level crossings,
where the track may change from being supported by deep ballast on soft
soils to being supported by much shallower ballast or directly by concrete
slabs. The differing foundational properties mean that plastic deformations
accumulate at different rates across the transition zone, creating differential
settlements which increase dynamic loads, track deterioration, and passen-
ger discomfort. This necessitates more frequent maintenance [14, 17]. In
fact, transition zones may have to be maintained as much as eight times
as frequently as standard track sections [10]. Research into approaches for
mitigating the differential settlement across transition zones is ongoing and
motivates a better understanding of the mechanics of the system [17, 14, 21].

Straight sections of railway infrastructure may be conveniently modelled using
one dimensional beam models [7]. A common choice is an Euler-Bernoulli
beam on a viscoelastic foundation, however, readily available solutions to
this model are somewhat scarce. In this article, we present a preliminary
method for simple problems which may be easily extended. Specifically, we
propose the use of the Laplace transform and numerical inversion methods to
solve the time-dependency of the governing differential equation together with
the method of undetermined coefficients to solve the equation in space. The
Laplace transform has been chosen ahead of purely numerical methods, as
even when it must be inverted numerically—as in this article—it still avoids
errors associated with time-stepping. For problems such as the long-term
plastic settlement at transition zones, deformations occurring on second-
long time-scales can impact the behaviour of the system on the order of
years [18]. Make the time-step too large and one risks losing the impact
of small time-scales. Make the time-step too small and the computation
times become impractically large. In contrast to this, the numerical inversion
of the Laplace transform can be found with relative accuracy for arbitrary
timescales, although asymptotic methods are suggested for especially large or
small values [1, 5].
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The major drawback of the numerical Laplace transform is its inherent
difficulty. In general, the problem of finding the inverse Laplace transform is
ill-conditioned [13] and, indeed, it still rings true that ‘... Laplace transform
inversion is still more of an art than a science’ [4]. As a result, it is often
recommended that more than one numerical inversion method is used where
a known solution is not available [3, 4], and as such there is a great number
which exist in the literature. For the choice of numerical Laplace inversion
method, Gaver—Stehfest is a common choice amongst articles concerning
Laplace-space problems, however Khulman’s review [13] recommends other
methods, depending on the researchers priorities. Khulman recommends the
Fourier series method for good convergence for a variety of behaviours, Talbot
method for ease of implementation, and Weeks’ method if the solution values
are required for a large number of time values. This last point is maintained
throughout the literature [3, 5], and, as we consider it to be important here,
Weeks’” method is chosen for implementation in this study.

Weeks’ method [20] seeks to invert the Laplace transform by expanding the
target solution in terms of Laguerre polynomials. Unlike many other methods—
such as Talbot and Gaver—Stehfest—this results in an approximating function,
rather than a solution value at a particular time. Hence, to find the solution
for other time values, the approximating function can be reevaluated, rather
than having to repeat the inversion process. In all cases, implementation
of Weeks” method amounts to calculating the coefficients of the series of
Laguerre polynomials, however, the details of how the method is derived and
implemented varies somewhat in the literature. The most significant difference
is in Piessen and Branders” work [16], where the method is extended to use
generalised Laguerre polynomials. Other variations only constitute a change
to the particular quadrature method used in the evaluation of the coefficients
of the approximating series [15]. In this article, we use a modification [6, 15]
which roughly halves the number of evaluations which have to be performed
on the Laplace domain function.

The purpose of this article is to provide a ready summary of some practical
points for the implementation of Weeks’ method, and demonstrate its use
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in solving for the deformation of an Euler-Bernoulli beam on a viscoelastic
foundation and subject to a stationary point load. An overview of Weeks’
method and the modification by Lyness and Giunta [15] is provided in Sec-
tion 2, which also contains a subsection on the necessary Clenshaw algorithm
(Section 2.1). A description of the simple beam problem considered here
is given in Section 3. Results for the application of Weeks” method to this
problem are given in Section 4 before some concluding remarks in Section 5.

