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Abstract

Soil core samples underpin the evaluation of soil carbon stocks,
an essential measurement to enable and support the establishment
and operation of soil carbon natural capital markets. Soil cores are
obtained by driving a tube as far as 1500 mm into the ground to extract
a vertically profiled sample. Robust, reusable sampling devices are
essential to minimise sampling costs while reducing waste. The SuTiT
is a customised inner tube designed to reduce waste while supporting
rapid sampling across various dryland soils, including sandy and clay
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soils, which present unique challenges for extracting an intact core. The
SuTiT provides for a flexible inner tube that, when closed, can be easily
inserted into the solid outer tube and, when removed, relaxes naturally
into a trough shape for easy access to the sample. A combination of
kerf cuts and presses is used to achieve these features. This study
group focussed on opportunities to increase the shelf-life of the SuTiT
through exploration of the kerf patterns and their effect on the strength
and bending properties of the tube.

1 Introduction and Problem Description

Soil core sampling is an important tool to support agriculture, infrastructure,
and land and environmental management decision making. Analysis of soil
core samples is used to understand soil profiles and properties, soil nutrient
profiles, and root mass. The role of soil organic carbon, the largest pool
of terrestrial carbon [3], in combating climate change has recently gained
increased attention. Soil core sampling is one method by which carbon
assessments are undertaken [2|. Consequently, the growth of natural capital
markets for soil organic carbon will likely see an expansion in soil assessments
via core sampling.

Soil cores are typically collected by driving a cylindrical tube up to 1500 mm
into the ground. When extracted, this provides a soil sample across multiple
soil horizons. There are many complexities in sampling soil cores. A sampling
rig must be suitable to obtain samples in a variety of soil types and properties,
including sandy soils (which risk falling out of the tube as extracted), clays
(which when wet stick to the inner walls of the tube), and rocks (which are
difficult to penetrate with the corer). Furthermore, sampling speed (including
the processing of samples) affects the cost of obtaining samples.

Although there is some variety in approaches, in dry land conditions, typically,
two approaches are used to collect soil samples. In the first approach, a
single-walled tube is driven into the ground and withdrawn. In the second
approach, a pipe with an inner tube is used and the inner tube is extracted
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with the sample for processing. In both cases, the tubes are forced into the
ground using a combination of force (hydraulic ram and mass) and impact
(jackhammer). The pros and cons of these two approaches depend on the
sampling depth, the accessibility of the sampling site, and the soil composition
at different depths.

CarbonPump, an Australian soil carbon company, favour the double-tube
approach for ease of deployment in the field. They investigated several
approaches before custom-developing the SuTiT, a flexible, removable steel
inner tube. The advantages of the SuTiT over alternatives include ease of
use in the field, both for the deployment and processing of samples, and for
the reduction in waste over single-use options. Improving the lifespan of the
SuTiT device will further reduce landfill waste and reduce manufacturing
costs, further improving the cost-benefit of this approach.

The SuTiT (Figure 1.1) is a steel inner tube and consists of three axial and
five radial regions. The base (and top) of the SuTiT has a series of rectangular
cutouts spaced around the radius. These cutouts anchor the SuTiT to the
collar, preventing it from moving within the outer tube during deployment
or extraction. A soil retainer is placed between the collar and the SuTiT to
prevent the samples from falling during extraction. The central region of the
SuTiT, which occupies most of the length, is a combination of pressed and
kerf-cut regions.

At rest, the SuTiT has a natural trough or U-shape, achieved through cold
presses at approximately 1/3 and 2/3 along the short axis creating the corners
(Figure 1.1). Kerf cuts are used at the edges and centre to provide flexibility.
This combination allows the SuTiT to be easily bent into a roughly circular
shape for insertion into the outer tube while returning to the trough shape
on extraction for ease of access to the core sample.

