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Finite element modelling of the interphase
region on the mechanical behaviour of a
composite containing micrometer sized

spherical particles
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Abstract

When a particle or filler is embedded into a polymer matrix, a third
region is generated between the filler and matrix due to their chemical
reaction between. This region is known as the interphase region. The
properties of the interphase are affected by the material properties of
the particles and the polymer matrix as well as the volume fraction
of the composite. We implement the interphase mathematical model
into the finite element method algorithm to investigate the effect of the
interphase region on the deformation behaviour of the composite. The
properties of the interphase at the matrix boundary are assumed to be
smooth and continuous, while discontinuous at the particle boundary.
The finite element algorithm employs Galerkin weak formulation with
quadratic shape functions. The displacement, strain and stress of
the composite are calculated along the radial axis originated from the
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centre of a particle. The finite element modelling results are presented.
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1 Introduction

Adding fillers to a polymer matrix was only meant to decrease the price
of the product. However, soon it was discovered that the properties of the
resultant composite altered significantly from the properties of the matrix
polymer, such as flame retardancy [5], improved overall composite proper-
ties, decreased specific heat, increased heat conductivity, increased stiffness
properties and strength [1, 5].

The overall properties of a particle-reinforced composite are difficult to de-
termine due to the complex bonding between the filler and matrix. In some
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research a nonrealistic perfect bonding between the filler and matrix was as-
sumed [6, 9]. A third region, the interphase, is generated when fillers are
added to a polymer matrix. The effects of the interphase on the overall
properties of the composite include changing the elastic properties [1, 3],
thermal expansion coefficient [4] and stress and strain behaviors [8]. In the
authors’ previous work [1, 7], an interphase mathematical model was estab-
lished based on a one dimensional, three phase, composite model. The math-
ematical model describes the properties and behaviour of the inhomogeneous
interphase region between a spherical micrometer sized particle and a poly-
mer matrix. Using the interphase mathematical model, the shear modulus
and Young’s modulus were calculated and compared well with experimental
results.

The one dimensional interphase mathematical model is implemented into
the Finite Element Method (fem) algorithm based on the Galerkin Weak
formulation with quadratic shape functions. The displacement, strain and
stress distributions in the composite were obtained and presented.

2 The interphase model

The model of a representative portion of a three phase composite is shown in
Figure 1(a). When a spherical filler of radius rf is added to a polymer matrix,
an annular interphase region with the inner radius rf and outer radius ri is
created between the filler and the polymer matrix, of which the outer radius
is rm (Figure 1(a)). The material properties of the filler and polymer ma-
trix, such as the Young’s Modulus, Poison ratios and coefficients of thermal
expansion, are isotropic and of different constant values. However, the prop-
erties of the interphase region are inhomogeneous [2, 4] and some functions
of the spatial variable r (rf 6 r 6 ri). The rate of change of an interphase
property at the boundary of the filler side is non-smooth and discontinuous;
while at the matrix side is smooth and continuous. Letting Fint(r) represent a
property of the interphase region, the smooth nature of Fint(r) at the bound-
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Figure 1: Three phase spherical filler composite.

ary of the polymer matrix side gives dFint(ri)/dr = 0 . Thus, we defined the
governing equation of the interphase for the property [1]

dFint(r)

dr
= Arη(ri − r)e

γr, r ∈ [rf, ri], (1)

where parameters η and γ are arbitrary integers, and for simplicity, η = 1

and γ = 1 were chosen [1]. The boundary conditions for equation (1) are

Fint(rf) = kFf, Fint(ri) = Fm, (2)

where Ff is a property of the filler; Fm is a property of the polymer matrix;
and k is a positive constant. A property of the composite is discontinuous
at the boundary of the filler and interphase except for k = 1 , for which it
is continuous as Fint(r) = Ff . Using the ratio J = Fint(rf)/Fm to describe the
state of discontinuity at the boundary of the filler and interphase [4], for a
given J, the value of k = J · Fm/Ff . The arbitrary constant A in equation (1)
is determined once the state of discontinuity at the boundary of the filler and
interphase is defined.
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Solving equation (1) subject to the boundary conditions (2), the following
solution is obtained

Fint(r) = A{e
r
[
−r2 + (ri + 2)(r− 1)

]
+ eri(2− ri)}+ Fm, r ∈ [rf, rm], (3)

where

A =
kFf − Fm

erf [−r2f + (ri + 2)(rf − 1)] + eri(2− ri)
.

Equation (3) describes a property of the interphase region as a function of
the spatial variable r.

