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An efficient algorithm for wave propagation in
dynamic 3D configurations
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Abstract

We consider a model problem in which the motion of particles is
examined using data carried by waves interacting with the particles.
Such problems arise, for example, when tracer particles are carried by a
fluid, and their position is detected using scattered light or sound waves.
The time evolution of the model can be revealed by simulating the
detected wave at a series of snapshots in time as their motion evolves,
akin to a motion picture. In our model problem, for proof of concept,
the motion of the particles is described by a simple second order
ordinary differential equation, but the wave propagation simulation
is extremely challenging because the governing partial differential
equation must be solved in an unbounded region subject to boundary
conditions on the particle boundaries, which change position as the
motion of the particles evolves. The principal aim of this work is to
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demonstrate the use of a fast surrogate for the solution of the wave
propagation partial differential equation, and we demonstrate both the
accuracy of the surrogate and its efficiency. The efficiency is crucial
to allow the simulation of the wave propagation to keep up with the
frame rate of the simulation.
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1 Introduction
We consider fast simulation of waves scattered by particles in 3D space.
This is motivated by practical applications in which information about the
positions of the particles can be inferred from the wave field produced when
the particles interact with an illuminating incident wave. For example, the
velocity field of a fluid is revealed by tracer particles whose positions are
obtained using wave scattering data. To understand the time evolution of the
system, we aim to simulate the detected wave at a series of equally spaced
time-steps, or frames.

When the wave speed is much faster than the speed at which the particles
are moving, the wave propagation is modelled by the 3D Helmholtz equation,
subject to boundary conditions that apply on the particle boundaries. Sim-
ulating the wave propagation at each frame by solving the Helmholtz pde
using traditional numerical methods is computationally expensive and the
model cannot be simulated in real-time at the desired frame rate. We present
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an efficient surrogate for the wave propagation model that approximates the
solution of the pde accurately and in significantly reduced time, so that
real-time simulation is feasible.

Scattering problems of this type, involving the Helmholtz equation posed
on an unbounded domain exterior to a number of scatterers, are commonly
solved by reformulating the pde as a surface integral equation [5] which can
be solved numerically using boundary element methods [1] or mesh-free high
order algorithms [9]. Alternatively, the scattering behaviour of individual
scatterers can be encapsulated in the T-matrix [15, 11], and multiple scattering
interactions computed by solving large linear systems based on the translation-
addition theorem [7, 14]. Because the T-matrix is computed off-line and
is independent of translation of the scatterers, the T-matrix approach is
particularly efficient when the scattered field is required for several different
configurations of the scatterers.

Despite the efficiency of the T-matrix approach, numerical results in Section 4
using the tmatrom3 package [11] for the T-matrix calculations show that
this approach is too slow for real-time simulation. In this work we focus
on computing the so-called far field, which describes the scattered field far
away from the scatterers. We avoid full simulation of the Helmholtz pde by
considering the scatterer positions as parameters, and approximating the far
field using a hybrid asymptotic/numerical approach.

The hybrid asymptotic/numerical approach has been widely applied for
solution of high-frequency scattering problems using integral equations [4, 3,
6, 10]. In general, the aim is to approximate the unknown surface density
in the integral equation as a product of a known highly-oscillatory function
(which is derived from asymptotic results for the limit as the wavenumber
goes to infinity) and an unknown slowly varying function that is amenable to
numerical approximation.

The asymptotic foundation for our hybrid asymptotic/numerical approach
is most closely related to early work on high-frequency multiple scattering
that approximates the far field by first expressing the scattered wave as
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a series, known as the Born series, whose terms describe successive order
reflections between the scatterers [2]. Each term is amenable to a hybrid
asymptotic/numerical approximation. Analogous approaches have been used
in the integral equation context for high frequency scattering from convex
scatterers [12, 8]. The novelty of this work is that we express the far field of
the Born series representation of the scattered wave as a function of scatterer
positions, with hybrid asymptotic/numerical approximation of series terms by
products of known highly oscillatory functions and unknown slowly varying
functions. We use low-degree tensor-product polynomials to approximate the
slowly varying functions.

The article is structured as follows. We describe the model problem in
Section 2 and our hybrid asymptotic/numerical approach in detail in Section 3.
Numerical results in Section 4 demonstrate the efficiency of this approach for
producing approximations that are visually accurate.

