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Blood flow in S-shaped in-plane and
out-of-plane coronary arteries
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Abstract

The distribution of wall shear stress (wss) in coronary arteries is
an initiating factor for coronary artery disease. The complicated three
dimensional structure of coronary arteries makes it difficult to isolate
the factors affecting wss distributions. Here we present a computa-
tional fluid dynamics study of transient flow in simplified S-shaped
arteries with in-plane and out-of-plane bends. For in-plane arteries
there are two regions of consistently low wss during the cardiac cycle.
The wss distribution is related to secondary velocities which appear
as symmetric counter-rotating eddies and are approximately 8% of the
axial velocity. For out-of-plane arteries the wss distributions are sim-
ilar, but the eddies are no longer symmetric with secondary velocities
only 7% of the axial velocities. The symmetric velocity patterns pro-
duced by the in-plane model could only exist in a single bend, which
limits the usefulness of this model. The results obtained give useful
insights into the nature of blood flow in realistically shaped coronary
arteries.

See http://anziamj.austms.org.au/ojs/index.php/ANZIAMJ/article/view/330
for this article, c© Austral. Mathematical Soc. 2008. Published January 15, 2008. ISSN
1446-8735
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1 Introduction

Atherosclerotic lesions develop preferentially at certain sites in arteries such
as the aortic arch, carotid bifurcation, infrarenal, femoral and coronary ar-
teries [1, 4, 5, 10, 16]. Clinical observations found that plaques form pre-
dominantly on the inside of curves and the outer walls of vessel bifurca-
tions [1, 7, 10, 16] in the arteries listed above and studies have shown that
these sites co-localise with regions of low shear stress [8].

Several anatomical studies have shown that there is something differ-
ent about plaque formation in coronary arteries compared to other arter-
ies [10, 15]. The main differences are that plaques form in both straight and
curved sections of the arteries, which is not the case for other arteries. Rea-
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sons for such differences have been postulated as the complex pulsatile nature
of the blood flow [14], the rheological properties of blood [3] and the geometry
of the arteries, including branching, bifurcation and curvature [7, 8]. Pos-
sible factors that may cause differences in the coronary arteries compared
with other arteries are the particular character of the coronary inlet veloc-
ity waveform [11] and the fact that coronary velocities are lower than most
of the other arteries mentioned [9, 11], which, with their smaller diameters,
leads to lower Reynolds numbers [11]. Other factors may be their tortuous
nature [1], which includes out-of-plane bends [2].

Although there are numerous studies of blood flow in various models of
different human arteries, the starting point for this paper will be a recent
study by Qiao et al. [13], who considered pulsatile flow in two in-plane S-
shaped curves of 6 and 3 mm radii, respectively. The idea of their study
was to numerically simulate blood flow in the aorta as well as other minor
arteries. The study used an inlet velocity waveform corresponding to flow in
the ascending aorta with a maximum velocity of 1.4 m/s over a 0.4 second
cycle, corresponding to a rather rapid pulse rate of 150 beats per minute.

This article presents simulations of blood flow in the coronary (small di-
ameter) arteries. The aim is to use realistic coronary velocities up to 0.22 m/s
at a frequency of 60 beats per minute, a resting pulse rate. Two S-shaped
coronary arteries are considered: firstly an in-plane artery (similar to that
of Qiao et al. [13]) and secondly an artery with an out-of-plane bend. Sim-
ulations are presented for a left coronary artery using a velocity waveform
measured at the entrance of the artery. In Section 3, comparisons are made
between the in- and out-of-plane arteries, which are compared in terms of
wall shear stress (wss), secondary velocities and oscillatory shear index (osi).
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Figure 1: In-plane (left) and out-of-plane (right) artery models

2 The model

2.1 Geometry

Consider the in-plane S-shaped model shown in Figure 1(left). The straight
inlet and outlet sections are of length 3 cm and 2 cm, respectively, and the
radius of curvature, Rc, of each curved section is 3.5 cm, giving an overall
artery length of 16 cm. The cross-section of the artery model is circular with
a radius of 2 mm. Several particular cross-sections are indicated in the figure
by the lines AA′, BB′, CC ′, DD′ and EE ′ and these will be used to discuss
results in Section 3.

To create the out-of-plane artery model, Figure 1(right), the second half
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of the artery, after the CC ′ plane, is rotated through π/2 in the plane of CC ′

so the outlet now comes out of the page. The lines DD′ and EE ′ are still
present but not shown in Figure 1(right).

2.2 Governing equations

In these simulations blood is assumed to be incompressible fluid, which is
governed by the Navier–Stokes equations

ρ
∂v

∂t
+ ρv · ∇v = µ∇2v −∇P ,

and the continuity equation
∇ · v = 0 ,

where the velocity v is a three dimensional vector field, P denotes pressure,
ρ denotes density (1056 kg/m3) and µ denotes viscosity (0.00345 Pa s). This
model assumes that blood is a Newtonian fluid, which has been demonstrated
to be a reasonable assumption for the transient simulation of blood flow in
arteries [6].

