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Abstract

The Navier—Stokes equations may be discretised using finite-volume
schemes on non-staggered or on staggered grids. Non-staggered grid
schemes typically require a derivation that leads to an error in the
divergence to prevent the occurrence of oscillations in the pressure field
with accompanying problems in integration. The staggered grid does
not have the problem of pressure oscillations; however, this is at the
expense of increased code complexity. Two standard non-staggered
schemes are compared to a modified scheme in which the divergence
error does not occur.
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1 Introduction

Non-staggered grids store all the unknowns at the same locations, as shown
in Figure 1 where both non-staggered and staggered grid configurations are
shown. In the past, many non-staggered grid Navier—Stokes solvers have been
found to suffer from grid-scale oscillations in the pressure field that adversely
affect their performance [1]. A number of approaches prevent the pressure
oscillations, all of which effectively modify the continuity equation by the
inclusion of a biharmonic pressure term [1, 2, 3, 4, 5]. Such an approach
removes the problem of pressure oscillations at the expense of the divergence
error associated with the inclusion of the biharmonic operator. These schemes
were all derived in the context of iterative solvers.

Staggered grid schemes automatically couple the grid scale pressure to the
remainder of the solution, and thus do not suffer from the problem of pressure
oscillation [1]. Figure 1 shows the layout of the standard staggered grid,
where the velocities are stored at locations offset from the pressure storage
locations in their respective directions. The staggered scheme does have a
number of disadvantages when compared to the non-staggered scheme. Each
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FIGURE 1: Non-staggered grid (left), staggered grid (right).

of the velocity components and the pressure have separate control volumes,
leading to more complex coding, and additional interpolations are needed to
obtain quantities on control volume boundaries.

Fractional step, non-iterative, non-staggered grid Navier—Stokes solvers typi-
cally use a compact discretisation for the pressure correction Poisson’s equa-
tion, leading to an error in the divergence equation, similar to that of the
iterative solvers cited above, that is independent of the accuracy of the so-
lution of the Poisson’s equation. The use of a sparse discretisation for the
Poisson’s equation will theoretically ensure a divergence free velocity field,
but the accumulation of grid scale error in the pressure field can degrade
the performance of the scheme. A sparse Poisson’s equation is used to solve
for the full pressure field, rather than the pressure correction field, thereby
preventing the accumulation of grid scale error in the pressure field. This
approach is shown to work well, and allows the effect of the divergence error
in the compact approach to be studied. The performance of the schemes is
examined in the context of turbulent duct flow.
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2 Method

Two non-staggered grid schemes are presented below. The standard staggered
grid scheme is similiar and the differences are noted. The governing equations
are the three-dimensional Navier—Stokes equations

1
w4 (u-Vju= —VP+§VZLL, (1)

V-u=0, (2)

where u is the velocity, P the kinematic pressure and Re the Reynolds number.
The Reynolds number is defined as Re = UH/2v with U the mean friction
velocity and H the duct height.

Equations (1) and (2) are discretised in time using second-order Adams—
Bashforth for the advective terms and Crank—Nicolson for the diffusive terms.
For the momentum and continuity equations this gives the system

ytl —yn 3 1

1
s n—1 —_ n+1/2 n+1 n
At 3 2A(v ) Gp +—2Rel_(v +v'), (3)

DV =0, (4)

where (v, p) are the discrete velocity and pressure respectively, A is the discrete
advection operator, G the discrete gradient, L the discrete Laplace operator,
and D the discrete divergence. Standard second order, central difference,
discretisations are used for the operators A, G, L and D. Equation (3) is
a second order in time representation of equation (1) at the n + 1/2 time
location.

Fractional-step methods integrate equations (3) and (4) in a segregated
manner; that is, the momentum equations are first solved for the velocity, and
some form of Poisson’s equation is then solved for the pressure. The Poisson’s
equation is constructed from the momentum equation and the continuity
equation and, as well as providing the pressure, acts to enforce continuity.
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In the standard method equation (3) is solved, using the best current value
for p, to obtain v*, an approximation to v**!, that is
vi—yt 3 1

AV — A (VYN — —epn1/2
A [GAM) = ZAL) Gp™ 2+

Z_RBL(V* +Vn), (5)

where the n—1/2 time-level pressure is that obtained at the previous time step.
This approximate velocity will not initially satisfy continuity. A correction is
then applied of the form

VT = v* — AtGT, (6)

where 7t is a pressure correction, such that the resulting v**' does satisfy
continuity. An equation for 7t is constructed by substituting equation (6) into
the continuity equation (4), to give

Lt = Dv* /At (7)

where L = DG, and the discrete form of L used in this equation is discussed
below.