2 Problem description
Our model problem has two spherical particles situated in a closed and
bounded region of R3, suspended from light, elastic strings fixed at x0 ∈ R3
and in motion under gravity subject to air resistance. We denote by xj(t) ∈ R3
the centre of particle j = 1, 2 at time t ≥ 0 , and denote by Dj(t) ⊂ R3 the
region occupied by the particle. The particles have masses mj and radii rj.
From Newton’s Second Law, the motion of particle j is described by

mjẍj = mjg− µj|ẋj|ẋj − κj max(|xj − x0|− lj, 0)
xj − x0
|xj − x0|

, j = 1, 2 , (1)

with acceleration due to gravity g, drag coefficients µj, and tension in the
elastic string a function of string length lj and string constant κj. The motion
of the two particles is not coupled in this model, but coupling presents no
difficulties for our approach.

We solve the ode (1) using the Runge–Kutta 5(4) method to numerically
approximate the position of the two particles at each frame. Figure 1 visu-
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Figure 1: Trajectory of the particle centres x1(t) and x2(t) for t ∈ [0, 20] with
parameters given in Table 1 and initial conditions (17).

alises the motion of the particles for particular parameter values and initial
conditions listed in Section 4 (Table 1, equation (17)).

At some time t = tf , the region occupied by both particles is D(tf) =
D1(tf) ∪D2(tf) . The particles are illuminated by a time-harmonic acoustic
wave with angular frequency ω > 0 and wave speed c. We assume that the
wave speed significantly exceeds the speed of the particles, that is, c ≫ |ẋj| for
j = 1, 2 . The propagation of the waves outside the particles is then governed
by the Helmholtz equation [5]

∆u(x) + k2u(x) = 0 , x ∈ R3 \D(tf) , (2)
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where k = ω/c is the wave number. The most interesting case for simulations,
which we consider here, is when ka ∼ 1 , where a is the diameter of a scatterer.

In our simulations the particles are illuminated by an incident plane wave,

uinc(x) = eikx·d̂ , x ∈ R3 \D(tf) , (3)

with direction given by the unit vector d̂. Interaction of the incident wave
with the particles induces a scattered wave usca(x), which also satisfies the
Helmholtz equation (2), together with the Sommerfeld radiation condition [5].
For sound-soft particles, the total wave, utot(x) = uinc(x) + usca(x) vanishes
on the particle boundaries, so that the scattered wave satisfies the boundary
conditions

usca(x) = −uinc(x) , x ∈ ∂Dj(tf) , j = 1, 2 . (4)

The asymptotic behaviour of the scattered wave as |x| → ∞ is described by
the far field

ψ(x̂) = lim
|x|→∞ |x|e−ik|x|usca(x) , x̂ = x/|x| .

The T-matrix package tmatrom3 [11] is used to compute the far field
accurately, at the expense of solving a large linear system.

3 Surrogate for the far field
For brevity we fix t = tf and omit t in our notation. We are interested in
fast and accurate approximations of the far field at some fixed observation
direction, x̂, for any particle centres x1, x2 in R = [−10, 10]3 ⊂ R3 . Because
our focus is on the behaviour of ψ with respect to the particle centres x1, x2
we fix the far field observation direction x̂ and the incident wave direction d̂
and further simplify our notation by writing ψ(x1, x2) for the far field.

We decompose the far field ψ = ψ1 +ψ2 , where ψj is the far field radiating
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from scatterer j. Each ψj can in turn be decomposed as

ψj =
∞∑
n=0

ψnj , j = 1, 2 , (5)

where ψnj is the far field radiated from scatterer j after precisely n inter-
reflections between the particles. The series (5) is known as the Born series
and we say the order of the term ψnj is n.

Typically the terms of the Born series decay when the particles are sufficiently
well separated, ensuring convergence of the series. In the numerical results in
Section 4, we demonstrate that for the dynamic configurations we consider,
the decay rate is sufficient that we obtain satisfactory results using just the
order one approximation

ψj ≈ ψ0j +ψ
1
j , j = 1, 2 . (6)

Next we develop approximations to the zeroth order terms ψ0j and the first
order terms ψ1j using the following theorem, which describes the effects of
translation of a particle, or particles, on its far field.