2 Weeks’ method

Weeks” method begins by supposing that the unknown time domain solution
can be expressed in terms of Laguerre functions in the form

f(t) = et i axe V2L (bt), (1)

k=0

where o and b are real valued control parameters which need to be chosen,
L (t) is the kth Laguerre polynomial, and ay are coefficients. The method
involves selecting appropriate b and o, calculating the unknown coefficients ay,
and computing the solution using equation (1). For this article, we choose
0 = (00+1/tmax)H(00+T1/tmax ), Where ty.y is the largest time up to which we
solve, H( - ) is the Heaviside step function, and oy is the real component of the
rightmost pole of the Laplace domain function f(s). This is as recommended
by Weeks [20], noting that Weeks’ variables ¢ and ¢y are equivalent to the
parameters o and o0y, used here. We also use b = 2(0 — 0yp) , as suggested by
Garbow et al. [6]. We focus here on presenting a derivation of the process for
finding the ay values, as it is presented by Lyness and Giunta [15], which we
believe to be the clearest formulation of the method.

In particular, we apply the Laplace transform to equation (1) and truncate the
series to N terms, arriving at a series approximation for our known Laplace
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domain function

A (s—o—b/2)*
kZ (s —o+b/2)<"’ @

which involves the unknown coefficients ay. In this form, we note that the
right-hand side of (2) is nearly a series involving powers of a Mobius transform
in s.

By applying the substitution

z= M or equivalently s = b b
T (s—0+b/2)’ d L

we arrive at the expression

dJ(Z):]EZf(]EZ—JrG) Zakz ,

which is a power series centred at z = 0 for a known function. This is
especially convenient as the transformation (3) maps the half plane Re(s) > o
to the unit disk. When the parameter o is chosen so that it is to the right of
the right-most pole, ¢(z) is analytic on the unit disk. As such, we can apply
the Cauchy integral form of the derivative to calculate the coefficients

™) 1 J $(z)

k! 2mi Jo zZ¢H]

ay = dz,

using a contour integral on the unit circle.

Different quadrature schemes can be used to evaluate the contour, but we use
here a modification which roughly halves the number of function evaluations
which need to be performed [15]. In particular, Lyness and Giunta [15] note
that
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This allows for the approximation

N/2—1
e~ g (& (1) + (150(1) +2 Y Rep(re™™) cos( 2k /N)
j=1

+ 3 (re*™/™N)] sin(27kj /N )))

which is an N point quadrature rule that requires only N/2+ 1 evaluations of
the complex function ¢(z). Notably, from this derivation, only equation (4)
is necessary for the computation of the coefficients ay.

2.1 Clenshaw algorithm

While direct computation of the Weeks approximation (1) is possible, sums of
Laguerre polynomials are notoriously prone to cancellation error, and as such
it is recommended that the Clenshaw algorithm be implemented [3]. The
Clenshaw algorithm [2], also referred to as the Clenshaw recurrence formula
(e.g., in Khulman’s work [13]), is a convenient method to evaluate series
of recursive functions. Whilst originally published for use with Chebychev
polynomials, it can be applied to any functions with a recursion formula of
the type

Prr1(X) + o (X)pn(x) + Br(X)pn1(x) =0,
where p; are the recursively defined functions.

Say we have a series

N
fn(x) =Y anpa(x),
n=0

then for the Clenshaw algorithm we construct a back-propagating sequence
bN, bN — ], ey bo, addlng bN—H = bN+2 =0 s Satisfying

bn(x) = Qan — o‘n(x)bn+1 (X) - Bn+1 (X)anrZ(X) )
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and then express the series as

fn(x) = bo(x)polx) + b1 (x)[p1(z) + xo(x)po(x)].