3 Formulation of displacement field

The three phase composite model is analysed in the spherical polar coor-
dinates (r, θ,φ) shown in Figure 1(b). Suppose that, by some means, the
composite is deformed so that its points undergo displacement. Let the dis-
placement of an arbitrary point be ~u = (ur,uθ,uφ) referred to axes r, θ
and φ, respectively. When the temperature is constant and deformation is
spherically symmetric, the displacement of the composite is independent of θ
and φ. The strain ε is

εr =
dur

dr
, εθ = εφ =

ur

r
, εθφ = εφr = εrθ = 0, (4)

where εr, εθ and εφ are the normal strains and εθφ, εφr and εrθ are the shear
strains. Consequently, the stress is determined from Hooke’s law:

σθφ = σrφ = σrθ = 0,

σr =
E

(1+ ν)(1− 2ν)
[(1− ν)εr + νεθ + νεφ] , (5)

σθ = σφ =
E

(1+ ν)(1− 2ν)
[εθ + νεr] ,
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where σr, σθ and σφ are the axial stresses, while σθφ, σφr and σrθ are the shear
stresses. E and ν are the Young’s modulus and Poison ratio, respectively.

Substituting equation (4) into equation (5) gives the stress in terms of dis-
placement in the radial direction only

σr = X
dur

dr
+ Y

ur

r
, σθ = Z

dur

dr
+W

ur

r
,

where

X = Xω =
(1− νω)Eω

(1+ νω)(1− 2νω)
, Y = Yω =

2νωEω

(1+ νω)(1− 2νω)
,

W =Wω =
Xω

1− νω
, Z = Zω =

Yω

2
for ω = f, i,m .

Note that the material properties of the filler and polymer matrix Ef, Em, µf
and µm are known constants, while the Young’s modulus and Poison ratios of
the interphase Ei and µi are the variables of r and determined by equation (3).

The equilibrium equation for the stress distribution of the composite is

d

dr

(
X
dur

dr

)
+
d

dr

(
Y
ur

r

)
+
2(X− Z)

r

dur

dr
+
2(Y −W)

r2
ur = 0, (6)

ur(0) = 0, ur(rm) = ε̄rm.

4 The finite element algorithm

The interphase mathematical model is implemented into the fem algorithm
to calculate the displacement along the radial axis (r direction). We dis-
cretize the r domain into N quadratic elements with a total nodal number
of 2N + 1 , Taking the piecewise quadratic functions ψp(r) as the weighting
functions and rp the nodal coordinate of the corresponding node p, the weak
formulation of equation (6) is
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∫ r2N+1

r1

[
d

dr

(
X
dur

dr

)
+
d

dr

(
Y
ur

r

)
+
2(X− Z)

r

dur

dr

+
2(Y −W)

r2
ur

]
ψp(r) dr = 0, (7)

for p = 1, 2, . . . , 2N + 1 . Considering the essential boundary conditions at
both ends, we simplify equation (7) by integrating by parts to obtain∫ r2N+1

r1

[(
2(X− Z)

r

dur

dr
+
2(Y −W)

r2
ur

)
ψp(r)

−

(
X
dur

dr
+ Y

ur

r

)
dψp(r)

dr

]
dr = 0. (8)

The approximate solution is assumed to be ur =
∑2N+1

q=1 Uqψq(r) where Uq
(q = 1, 2, . . . , 2N + 1) are the nodal displacements. Substituting into equa-
tion (8) yields the following set of discretised equations

Mp,qUq = Lp for p,q = 1, 2, . . . , 2N+ 1, (9)

where

Mp,q =

∫ r2N+1

r1

[(
2(X− Z)

r

dψq(r)

dr
+
2(Y −W)

r2
ψq(r)

)
ψp(r)

−

(
X
dψq(r)

dr
+
Y

r
ψq(r)

)
dψp(r)

dr

]
dr

and

Lp =

{
0, if p 6= 2N+ 1,

ε̄rm, if p = 2N+ 1.

Note that the regions of the filler, interphase and matrix are discretised
into n, m and l elements with the equal length h1 = rf/n , h2 = (ri − rf)/m
and h3 = (rm − ri)/l in each region, respectively.