Theorem 1 (Colton and Kress [5, pp. 141–142]). Let the bounded closed
domain occupied by particles be D. For the shifted domain Dh = {x+ h : x ∈
D} , h ∈ R3 , the wave scattered by Dh for the incident plane wave (3) is

usca(x;h) = eikh·d̂ usca(x− h; 0) , x ∈ R3\Dh ,

where usca(x; 0) is the wave scattered by D0 = D . The far field of usca(x;h)
is

ψ(x̂;h) = eikh·d̂ × eikh·(−x̂) ×ψ(x̂; 0) = eikh·(d̂−x̂)ψ(x̂; 0) , (7)

where ψ(x̂; 0) is the far field of usca(x; 0).
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Zeroth order terms Each term ψ0j only depends on the position of scat-
terer j because no reflections are involved. From (7) with h = xj ,

ψ0j (xj) = e
ikxj·(d̂−x̂)ψ0j (0) , j = 1, 2 , (8)

and we omit x̂ from our notation because we consider x̂ to be fixed. Note
that ψ0j (0) is a constant.

First order terms For each fixed x1, x2, we define

t = 1
2
(x1 + x2) , (9)

and then we view both scatterers as being translated by t from centres x∗
1, x

∗
2,

that is,
xj = x∗

j + t , j = 1, 2 . (10)

Then by (7),

ψ1j (x1, x2) = e
ikt·d̂ × eikt·(−x̂) ×ψ1j (x∗

1, x
∗
2) , j = 1, 2 . (11)

From (9)–(10), x∗
1 = −x∗

2 , and so ψ1j (x∗
1, x

∗
2) = ψ

1
j (x

∗
1,−x∗

1) . Thus, in particu-
lar, ψ1j (x∗

1, x
∗
2) is a function of x∗

1 only and so may be expressed as a function
of only three variables. It is convenient to define

c = x2 − x1 = x∗
2 − x∗

1 = −2x∗
1 , (12)

and accordingly write ψ1j (x∗
1, x

∗
2) = φj(c) for some φj. Next we write

φj(c) = e
ikx∗

̸=j
·d̂ × eik|c| × eikx∗

j
·(−x̂) ×A1j (c) , j = 1, 2 . (13)

Here eikx∗
̸=j

·d̂ is a phase term associated with the incident wave interacting with
particle 3− j , eik|c| is a phase term associated with the wave that travels from
particle 1 to particle 2 or vice versa, and eikx∗

j
·(−x̂) is a phase term associated

with the far field. Numerical results in Figure 2 show that the resulting
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Figure 2: (Top) Visualisation of (left) the far field, and the far field due to
scatterers (centre) j = 1 and (right) j = 2 ; for d̂ = (1, 0, 0) , x̂ = (0, 1, 0) ,
k = 3 . (Middle, Bottom) Visualisation of (15) for j = 1 : (left) zeroth and first
order ψ01 and ψ11; (centre) phase terms ϕ01 and ϕ11; and (right) slowly-varying
modulation functions A01 and A11.
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modulation functions A1j (c) are slowly varying, and therefore amenable to
approximation using low-degree tensor-product polynomials.

In summary, combining (11), (13) and (10),

ψ1j (x1, x2) = e
ik(x̸=j·d̂+|c|+xj·(−x̂))A1j (c) , j = 1, 2 . (14)

We emphasise that A1j (c) is much easier to approximate using low-degree
polynomials than ψ1j (x1, x2) because it is dependent on fewer variables, and
is slowly varying, whereas ψ1j (x1, x2) is highly oscillatory.

From (6), (8) and (14), the final approximation to the far field is

ψ(x1, x2) ≈
2∑
j=1

ϕ0j (xj)A
0
j + ϕ

1
j (x1, x2)A

1
j (c) , c = x2 − x1 , (15)

A0j = ϕ
0
j (0) , ϕ0j (xj) = e

ikxj·(d̂−x̂) , ϕ1j (x1, x2) = e
ik[x ̸=j·d̂+|c|+xj·(−x̂)] .