One advantage of this method is that it allows the evaluation of the series
without needing to calculate the entire sequence of functions, p,(x). In the
context of this article, we are interested in Laguerre polynomials which have

o (x) = 1 X_Zn—|—1

M 41 n+1"’
—Nn

Bn(x)—ﬁ>

and po(x) = 1, p1(x) =1 —x. The Clenshaw algorithm then involves the
calculation of the sequence

1 2n+1
X_
n+1 n+1

n

ﬁbnﬂ(x) y

bn(x) =0an — ( ) bn—H (X) +

and has solution

fn(x) = bo(x).

3 Point force on an infinite beam

The governing equation for the time-dependent deformation of an Euler—
Bernoulli beam resting on a viscoelastic foundation is given by

EI0%y + md%y + C(x)dy + k(x)y = F(x, 1), (5)

where x is the position along the axis of the beam, t is time, y is the vertical
beam deformation, E is the Young’s modulus of the beam, I is the moment
of inertia of the beam, m is the mass per unit length of the beam, C is a
damping coefficient, k(x) is the stiffness of the foundation, and F(x,t) is an
applied load. In the interest of providing a simple case to which we can
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demonstrate an application of Weeks” method and undetermined coefficients,
we take C(x) = C and k(x) = k to be constant and consider the case of a
single stationary point force at the origin, in which we take the force to be
modelled by a dirac delta function,

F(x,t) = Pd(x).

We also impose zero deformation in the limit as x goes to infinity, with the
beam initially at rest, and we suppose the deformation to be twice continuously
differentiable, though this is only important at the point force. In summary,
we consider the problem

EIddy + mdty 4 Cowy + ky = Pd(x), (6a)
y(x,0) =0, WxeR, (6b)
0y(xyt)li=o =0, VxR, (6¢)
‘Xlli_r{})oy(x, t) =0, Vtel0,o00), (6d)
y(0™,t) =y(07,t), Vtel0,00), (6e)
Ay (% lhor =Ny o, j=1,2, VE € [0,00). (6f)
Applying the Laplace transform to (6a), we obtain
EIOLy + mls*y — sy(x,0) — deyl—ol + Cls —y(x,0)] + ky = E5(x),
which simplifies with the initial conditions, (6b) and (6¢), to
EI0!y + (ms? 4+ Cs + k)y = 76( ). (7)

Equation (7) is then an ordinary differential equation in x, to which we can
apply the method of undetermined coefficients, before inverting the Laplace
transform. To apply the method of undetermined coefficients, we first divide
the solution domain into two regions, split by the point force. This leads to
the general solution
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where b; and ¢; are the undetermined coefficients—which, though constant
in x, do depend on the Laplace variable s—and r; are the roots of the
characteristic equation

EI* + [msz+Cs+k =0,

ordered such that 7 is in the j quadrant of the complex plane. Imposing the
condition that we have zero deformation in the limit as |x| goes to infinity,
that is (6d), we find that we are obliged to set some of the coefficients to
zero. Since there is no overlap of subscripts, we relabel the coefficients for
readability. We then have

(8)

_ bi(s)ex £ by(s)e™ X x <0,
U(X»S) =
by(s)e% + by(s)enGIx x> 0.

We recover the value of these undetermined coefficients by imposing conti-
nuity of the function across the point force, that is equations (6e) and (6f).
Additionally, integrating (7) across x = 0, we have

Jw 10}y + [ms® + Cs + k| y] dx + ky = Jw P5(x) dx,
. .
P

3_
El[d}y| = o
which is a discontinuity in the third derivative that manifests as the non-zero
right hand side in (9d). Hence, we get the linear system
—bi(s) + ba(s) + bs(s) —ba(s) =0, (
—11(8)bi(s) + r2(s)ba(s) + 13(s)bs(s) — ra(s)ba(s) =0, (9b
—11(8)?b1(s) + 12(5)?ba(s) + 13(5)?b3(s) — 4(s)*ba(s) = 0

—71(s)’bi(s) 4+ 12(8)’ba(s) + 13(5)*(s)bs(s) — T4(s)’ba(s) =
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which is solved to give

(10)

Equations (8) and (10) together give the solution for the problem (6) in the
Laplace domain. To find the time-dependent solution, we are required to
invert the Laplace transform. Due to the complexity of the Laplace domain
function, even in this simple case, doing so is at best a difficult process. In the
following section, we apply an implementation of Week’s method to recover
the time-dependent behaviour and compare it to the steady-state solution.