Although the SuTiT meets the operational requirements of CarbonPump, they
have observed opportunities for improvement. The lifespan of the SuTiT is
unpredictable due to failure or fracture when under load, which compromises
the cost-effectiveness of the product. Furthermore, the laser-cut kerf regions
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Figure 1.1: Schematic of the SuTiT inner liner. The figure on the left shows
the SuTiT inserted into the outer tube (viewed from above). The figure on
the right shows a slice of the SuTiT to illustrate the locations of the kerfed
region. Cold presses are used to bend the flat metal sheet into the U-shape at
rest. Kerfing (indicated by the grey lines) on the upper edges and along the
base of the tube provide flexibility. The kerf pattern indicated is illustrative
only.

account for the majority of the production costs. As the kerf-cut approach has
been explored by trial and error, CarbonPump is interested in understanding
if design improvements could improve durability and reduce production costs.

This MISG focused on understanding the mechanical properties of the SuTiT
to improve the design to increase the lifespan. Specifically, we investigated

e the trade-offs between flexibility and strength of the SuTiT given the
combination of cold press (plastic bend) and kerf cut (elastic bend)
regions; and

e the implications of the kerf pattern on the strength, flexibility and
durability.
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2 A simple linear model

Consider a cross-section of the SuTiT to understand the role of the kerfed
regions on the final shape of the tube when inserted into the outer tube. The
one-dimensional Euler—Bernolli equation is used to model the deviation of
the rest shape of the SuTiT when a force is applied to the edges to close the
tube.

We use the standard calculus of variations formulation and let the shape
of the tube be S(x), where x is distance around the tube. Assuming small
deformations from the at-rest shape, energy E is related to the variation in

the shape of the tube by,
L 20 2
0°3

for a given stiffness coefficient D(x). The desirable solution is one for which
the shape minimises the energy. Consider a variation in the shape such that

S(x) = S(x) + eh(x), (2.2)
for some function h(x) that vanishes at x = 0 and x = L and also has
a vanishing derivative at these points. The standard in the calculus of
variations is to assume that S(x) is the minimum energy solution and derive
the appropriate equation. Introducing (2.2), and differentiating with respect

to € gives

oE  [* 2’S  9%h) 9*h

— =1 2D . 2.

O¢ L () (axz N 8axz) ox? dx (2:3)
The minimum energy state occurs when % .o = 0, thus

L 21 A2
0°h 0-S
D(x) === dx =0. 24

We model the variable stiffness of the SuTiT by considering a piece-wise
approximation of N sections from x;_; to x;. Each section is assumed to have
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constant stiffness D(x) = D;. Exploiting the symmetry of the SuTiT about
x = 0 and considering only the right-hand branch 0 < x < L, then (2.4) can
be approximated by

N—1
dx =0, (2.5)

1

D; JXM 0%7h; 9%S;
, «  Ox% 0x?
i=0 i

where xg = 0 and x5 = L. Integrating (2.5) by parts twice gives

N—1 Xi X4 i
oh, 025,17 03§71 Xkt %S,
ZD({&K} ‘{mw +J higa dx] =0 (26)

Applying the force F, to the ends of the tube to bend it towards a circular
shape results in a deformation S(x) described by (2.6) and

03Sn
ox3

= Fa, (2.7)

x=L

N

and if there is no bending moment at the end

0%Sn
Nox2

~0. (2.8)

x=L

Continuity in the zeroth and first derivatives in S(x) and h(x) at the knots
x ={x; | 1 # (0, N)}, requires that

dS; dS; .

Si(Xi) :Si+1(Xi), a = T_H y 1= ],...,N —1, (29)
oh; ohy .

i) =hia(a), =2 = axﬂ , i=1,...,N—=1, (2.10)

and to anchor the shape at the origin and impose symmetry, it is necessary
that

$(0) =0, (2.11)
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and (2.12)
0S

— =0. 2.1
x| = (2.13)

Since (2.6) must be true for all functions h(x), we require

Xit+1 a4$i
DiJ mde:O, i:‘l,...,N—1, (214)

and that the force and bending moments match at each knot, i.e.

%S, %S, .
D{EZ}:D”{7§F}”:L””N_L 219
and
63Si aSSiJH .
Di {ﬁ]x._Dm{ ox3 ] —0 tEheo Nl (210

Expanding the solution in each region of constant stiffness as a third-order
polynomial gives

3
Si(x) =) ciyx. (2.17)
j=0

This leads to a system of linear equations that must be solved for the co-
efficients ¢;; derived from conditions (2.7 — 2.13), (2.15) and (2.16). This
gives two conditions at i = 0 and 1 = N and the four conditions at each of
i=1,...,N—1. For example, if the plate is divided into three sections we
have 12 unknowns and require 12 equations. These come from the 8 continuity
equations for i = 1,2 and the two end conditions at each of x =0 and x = L.