Once the correction 7t is obtained, the pressure is updated as
an/z — p7171/2 4. (8)

The v* field is then corrected as above and the integration continues to the
next time step.

2.1 Divergence error

On a non-staggered grid using the standard approach the discrete Poisson’s
equation for 7t is

7 2 i1 AT 2 i
) )
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1 /U120 —i-1/20 V2 12\t
( i ) | (9)

T At Ax Ay

where to clarify the discussion the equation is written in two dimensional (x,y)
coordinate form with U and V the x and y components of velocity. This
Poisson’s equation is constructed by discretising the continuous form of
equation (7) using centred, second order, discretisations. On the non-staggered
grid the .*£1/2 and J*'2 values are obtained by linear interpolation from
the nodal values. On the staggered grid these values are available and no
interpolation is required.

The use of the compact discretisation, given in equation (9), introduces an
error into continuity for the non-staggered scheme, which may be seen by
substituting the corrected form of the velocity into the continuity equation.
In this case

2Ax
ui+1,j,n+1 +ui,j,n+1
),

1 P14
.. .. ) —
ijn+1 1,j*

ubint =y —At(— ,

i+1/2jn+1
u —

and similarly for the other terms, giving

(ui+1/2,j LUV A2 12\ v
+ )

Ax Ay
e {(ﬂi—k],j DRSSP .\ S L TEi,j—l)
Ax? Ay?
2 i i 2 Qb g gpbie2
- ( AAX * 3Ay? ﬂ ‘ (10)

The right-hand side error term is the difference between sparse and compact
discretisations of the Laplace operator. The sparse discretisation has a
computational molecule with (2Ax, 2Ay) spacing between the nodes, while
the compact discretisation has (Ax, Ay) spacing, as seen here. This structure
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results from the use of a compact Laplace operator in equation (9), and to
second order the error

Error ~ At [szﬂxxxx + Ayzﬂyyyy] :

Thus, using the compact Laplacian leads to a divergence error proportional
to the fourth spatial derivative of the pressure correction 7. Noting that
7 ~ Atp; means that this error is second order in time,

Error ~ At* [AX* Pk + AU Pryyyy] -

The advantage of the staggered grid scheme, in comparison to the non-
staggered grid, is that when the Laplace operator for 7t is constructed directly
from the discrete forms of the divergence and gradient operators, a compact
discretisation is obtained which does not produce a divergence error.

The use of the compact Laplace operator with the non-staggered scheme
has been found to perform well [6, 7] . The compact operator minimises
the grid-scale error in 71; however, the pressure field itself is still uncoupled
at the grid scale and may accumulate grid-scale error. A commonly used
modification to the compact non-staggered scheme that fully couples the grid
scale pressure into the solution is the pressure weighted interpolation scheme
of Rhie and Chow [5], whereby the .7#1/2 and J*1/2 velocity fields for use in
the divergence source term in the pressure correction Poisson’s equation are
obtained as

: 1 . (pt+? —pY) ‘ (P! —p)
i+1/2% i4-1% ix
u =3 (U + At—ZAX + U™+ At—ZAx
(pi+1 o pi)
— At—AX ,

and similarly for V*. This approach leads to a divergence error in the corrected
velocity field of the same form as that in the standard compact scheme, but
which is now first order in time:

Error ~ At [AX* P + AY Pyyyy] -
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2.2 Modified sparse scheme

Constructing the discrete form of the Laplace operator directly from the
discrete forms of the divergence and gradient operators on the non-staggered
grid, with centred, second order, differences used for D and G gives a sparse
discrete Laplace operator of the form

2 D 1 2 .\ T2 Qi 1 =2
4AX? 4Ay? )

The use of this sparse operator approach produces no divergence error but has
been found to be inefficient and to lead directly to the pressure oscillations
observed in iterative non-staggered schemes.