4 Results

In this section, we apply Weeks” method to the problem described in Section 3.
In particular, we plot the dynamic behaviour of the beam, with a view of
demonstrating the convergence of Weeks’ method with increasing order N.
Notably, we do not provide a verification that it converges on the correct
short-term behaviour, preferring to defer this to a rigorous treatment in a
future publication. We do, however, provide a verification of the validity of
this solution in terms of its match to a steady-state solution as demonstrated
by Sun and Luo [19]. Further, we choose to plot the solutions found with
parameters matching the default parameters used for Sun and Luo’s steady-
state solution [19] (see Table 1). While we omit it here for brevity, the
non-dimensionalisation of the governing equation (6) when considered in
steady-state, can be reduced to a system with no parameters. Consequently,
changes to the parameters in Table 1 effect only a scaling of the solution.
While this may impact the minutia of convergence rates for Weeks’ method,
the broader behaviours will remain unchanged.
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Table 1: Default parameters as used by Sun and Luo [19].
Parameter  Default value
P 10*N
El 2.3 x103N/m’
k 6.9 x 10" N/m*
m 48 kg/m
C 107 Ns/m®

Figures 1(a)—4(a) show that the solution converges and the beam settles
quickly into a steady-state. Initial oscillatory behaviour observed most promi-
nently in Figure 1 is gradually eliminated as the order of approximation N
increases. This suggests that approximation with Weeks” method may not
be satisfactory if sensitive calculations of the vibration of beam segments are
required. However, in the more general case of needing deformation profiles,
we do not expect this to be problematic.

Figures 1(b)-4(b) confirm that the steady-state deformation to which the
solution by Weeks’ method converges is indeed the steady-state of the system.
The agreement at time t = 5s appears to be very good across all orders
of approximation, however, this is dependent on the particular time being
compared for the lower orders (in view of the oscillations in Figures 1(a)—4(a)).
To this end, while we do not provide a verification of the short-term behaviour,
the solution by Weeks” method is capable at least of capturing the asymptotic
behaviour of the system.

5 Conclusion

With a view to develop more complicated models, this article provided a
summary of some practical considerations for the implementation of Weeks’
method for numerical Laplace inversion and demonstrated its application
to a beam problem. In particular, preliminary results were presented for
the deformation of an Euler-Bernoulli beam on a viscoelastic foundation
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Figure 1: Solution to (6) using default values from Table 1 and Weeks” method
with order N = 16. a) shows the dynamic solution, and b) shows a comparison
between the dynamic solution at t =5 and the steady-state solution [19].
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Figure 2: Solution to (6) using default values from Table 1 and Weeks” method
with order N = 32. a) shows the dynamic solution, and b) shows a comparison
between the dynamic solution at t =5 and the steady-state solution [19].
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Figure 3: Solution to (6) using default values from Table 1 and Weeks’ method
with order N = 64. a) shows the dynamic solution, and b) shows a comparison
between the dynamic solution at t =5 and the steady-state solution [19].
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Figure 4: Solution to (6) using default values from Table 1 and Weeks’
method with order N = 128. a) shows the dynamic solution, and b) shows
a comparison between the dynamic solution at t = 5 and the steady-state

solution [19].
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subject to a stationary point force. While the short-term behaviour is left
unverified (deferring this to a rigorous treatment in a future work) the long-
term behaviour is verified against a published steady-state solution and found
to converge as expected. The method in this article, whilst only presented
for a simple model, may be extended to any model whose Laplace domain
differential equation in x—the equivalent to equation (7)—may be easily solved
by the method of undetermined coefficients. This is especially relevant for
transition zones, which may be modelled by making the foundation coefficients,
C and k, piecewise constant.
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