The prototype SuTiT consists of five sections, as shown by the blue and black
regions in Figure 2.1. Since we are modelling only half of the tube using
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Figure 2.1: Geometry of the SuTiT in the relaxed state. x; and x, are the
locations of transitions from kerfed (blue) to pressed (black) regions, measured
from the centre of the SuTiT (line of symmetry). The stiffness coefficients of
the three regions are indicated.

symmetry, we only have three regions. The trough or U-shape is achieved
by cold presses at the bend, with kerfing at the edges and centre of the tube
providing flexibility. We consider three stiffness coefficients Dyy in the centre
kerfed region 0 < x < xq, D, for the cold-pressed region x; < x < x2, and
Dy, for the kerfed edge region x, < x < L. This allows different kerf patterns
to be used in the centre and edge regions. In this case we find the exact
solution:
S](X)> 0 <x<x,

S(x) =< Sa(x), x1 < x <%y (2.18)
S3(x), x <x <L
where . FL )
a 3 a + X1 —%X2 2
= 2.19
S] (X) 6Dkb ZDkb ) ( )
F. F.L F 1 1
S,(x) = e —(x1 —2L) 4+ —(x1 —2x, + 21) | x

~ 6, 20, 2 |D, Dy
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Thus, the resulting shape of the SuTiT after applying a small deformation
due to the force Fq is given by S;(x) = So(x) + S(x), where So(x) is the initial
shape before the deformation.

To compare the results of linear theory with observations, we digitised the
curves of SuTiT under various degrees of manual bending according to the
method detailed in the next section. The rest state obtained by this approach
is used as the initial shape So(x) for this analysis.

2.1 Digitising SuTiT curvature for comparison with the
mathematical model

For qualitative testing of the mathematical models developed in this paper,
having digital constructions of the curvature of the SuTiT liner is convenient.

Our process for digitising the curvature of the liner was as follows.

Step 1: Coat the bottom edge of the liner in acrylic paint such that the kerfed
and cold-pressed sections are blue and black, respectively.
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Step 2: Press the bottom edge of the liner onto a sheet of copy paper to create
an impression of the curvature.

Step 3: Photograph the impression using a standard mobile phone camera.
Step 4: Import the image into Webdigitizer (https://apps.automeris.io/wpd/).

Step 5: Using Webdigitizer, manually plot points marking the ends of the
curve, the transition points between the kerfed and pressed sections,
two midpoints along each kerfed section, and one midpoint along each
pressed section.

Step 6: Import the coordinates of these points into MATLAB and use the native
spline function to fit a curve.

The curvature was recorded under four conditions: rest state, partial closure
under manual effort, complete closure under manual effort, and complete
closure whilst within the external cylinder. Initial impressions are shown
in Figure 2.2 and the final MATLAB plots in Figure 2.3. Curvature vectors,
calculated by fitting a circle to the three neighbouring points (which is why
there is no curvature vector for the last points) were added to Figure 2.3. The
curvature vector for a point on a curve points to the centre of a circle best
approximating the curve near the point. The magnitude of the vector is the
curvature, which is the inverse of the circle’s radius. This figure clearly shows
the problem with the design. The curvature of the tube, even in the outer
tube, is near zero at the ends. Elsewhere, the curvature is close to constant,
showing the design is working well in those regions.

2.2 Results and Discussion

Using this model we applied a small deformation to the SuTiT in it’s resting
state to understand the effect of various parameter combinations. Comparison
of the linear results with the observed shape under manual bending (Figure 2.4)
demonstrates that this model is suitable to represent the resulting shape. The
manual bending of the SuTiT involves the application of a force that changes
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Figure 2.2: Prints created during step 2 of the digitisation process.