To setup our surrogate model offline, we compute low degree tensor product
polynomials Ã1j (c), approximating A1j (c), using a pseudo-spectral method [13],
and the required values of A1j (c) at the quadrature points are obtained
numerically using the T-matrix method. Our surrogate ψ̃(x1, x2) is then

ψ(x1, x2) ≈ ψ̃(x1, x2) =
2∑
j=1

ϕ0j (xj)A
0
j +ϕ

1
j (x1, x2)Ã

1
j (c) , c = x2−x1 . (16)

4 Results
In our numerical experiments we simulate our particle/wave propagation
system with frame rate 100Hz, that is, one frame every 0.01 s for t ∈ [0, 10] s.
In units for distance cm, time s, and mass kg, the acceleration due to gravity is
g = (0, 0,−980) , and the attachment point for the strings is x0 = (0, 0, 1000) .
The parameter values for our simulation are listed in Table 1. The initial
conditions are

x1(0) = (−10, 0, 10) , ẋ1(0) = (0, 10, 0) ,
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Table 1: Parameter values for the two-particle problem.

Radius r (cm) Mass m (kg) Drag µ Elastic l Elastic κ
Particle 1 1.0 3.0e-2 1.0e-3 9.5e2 6.25e-1
Particle 2 1.5 3.6e-2 1.5e-3 9.5e2 7.40e-1

x2(0) = (10, 0,−10) , ẋ2(0) = (0,−10, 0) . (17)

We simulate the motion of the particles (Figure 1) using the Runge–Kutta 5(4)
method in Matlab using the ode45 function, with both absolute and relative
tolerance 1e-6. The wave source is an incident plane wave (3) with direction
d̂ = (1, 0, 0) and wave number k = 3 .

In Figure 3 we demonstrate the accuracy of our surrogate model by plotting
the real part of the far field measured in the four observation directions,
x̂ = (±1, 0, 0), (0,±1, 0) . For comparison, we also plot the reference solution
computed using the T-matrix-based code [11]. Extensive numerical results
by Ganesh and Hawkins [11] establish the accuracy of the reference solution.
The surrogate used in Figure 3 has degree 5 tensor product polynomials. The
function to be approximated is extremely complicated; it is highly oscillatory
but not periodic, and defined over a large domain compared to the period
of the oscillations. Such functions are extremely challenging to approximate,
especially using low-degree polynomial approximations. The results in Figure 3
show that degree 5 polynomials are able to give visual accuracy to the true far
field almost everywhere. Numerical results for higher degree polynomials (not
shown) produce substantially higher accuracy. Accuracy can be maintained
when the particles are very close together, using a higher truncation parameter
in the Born series, at the expense of greater cpu time.

Table 2 presents the cpu times required on an 11th Generation Intel Core i7
machine to solve the ode (1) for t = [0, 10] to compute the position of the
particles at every frame, and then to compute the far field using the T-matrix
and the surrogate. In every case the surrogate is more than 600 times faster
than the T-matrix code.
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Figure 3: Real part of the far field at four observation directions for plane wave
direction d = (1, 0, 0), obtained from (blue) surrogate degree 5 polynomials
and (red) the T-matrix.

Table 2: The ode is evaluated first for t ∈ [0, 10] s using the Runge–Kutta 5(4)
method, then far field is evaluated at 0.01 s time-steps. cpu times for surrogate
polynomials of different degrees are compared to the T-matrix approach.

Surr. (deg 3) Surr. (deg 5) Surr. (deg 7) T-matrix
Time (s) 0.048980 0.049248 0.051435 33.309841

× faster 680.0703 676.3694 647.6104 -
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Figure 4: Gantt chart showing cpu times for the ode solve and subsequent
far field evaluation. The 0.01 s frame interval is marked by the dashed line.

Of particular interest is the case where the motion of the particles is directed
by the observed wave data. This kind of control problem happens, for example,
in a computer game. In this case computing the position of the particles
cannot be separated from the wave propagation simulation. Here we solve the
ode to obtain the positions at the new frame from the previous one, and then
compute the wave propagation for that frame. Figure 4 shows the amount of
time taken for each component of the simulation to compute one frame from
the previous one. In this case it is essential that all simulation be completed
within the 0.01 s frame rate. This is possible using the surrogate models, but
the T-matrix method is too slow, requiring 0.034 s.
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