These equations are solved subject to the following boundary conditions.

1. The artery walls are assumed rigid (which is a common assumption [3,
12, 13, 14] used to ease computational load), upon which a no-slip
condition is imposed on v.

2. At the outlet, the velocities are free but the normal and tangential
stresses are constrained to be zero and the gauge pressure is set to zero.

3. At the inlet, a uniform velocity profile is used with a time varying
forcing function representative of flow in the left coronary artery, Fig-
ure 2 [12]. The forcing function is scaled to have a maximum inlet
velocity vmax = 0.214 m/s with a period T = 1 second (60 heart beats
per minute).
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Figure 2: Waveform of the velocity forcing function for a left coronary
artery.
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To compare this model with other flow studies, the following dimension-
less parameters are used: the Reynolds number, Re; the Womersley num-
ber, α, and the Dean number, Dn. For the simulations presented here, the
parameters are defined as and evaluate to:

1. Peak Reynolds number

Re =
2ρRVmax

µ
= 226 ,

2. Womersley parameter

α =

√
2πρ

Tµ
R = 0.057 ,

3. Dean Number

Dn = Re

√
R

Rc

= 54 .

2.3 Computational mesh

The nonlinear governing equations were solved using the cfd-ace suite
of packages (cfdrc, Huntsville, Alabama, usa). The solution procedure
utilises the finite volume method and is based on the simple family of al-
gorithms. Meshes were created using the geom package of the cfd-ace
suite. The inlet mesh is a typical butterfly mesh with 18 nodes along each
side of the centre square and 25 nodes along the ‘wings’ of the mesh. Nodes
are clustered towards the walls of the artery to improve the calculation of
the wall shear stress. The volume mesh is created by extruding the inlet
mesh along the centreline of the artery employing a total of 96 nodes over
the length of the artery, giving a total of 192,882 nodes for the mesh. This
figure was determined by increasing the number of nodes until changes in the
oscillatory shear index were less than 0.1% over the entire artery wall.
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2.4 Parameters for comparison

To study the differences between the in-plane and out-of-plane arteries the
following comparisons will be used:

1. The wall shear stress (wss)

τw = −µ ∂v

∂n

∣∣∣∣
wall

,

which is related to the outward normal derivative of the velocity at the
wall.

2. Secondary velocities in the planes AA′, BB′, CC ′, DD′ and EE ′ along
the artery.

3. The oscillatory shear index

osi =
1

2

1−

∣∣∣∫ T

0
τw dt

∣∣∣∫ T

0
|τw| dt

 ,

which is a form of time averaged wall shear stress over one heart beat.

3 Results and discussion

3.1 Wall shear stress

During the majority of the cardiac cycle there is forward flow (Figure 2) and
the wss is qualitatively similar to that shown in Figure 3, with high wss on
the outside of curves and low wss on the inside of curves. Figure 3(left) shows
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Figure 3: Wall shear stress distributions at peak flow in the in-plane (left)
and out-of-plane (right) artery models.
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Figure 4: Trace of wss at the points C and C ′ throughout the heart beat
cycle.

wss for in-plane artery model at (normalised) time t = 0.52 , which corre-
sponds to peak forward flow for that artery. Interestingly, the pattern of wss
is the same for the out-of-plane model (Figure 3(right)) but the wss distribu-
tion wraps smoothly around the artery between the planes CC ′ and DD′. At
other times of forward flow, the pattern of wss is very similar to those shown
in Figure 3, but the magnitudes vary with the velocity waveform (Figure 2).

Figure 4 shows that wss at C is always greater than or equal to wss
at C ′. This is consistent with the wss plots in Figure 3, which show spots of
high wss at C and low wss at C ′, for both artery models, at the particular
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instant in time (t = 0.52) chosen. However, the magnitude of the negative
wss is greater at C ′ than at C and so, for the portion of the cycle where
there is back-flow (Figure 2, t = 0.08 to t = 0.37), wss is ‘larger’ on the
inside rather than the outside of the curve, since negative wss indicates
reversed direction. Another feature of Figure 4 is that wss is very similar
in both models and this is in agreement with the similarities between in
the distributions in Figure 3. In addition, similar graphs (not presented) at
E and E ′ show wss which is almost the same as at C ′ and C, respectively,
where the dash and non-dash reversal occurs because E is now on the inside
of the bend and therefore corresponds to C ′, and so on.