M65
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Figure 2.3: Plots created during step 6 of the digitisation process, with vectors
showing the magnitude and direction of the curvature.
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Figure 2.4: Resulting deformation of the SuTiT under an applied force
according to the linear theory, with x; = 143.089, x, = 594.37, F, = 0.00024,
Dy, = Dye = 119 and D, = 1440. The dashed lines show the rest state

(Figure 2.3a) and under partial closure (Figure 2.3b).

direction as it is bent. Consequently, linear theory with a uniform force
applied to the ends illustrates only the first stage of bending. Nevertheless,
this model illustrates several key properties of the SuTiT that are further
explored in Figures 2.5 and 2.6.

The flexibility of the SuTiT is due more to the stiffness of the base kerfed
region than the edge stiffness (Figure 2.5). Lower stiffness coefficients (Fig-
ure 2.5), and a wider base kerfed region (Figure 2.6A) both result in more
significant deviation from the rest state under the same applied force. Mini-
mal improvement is evident from a decreased edge stiffness (Figure 2.5B) or
increased width (Figure 2.6B) for this region. These results show that the near
linear shape observed on manually bending the SuTiT, see Figures 2.2 and 2.3,
cannot be overcome by changes in the stiffness or location of the kerfed regions.
This near linear region prevents the SuTiT from curving with the shape of
the outer tube, resulting in a pressure point in the centre of the trough at
x = 0. Modest increases to the stiffness at the edges may provide a more
robust inner tube that is less prone to fracture without unduly decreasing
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Figure 2.5: Deformation under an applied force for different values of the
stiffness coefficients with fixed kerfed and pressed area lengths: x; = 0.2,
x; = 0.6, D, =2, L =1, and F = —0.001. (A) varying edge stiffness
Dy, = 0.01; (B) varying base stiffness Dy, = 0.01.

the flexibility of the tube.

These results suggest that improvements to the flexibility can best be achieved
either by increasing the proportion of the tube circumference occupied by
the kerfed region at the base, that is increasing x;, or by using a finer kerf
pattern to decrease the stiffness Dy, through the base.
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Figure 2.6: Deformation under an applied force for different lengths of the
kerfing sections. The red dot indicates the edge of the base kerfing, and
the blue dot indicates the start of the edge kerfing. (A) fixed edge kerfing
length: x, = 0.6 with x; varying; (B) fixed base kerfing length: x; = 0.2
with x, varying; (C) fixed pressed region length: x, = x; + 0.3. All plots use

F=—0.001,L=1,D, =2, and Dy, = Dy, = 0.01.
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3 A variational model for metal folding

The elastic deformation of a steel sheet after an initial plastic deformation
can be modelled. Define a three dimensional Cartesian space with orthogonal
basis coordinates (x,y,z), and assume that the steel begins as a flat sheet in
the xz-plane with initial dimensions 0 < x < L, and 0 < z < M. The plastic
and elastic deformations are assumed to produce a shape with translational
symmetry in the z-direction, so that it is only necessary to consider the profile
(plane curve) in the xy-plane.

After the initial plastic deformation, the sheet is assumed to have a prescribed
shape given by x = (x0(s),yo(s)), where s is arc length. In this section x
and Yo are functions of the arclength that describe the shape of the deformed
steel sheet in the xy-plane. This usage of these variables is distinct from the
use of these symbols elsewhere in this report. Denote the signed curvature
of x in the xy-plane by ko(s). This can be calculated from a given shape by
estimating the first and second derivatives of xy and yo with respect to s, so
that

ko(s) = xoYo — XoYo, (3.1)
where dots denote differentiation with respect to s.

The other major material component of the model is the rigidity of the steel
sheet. Assume an initial rigidity given by Ygieel, but note that the steel sheet
is also decorated with kerfing patterns that modify the rigidity. Therefore,
the material has a variable rigidity y(s) where y depends on the arc length,
s, due to the kerfing of the sheet. An example of y(s) is a periodic cosine
function, which we adopt in Section 3.3 to demonstrate the results of the
modelling.
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3.1 Model

The elastic energy per unit length (in the z-direction) for the elastic deforma-
tion is given by the integral,

L
E= L ¥(s) (K(s) — Ko(s))? ds, (3.2)

where k denotes the signed curvature of the deformed curve. The calculus of
variations can be used to determine the plane curve that gives a minimum
value for (3.2).