The modified sparse scheme adds the pressure gradient to the velocity field
prior to the solution of the Poisson’s equation, approximately cancelling the
pressure gradient included in the momentum equations:

O =v* + AtGp™ /2. (11)

A sparse Poisson’s equation is then solved for the full pressure at the next
time step; that is,

pit2i — 2pti 4 pi=2i n+1/2 piit2 — 2pti 4 pii=2 n+1/2

(i) ()
1 /U259 _Ui-1/2i V2 =12\ ¢

T At < Ax * Ay ) '

(12)

With the v**! velocity then obtained from the modified v* as above, but
using the total pressure; that is,

VTL+] — 9 — AtGp“H/Z.

The corrected velocity will then be divergence free in proportion to the
accuracy with which the pressure Poisson’s equation is solved. The advantage
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TABLE 1: Variation of divergence error with residual.

p/m residual 100 10 1.0 0.1 0.01
Divergence error

Compact 0.7 0.69 0.68 0.65 0.65
Compact+Rhie-Chow 7.0 6.8 6.7 6.5 6.5
Sparse modified 0.1 0.01 0.001 0.0001 0.00001

of the modified sparse scheme is that the pressure is calculated anew at each
time step, and grid scale oscillations in the pressure field will not accumulate.
This approach was found to be most efficient if the pressure passed to the
Poisson solver was initialised using the pressure from the previous time step.

3 Results and discussion

Results have been obtained for turbulent duct flow in the domain 0 < x <
63,0 <y < 20, 0 <z < 3.15 with periodic boundary conditions in
x and z, and zero-slip wall boundary conditions in y. The flow is driven by a
constant streamwise pressure gradient in the x direction, 0P/0x = 1.0 with
the Reynolds number Re = 180 (with Re based on friction velocity U, equal
to Re; [8]). This configuration corresponds to that given by Moser et al. [§]
where a spectral method provided the solution used here as the benchmark
for the schemes considered. A grid with uniform Ax = 0.204, Az = 0.1016
and non-uniform Ay is used (Ay = 0.014 at the walls with a stretching rate
of 1.07 moving away from the walls), giving a total grid-size of 51 x 56 x 36
in the x,y, z directions respectively. The time step is At = 0.001 given a
maximum Courant number of 0.25. The maximum cell Reynolds number
is 800 (Recen = max(UAx Re, VAy Re)).

Table 1 shows the dependence of the divergence error on the accuracy of
the solution of the 7t and p Poisson’s equations. In this case the divergence
error is the integral of the absolute local value of the divergence over the
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domain. As can be seen solving the Poisson’s equation to greater accuracy
does not reduce the divergence error for the two compact schemes, as a
result of the error terms described above. Additionally the divergence error
is approximately an order of magnitude larger for the compact scheme with
the Rhie-Chow interpolation. In contrast, the divergence error for the sparse
scheme is reduced in proportion to the accuracy with which the p Poisson’s
equation is solved.

Figure 2 contains results for the time-averaged streamwise velocity profiles
compared to the benchmark spectral result with U the x component of the
instantaneous velocity. There is some variation in the accuracy of the schemes,
with Rhie-Chow the least accurate and the standard compact and modified
sparse schemes having approximately the same accuracy. Results for the
U/U’ component of the Reynolds stress are shown in Figure 3, with again
Rhie—Chow the least accurate of the schemes and, again, little difference

between the standard compact and the modified sparse schemes.

4 Conclusions

Both compact schemes and the modifed sparse scheme provide a reasonable
approximation to the benchmark spectral results on a relatively coarse mesh.
The Rhie-Chow scheme is the least accurate, presumably as a result of the
increased divergence error. The divergence error of the standard compact
scheme is not having a significant adverse effect on the solution, when com-
pared to the sparse modified scheme. At 800 the cell Reynolds number is
considerably greater than the normal requirement of less than two for linear
stability for a centred difference scheme. It may be that in a strongly unsteady
flow of this type the non-linear effects are sufficient to control the solution
and prevent unbounded growth.
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FIGURE 2: Staggered and non-staggered grid U results compared to spectral
benchmark, with magnified inset.



4  Conclusions C665

12— —

—— Sparse modified
10— — — Compact

- Compact+Rhie-Chow
= Spectral

FIGURE 3: Staggered and non-staggered grid U’U’ results compared to
spectral benchmark.
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