3.2 Secondary velocities

Examination of secondary velocities in the planes BB′, CC ′, DD′ and EE ′

indicates differences in flow patterns between the two artery models. For the
majority of the cycle the flow profiles show two eddies, one in each of the top
and bottom halves of the artery, with flow in these in opposite directions.
A series of these plots was constructed for various time intervals and the
characteristics of these plots are summarised in Table 1. The entries in this
table are of the form #$* where #=number of eddies, $=rotation direction
of the topmost eddy (c=clockwise, a=anti-clockwise) and *=symmetry of
eddies about the plane of curvature (s=symmetric, n=not symmetric).

Four key features observed from Table 1 are the following

1. During forward flow, two eddies are always seen, while during back flow
two eddies are seen at BB′ and DD′, but never at EE ′ and only once
at CC ′.

2. At BB′ and CC ′, the top eddy rotates in a clockwise direction (ex-
cept at CC ′ during back flow), whereas at DD′ and EE ′, the rotation
direction of the top eddy is anti-clockwise.
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Table 1: Summary of secondary velocity flow patterns at various points of
the in-plane (ip) and out-of-plane (oop) artery models (c=clockwise, a=anti-
clockwise, s=symmetric, see text for full explanation of the notation).

Time ip oop ip oop ip oop ip oop
Period BB′ BB′ CC ′ CC ′ DD′ DD′ EE ′ EE ′

0.01–0.10 2cs 2cs 2cs 2cs 2as 2an 2as 2as
0.11–0.19 2cs 2cs 0 0 2as 2an 0 0
0.20–0.37 2cs 2cs 2as 2an 2as 2as 0 0
0.38–0.41 2cs 2cs 0 0 2as 2as 0 0
0.42–1.00 2cs 2cs 2cs 2cs 2as 2as 2as 2as

3. In the in-plane artery model, the eddies are symmetric with respect to
the plane of curvature.

4. In the out-of-plane artery model, the eddies are symmetric at BB′,
CC ′ and EE ′; at DD′, they are often not symmetric.

The symmetric flow patterns produced by the in-plane artery model reflects
a limitation of that model. For this case it would be almost possible to
predict the flow patterns by considering a series of single bends in the artery.
However, since coronary arteries sit on the curved surface of the heart, no
symmetry plane can exist and the in-plane model is of limited use.

The ratio of mean secondary velocity to mean axial velocity in the CC ′

plane for the in-plane model was 8.2% and for the out-of-plane model it was
7.3%. In the EE ′ plane the ratio was 6.3% for both models.
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Figure 5: Oscillatory shear index in the in-plane (left) and out-of-plane
(right) artery models.
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Table 2: Values of mmwss and osi at the points of mmwss and next
mmwss for the in-plane (ip) and out-of-plane (oop) artery models

Artery Time of Value of osi at Time of Value of osi at
Model mmwss mmwss mmwss next next next

mmwss mmwss mmwss
ip 0.44 1.61 0.14 0.44 1.70 0.14

oop 0.44 1.71 0.13 0.44 1.73 0.14

3.3 Oscillatory shear index

A plot of osi for both artery models is shown in Figure 5 and when this is
compared with Figure 3, which shows wss for the same arteries, it is apparent
that positions of low wss are positions of high osi and vice versa. For the in-
plane model (Figure 5(left)) there is an abrupt change in osi just downstream
of the CC ′ plane. However, for the out-of-plane model (Figure 5(right)) there
is a gradual change in osi wrapping around the artery in a helical fashion
from C ′ to E.

To examine the relationship between extremes in wall shear stress and
extremes in osi, positions of the lowest maximum wss at any point over
the heart beat cycle were calculated and denoted by mmwss. These points,
denoted C ′∗ and E∗ (see Figure 3), are the same for both arteries and are very
close to the points C ′ and E. At these points the osi was also determined
and the results are given in Table 2. In general, these values of osi are very
near to maximum values. Table 2 shows that low values of wss correspond
to high values of osi, as discussed above. The osi in the in-plane model is a
little higher than in out-of-plane model at the same point.
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4 Conclusions

Simulations have been presented for blood flow in coronary arteries of simpli-
fied geometry. In-plane and out-of-plane models were used in order to avoid
the complex nature of realistic coronary arteries. Simulations show that dif-
ferences exist between flow parameters (wss, secondary velocities, osi) in
these two simplified models. The in-plane model is too much of a simplifi-
cation for considering multiple bends in an artery. It produces a symmetric
flow pattern which could only exist in a single bend. The out-of-plane model
allows for a smooth transition region between two bends in the artery.

In order to achieve useful insights into blood flow in realistic coronary
arteries using simplified models it is necessary to at least consider flow with
some form of out-of-plane bend. The degree of out-of-plane nature of the
model does not need to be the relatively extreme π/2 rotation used here.
Useful insights would be obtained by using less extreme degrees of rotation
and flow through bends of less than 90◦.
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