The post-deformation curve can be parameterised using standard plane polar
coordinates (r(s), 0(s)), where again r and 0 are functions of the arc length, s.
In this form the signed curvature k(s) is given by

k(s) = r(0 — ¥0) + 8(1 + 7). (3.3)

We expect a curve that is approximately circular and thus adopt the endpoint
conditions r(0) = r(L) = L/(2m), 6(0) = 0, and O(L) = 27t. Furthermore,
assume the slope of the curve at the endpoints is vertical and therefore
#(0) = #(L) = 0, and 6(0) = 6(L) = 27t/L.

The arc length parameterisation provides the identity,

41707 =1, (3.4)

and assuming the curve is roughly circular then 8 > 0 and + < 1, and from

(3.4),

0= , (3.5)
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Substituting (3.5) and (3.6) into (3.3) leads to
(12 —1F —1) (14121 — 12
k(s) = — V1 =12+ . 3.7

Since T < 1, a Maclaurin series for k(s) in terms of 1 can be obtained as,

k(s) :%—f—% GH) 4 O(F). (3.8)

Note that (3.8), although easier to work with than (3.3), will not lead to a
tractable Euler-Lagrange equation. Therefore, we consider an approximation
to the signed-curvature based on the expectation of an almost circular solution
curve.

3.2 Approximation for curvature

Since the resultant curve is expected to be close to circular, it is reasonable
to assume that the x and y coordinates take the form,

x =71(s)cos(0(s)), y=r(s)sin(6(s)),

and note that if the curve is a circle, r(s) = 1y and 0(s) = s/1y. Adding small
perturbations to these functions, denoted by ery(s), and u6;(s), then

T(s) =10+ eri(s) + O(e?),
0(s) = :—0 + B4 (s) + O (),

where 1y = L/(27) is the ideal circular radius for a curve of length L, and
€, L < 1. Differentiating with respect to s leads to

T =e€r;, T =§€f, 9=T——|—u91, 0 = udy, (3.9)
0
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and hence from (3.4),
T\
€2f12 + (1o + €1’])2 (T‘_ + u91) =1. (310)
0
Expanding and retaining only terms up to first order in € and p, gives
2 . 2 2
T+ e 1+ u2rods + Oe’,p’yen) =1,
0
which leads to the approximate identity,
uby = —e2, (3.11)
o
and hence,
1 T
0=——€e— 3.12
Lo 312
T
0
Employing (3.12) and (3.13) in the signed curvature (3.3), k(s) becomes
1
K(s) = — — et — e¥) + O(€2). (3.14)
To TO
Thus, in terms of the original function r and the constant 1y,
2 1 .
k%ro—%T—Y, (315)

: 2 1 :
E= L v(s) L—O — r_ér — ¥ —Kko(s)| ds. (3.16)
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Recalling that ry = L/(271) and rescaling the problem such that S = s/,
R(S) = T/T‘o, F(S) = 'Y/T‘o and Ko(S) = Toko —2, then

27t
E :J F(S) [R”(S) + R(S) + Ko(S)]* dS, (3.17)
0

with
R(0) =R(2t) =1, R’(0) =R’'(2n) =0, (3.18)

where primes denote differentiation with respect to S. Note that ©(S) = 0(s)
has not been scaled, but the notation is adopted for consistency. Using
T = 1o+ ery gives R = 1+ er /1 and (3.5), gives @ = 1 — er/7y and
therefore the relationship

Q' =2—R, (3.19)

can be used to determine ©(S). Assuming that R remains in an e-neighbourhood
of 1, then the initial condition @(0) = 0 should lead to @(27) ~ 27, although
it is not possible to impose this end condition.

In order to derive the Euler-Lagrange equation for this problem, note that
the scaled integrand from (3.17) is given by

F(S,R,R’,R") =T(S)[R"(S) + R(S) + Ko(S)I?, (3.20)
which has the property that
OoF OF
= = (S)RV(S) + R(S) + Ko(S)) (3:21)
and therefore the Euler-Lagrange equation is of the form
Q"+ 0 =0, (3.22)

where @ (S) =T(S)[R”(S) + R(S) + Ko(S)]. Putting to one side trivial cases
(that should not apply in this case), it is possible to integrate (3.22) twice
and derive the second-order equation

R”(S) + R(S) = ﬁ((ﬁ cosS + C;ysinS) — Ky (S), (3.23)
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where C; and C, are arbitrary constants of integration. Further progress
depends on the form of T'(S) and Ky(S), which determine the particular
solution of (3.23). Finally, note that in dimensional variables (3.23) is given
by

. 4 1 27s . {2ms 47t

T+ Fr = m {Q oS (T) + Cysin (T)} + T ko(s), (3.24)

for which a solution can be written down involving integrals via the method
of variation of parameters. However, the utility of that exercise depends on
whether the resulting integrals are tractable, which again depends on the
form of T'(S) and Ky(S).