The axial strain and axial stress are found using εr = ∂ur/∂r and σ = Eε ,
once equation (9) is solved for the displacement.
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Table 1: Young’s modulus and Poison ratio for E-glass and bisgma/
tegdma epoxy

Property E-glass filler bisgma/tegdma epoxy
Young’s modulus E (GPa) 75 1.7
Poison ratio ν 0.24 0.35

5 Result and discussion

5.1 Material properties

The biocompatible composite, E-glass particle reinforced bisgma/tegdma
epoxy, is used in the present study [1, 6]. The average diameter of the E-
glass particles is 2.6µm. The Young’s moduli and Poison ratios of the E glass
particles and the bisgma/tegdma polymers are listed in Table 1. According
to these properties, the average thickness of the interphase is 2.4% of the
radius of the filler [1, 6]. For an iso-displacement loading, a small strain of
ε̄ = 0.1% is used [6].

5.2 Results and discussions

Figures 2(a) and 2(b) show the variations of Young’s modulus and Poison
ratio over the interphase region for different J values. The volume fraction
of the filler is assumed as 20%. When J > 1 , the Young’s modulus of the
interphase decreases moving away from the particle, while the Poison ratio
increases. When J < 1 , the Young’s modulus only increases slightly but
the Poison ratio increases rapidly. In both cases, the Young’s modulus and
Poison ratio are continuous and smoothly merge with the polymer matrix.

Figures 3(a) and 3(b) show the normalized radial displacement ur/u(rm)
versus the normalized radial distance r/rm from the centre of the filler to
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(a) Young’s modulus

(b) Poison ratio

Figure 2: Variations of Young’s modulus (a) and Poison ratio (b) over the
interphase region. Interphase thickness 2.4%
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(a) Volume fraction of fillers: 20%

(b) Volume fraction of fillers: 40%

Figure 3: Normalised radial displacement against radial distance.
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the outer surface of the matrix for the volume fractions 20% and 40%, re-
spectively. Figure 3(a) shows that the displacement is independent of r in
the filler region, though an increase of the J value results in a slight decrease
of the displacement. In the interphase region, the displacement becomes a
function of r and it increases more significantly for the cases of J < 1 . The
displacement is continuous at both boundaries of the filler-interphase and
interphase-matrix regardless of the J value. However, the displacement at
the boundary of the filler and interphase is non-smooth, while smooth at the
interphase-matrix boundary. Only for the case of J = Ff/Fm , the displace-
ment is continuous and smooth at both boundaries of the filler-interphase
and interphase-matrix. Figures 3(a) and 3(b) also show that the volume
fraction of fillers of a composite has a great influence on the displacement
in the composite. The larger the volume fraction of fillers is, the greater
increase in the magnitude of displacement.

Figures 4(a) and 4(b) show the strain variations in the composite for volume
fractions of 20% and 40%. The strain is normalized to the strain at the
outer surface of the matrix ε/εm. The strain in the filler region is small for
all J. However, the strain distribution in the interphase region is strongly
influenced by the value of J. When J > 1 , the strain decreases rapidly as
r increases, while the strain increases slowly with J < 1 . The strain at the
filler-interphase boundary is discontinuous for all values of J except the case of
J = Ff/Fm , for which the strain seems continuous and smooth. The graphs
also show the strain is least in the filler region. The results of the stress
distribution in a composite are presented in Figures 5(a) and 5(b). As shown
in Figure 5(a), the stresses in the filler region and matrix region are constants
of different values, higher magnitudes in the filler region. At the boundary of
filler and interphase, stresses are discontinuous for all the values of J except
the case of J = Ff/Fm . The magnitude of the stress decreases as r increases
towards the boundary of the interphase and matrix. Figure 5(b) presents the
stress distribution when the volume fraction is increased to 40%. Overall,
the stress behaves similar to the case in Figure 5(a) but the magnitudes of
the stress are decreased.
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(a) Volume fraction of fillers 20%

(b) Volume fraction of fillers 40%

Figure 4: Normalised radial strain against radial distance.
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(a) Volume filler fraction 20%

(b) Volume filler fraction 40%

Figure 5: Normalized radial stress against radial distance.
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6 Conclusion

The new mathematical model describing a property of the interphase be-
tween a spherical particle and polymer matrix provides a good solution for
predicting the mechanical properties of a composite.

The Young’s modulus and Poison ratio vary over the interphase region as the
state of discontinuity varies, measured by the J values. Overall, the Young’s
modulus of the composite decreases as the J value increases, while Poison
ratio increases.

The fem solution of the mathematical model provides a good prediction of
the variation of displacement, strain and stress along the radial axis over the
interphase region at different states of discontinuity.

The increase of the volume fraction of the filler results in decrease of the
strain and stress, and increase of the displacement in the composite.
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