3.3 Results

To demonstrate a solution obtained from this approximate model, consider the
case of constant rigidity and initial curvature given by the trimodal function

1
Ko(S) =—1+ > cos 3S.
Imposing the boundary conditions R(0) = R(27t) = 0, gives
1 3 ) .
R(S) =1+ E(COS3S —cosS)+ | C4— 1 Ssin S+ C,sin S.

Choosing C4 = 3/4 to remove the secular term and C; = 0 so that R'(0) =
R’(2m) =0, gives

1
R(S) =1+ E(COS 3S —cosS). (3.25)

Using this value of R and ©(0) =0 in (3.19) gives in this case,

O(S) =S+ 1]—2 sin® S. (3.26)
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T
2

Figure 3.1: Solution of nondimensionalised problem with constant I' and
trimodal Ko(S) inputs.

A plot of this solution is shown in Figure 3.1.

Note that Figure 3.1 is only to demonstrate an example of using the model
and that the figure does not match the configuration shown in Figure 2.2d.
In order to use this model for the SuTiT, further study would be required to
determine appropriate choices for I'(S) and Ky(S), which in turn depend on
the kerfing pattern.

4 A static equilibrium model of kerfing
patterns under stress
To understand the forces through the kerfing pattern as the liner is bent into

the tube, it is necessary to develop a simplified static equilibrium model of
kerfing patterns under stress. The kerfing pattern is modelled as a series of
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beams connected at nodes, see Figure 4.1. Let the x direction be the long
edge of the SuTiT, with the positive direction being to the right, and the y
direction be the short edge, with the positive direction being away from the
short edge. Let an arbitrary node be given by (i,j) where i is the x index
and j is the y index, and the angle between the nodes (i,j) and (i,j + 1) be
given by ¢. Also assume that there are only angles in the y-direction and
that all angles are the same, i.e. all lines in the x direction run parallel to
the long edge and all lines in the y-direction are parallel. Finally, denote the

force along the beam between nodes (i,j) and (1,j +1) as f;;, 1

(i+1,)

Figure 4.1: Method of static equilibrium. The force occurring over the bridge
is increased proportional to the angle between bridges. If the bridges are
offset a twisting force is induced.

In this model, a force, F, is applied evenly to the nodes on the long edge
of the SuTiT in order to bend and hold it in shape. As the SuTiT is at
equilibrium, the force at each node must equal zero in both the x and y
directions. Therefore, the forces at a node in the x-direction in the first row
and an arbitrary node j > 1 are,

(L1 o fiy, —fia, —fi1cosd =0,

1—7, 1+7,]
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(1,7) :fif%’j—f f-.f%cosd)—f-ﬁ%cosd):o,

i+%,j N i
and similarly, for the y-direction,

(1) tF—fy, sin =0,
(1,j) «fy_1sind —fy;,1sinp =0.
The forces along beams in the y-direction are therefore
F
BT Sind — 1= sin g’

and the forces along the beams in the x-direction are

£, g 2Fcosd)

A — .
=733 1+35) Sin d)

This model shows that the angle between successive bridges, ¢, is vital for
minimising the stress at the connection points, which have been observed to
fracture. Bridges arranged in lines at an angle to the applied force experience
a twisting force, increasing their fracture risk. To counter this, bridges should
be arranged in lines perpendicular to the applied force, that is, parallel to the
short axis of the SuTiT, although this will make the SuTiT slightly harder to
bend.

5 Elasticity model

The combined linear elastic-plasticity problem of deforming a thin rectangular
sheet of metal to an almost complete circular cylindrical tube is unsolved
because it involves a complicated coupling of the displacement and stress
boundary-value problems. Even the linear elastic problem in isolation remains
unsolved, and the best that might be expected is to obtain a stress field
that is approximately consistent with the major deformation characteristics,
and this is the problem that is attempted in this section. A linear elastic
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-

Figure 5.1: Cross section of an almost completed circular cylinder.

stress field that is compatible with the expected deformation is obtained
and used to investigate the possible stress boundary-value problems. The
interesting aspect of the analysis arises from the assumption that there is
no circumferential extension, which singles out stress fields that do not arise
from a classical linear elastic analysis.

Suppose that a long thin rectangular metal plate of width 27ta has as its
original configuration that of an almost complete circular cylinder, the cross-
section of which is shown in Figure 5.1. Consider the linear elastic problem
of deformation to a complete right circular cylinder with the additional
assumptions,

.

ii.

1il.

1v.

the problem may be viewed as one of plane strain,

the plate is sufficiently thin so that any boundary conditions apply
along the single curve r = a,

the x-axis is a line of symmetry,

there is no circumferential extension,

. the point-wise stress boundary condition of an applied all-round uniform
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pressure may be approximated by averages over the upper and lower
area.

Assumption (iv) implies that with original and final coordinates (r,0) and
(r',0") respectively, then inextensibility along the circumference gives

r'de’ = rade,
and therefore assuming that
T =r+u(r,0), 0 =0+v(r,0), (5.1)
gives
rd0 = (r+u(r,0))(d0 + dv(r,0)), (5.2)

or to first order,

udo +r <a—dr + a—d6> =0.

0 00
Along r = q,
__0v(r,0)
u(r,0) =—r 30 (5.3)

noting that in linear elasticity there is no essential difference between un-
deformed and deformed coordinates and that (5.3) provides an important
simplification.

The general plane strain equations (Fung [1]) for stresses and strains are,

ou ov 1 /10u
Errzg, 899_%4—— 31*9:2( ae—l—T’V), (54)

noting that Fung [1] uses the physical displacements &, =u and & = rv. In
plane strain,

€ = (1 _EV) {“ —V)Grr—VUee}>
g = (1 +V) {(1 —V)Gee _VGrr}, (55)
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(T+v)
E

where E is Young’s modulus and v is Poisson’s ratio. Further, the stress
equilibrium equations with no body forces are,

o(ro)

&g = Oroy

aO'TQ

or 30 — Ogp = 0, (56)
19(r%0y9)  00ps
o or 0 (5.7)

Denoting A = 0y, B = 0,9 and C = 09 then from (5.3), ego = 0 and so

(1 —v)C = vA and the relations (5.4) and (5.5) give
ou  (T+v)(1—2v)
oar  E(1—v) ’ (58)
1 ou  2(1+v)
5=t B-m™ (5.9)
and from (5.6) and (5.7),
A (1—2v). 0B
4 =7 — = q
rar+ (1—V)A+69 0, (5.10)
0B v 0A
— 4B+ — = :
oy T+ 73708 =0 (5.11)

which can be solved as two equations for the unknowns A and B. Multiplying
the first equation by v/(1 — v) and differentiating with respect to 0 to

eliminate A, gives

0 [ 0B
— 2B
"o { or * }

which becomes
2

(1—v)r? 20°8 + (4 — 5\/)1‘%—8 +2(1—2v)B—v— =0.

or?

(1—2v)
(1—v)

0B v 0’B
2B — = 12
{ or " } (1 —+v) 002 0, (512)
2
0B (5.13)

002
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This can be simplified to give

(1—+v) (TZB)Tr — % (rzB)T — vBgo =0, (5.14)
or with D = 1B, N v
(1 — V)Drr — —Dr — —ZDee =0. (515)
T T
Introducing the notation 3 = v/(1 — v) then (5.15) becomes
5 5
Dy — =D, — 5D = 0, (5.16)

where since 0 < v < 1/2, it is true that 0 < 3 < 1.

Equation (5.16), has a separable solution of the form D(r,0) = F(r)G(0),
which upon substitution leads to

2 B G"(0)

e (5.17)
so that G” + A*’G = 0 and G(0) = sinAf. Substituting F(r) = ™, then
m? — (B4 1)m+ BA? =0, and

o (B+1):I:\/(§+1)2—4(57\2'

If A =n (an integer) then for 0 < < 1, only n = 1 produces two real roots.
For n > 2 we have

(5.18)

m1:%([3+1)—|—im, m2:%(6+1)—im, (5.19)

where

m= % [4pn* — (B + 1)2}1/2. (5.20)

Ifn=1,m =1, m; = and o,9(a,0) =0 then

D 28
0o =B=—=C, [% . (%) } sin 0, (5.21)
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and for general n, o.9(a,0) = 0 gives
0o =B = — = Cprz(Bt1-2gjp (mlog(r/a)) sinné. (5.22)

Now it is possible to determine A = o, from (5.11),

A 10D

o2 2
00 Br or’ (5.23)

and thus for n =1,

on == (2) = (8)eone, (5.21)

while for general n > 1,

Oy =A=— Cn r(B=3)/ {(B—Z’_ )Sln [mlog (2)} + mcos [mlog (%ﬂ}cosne.

Bn
(5.25)
Assuming a constant all-round pressure P along r = a, the point-wise bound-
ary condition is 0,+(a,0) = —P, then for the Fourier cosine series
A G 0 4 1)21"2 0—_P
o+Bz( ) cos +Z [4pn* — (B +1)?] " cosnb = —P,
(5.26)
the coefficients are,
‘I Tt
Ay = ——J Pd® = —P, (5.27)
Tt Jo
2 (" 2 inng|"
A, = ——J P cosn0d0 = — =P Fm“ } —0, (5.28)
7 Jo T no|,

o

for 70 + Z A, cosnB, and therefore with this particular solution, we cannot
n=1

represent a constant all-round applied pressure with a non-trivial Fourier
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cosine series. However, we exploit the solution for n = 1 to determine an
approximate solution for which an average replaces the point-wise pressure
boundary condition, namely

J or(a,0)sinfadd = J Psin0add = 2Paq, (5.29)
0 0

and for A =n =1, it is necessary that v(a,0) = v(a,27m) =0, and then the
stronger pressure boundary condition can be satisfied by

J o.r(a,0)sin0ado =J Psin0ad6 = Pa(1 — cos «), (5.30)
0 0

for arbitrary angle «.

In summary, for the single term approximate solution arising from A =n =1,
with m; =1 and m, = 3, where p = v/(1 —v), there are two constants C;
and C, that are determined by o,9(a,0) = 0, while the point-wise condition
on 0,,(a,0) is replaced by the above average requirement (5.30). The final
stresses and displacements are then given by

B
. 28] sin@
oo =F {%‘(%) ] (1Si[3)’

ogo = P* {E —B (%)2_[3} _cos9

T (1-p)
and
(1 +7)aP* T B ay 1B B
u(r,0) = T{{bg (a) —l—q <?) } cose—l—q},
B (1+71)aP* T B a\1-B] sin® B(6 — m)
v(r,G)———EB Hlog(a)nL—]_B(?) } - + T3 },

where P* = 3P/ cos «, and the additive constants are chosen so that w(a, ) =
v(a, ) =0.
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The general linear elastic solution arises as a solution of the bi-harmonic
equation, usually in cylindrical polar coordinates. The above approximate
solution is interesting because solutions involving ® are not embodied directly
in the general solution, and it arises as a consequence of the circumferential
inextensibility of the tube.

6 Conclusions

Several models have been proposed and implemented to study the design of
the inner tube in the core sampler. As a result of this work it is the conclusion
of the study group that the strength and durability of the SuTiT could be
improved by exploring the following:

e The kerfed region at the edges results in a near-linear shape while adding
little to the tube’s flexibility. CarbonPump should consider increasing
the width of the kerfed region at the base and use cold presses to obtain
the circular shape.

e Bridges arranged in lines at an angle to the applied force introduce a
twisting force at the bridges. CarbonPump should consider using kerf
patterns where the bridges are perpendicular to the applied force.

e A trade-off exists between flexibility and strength. CarbonPump should
seek to minimise the amount of material removed (number of cuts) to
achieve no more flexibility than required. Our models suggest a laser
cut length reduction of 50% will maintain appropriate elasticity for
outer tube insertion and reduce manufacturing costs.
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