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One dimensional combination technique and
its implementation
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Abstract

This article introduces the 1D combination technique and its imple-
mentation with parallel programming. I discuss two primary features
of the 1D combination technique: (1) its reduction of computational
cost, especially when combined with parallel programming and where
high accuracy is required; and (2) a resultant sacrifice of accuracy.
However, the loss of the accuracy can be bounded thus reducing its

significance.
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1 Introduction

The discretization of PDEs by standard finite element approaches is limited to
problems with up to three or four dimensions, due to the curse of dimension-
ality. Zenger and others [1, 2] introduced sparse grid approximations and the
combination technique, which substantially reduces computational complexity
at a moderate cost in accuracy, allowing the numerical treatment of problems
with ten variables or more and making the numerical solution of finite element
methods feasible on computational equipment currently available.

My intention is to introduce new parallel implementation techniques to
increase the parallelism and reduce the parallel complexity in computation
for high dimensional problems. I study the one dimensional problem as a
model problem to illustrate these new parallel implementation techniques
which are applicable to higher dimensional cases. A one dimensional parallel
implementation technique is suggested here. I prove that in one dimension
the full grid approximation can be replaced by a linear combination of certain
partial fine grid approximations with a bounded error. The parallel speedup
is also discussed.



2 Preliminaries C646

2 Preliminaries

We study the following variational formulation of an elliptic boundary value
problem: find u € H'([0, 1]) such that

a(u,v) = (f,v) forall ve H'([0,1]), (1)

where the bilinear form a(-,-) is continuous and coercive in H'([0, 1]). Here
H' ([0, 1]) is the Sobolev space W1([0,1]) of functions with both their first
derivatives and themselves in L%([0, 1]). Assume that a(-,-) takes the form
a(u,v) = f;(a1u'v' + a,u'v + azuv) where (-, -) denotes the L2-inner product
and f € L([0, 1]).

To find the Ritz—Galerkin projection of the solution of (1) in some finite
dimensional subspace of H'([0, 1]), we introduce piecewise linear function
spaces. Let L € NU{0} and h; := 27", We define a uniform partition R,
with level L of the region Q, as a set of subintervals with width hy such that
the union of these subintervals is (O and such that the intersection of two
subintervals of PRy either consists of a common vertex of both subintervals or
is empty. Piecewise linear nodal hat functions ¢ ; (1 indicates the ith nodal
point) form a basis of the approximation space Vi C H'([0, 1]) corresponding
to the grid Q. The Ritz—Galerkin projection of the solution of (1) into the
space V| is the solution u; € Vi of

a(u[_,\)]_) = (f, V]_) for all VL € V[_ . (2)

This equation leads to a linear system Mc = b where My; := a (P, Pr i)
and b; := (f, ¢ri). This is termed as the full grid Galerkin method.

Before introducing the 1D combination technique, we introduce the following
notation.

1. Let My _ be a partition with level k € NU {0} of [0,1/2]. Denote the
resulting grid by )y _ and the corresponding piecewise linear function
space by Vi _. Thus, a function v € H'([0, 1]) belongs to Vi _ if and
only if V|j1,2 belongs to the span of ¢yi1ilj01/2) for i=0,1,...,2%
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2. Let |_, be a partition with level 1 € NU {0} of [1/2,1]. Denote the
resulting grid by (Q_; and the corresponding piecewise linear function
space by V_ 1. Thus, a function v € H'([0, 1]) belongs to V_ if and only
if v|[1/21) belongs to the span of i1l for i =242V +1,... 24T

3. Let My be a partition with level k € NU{0} of [0, 1/2] and level 1l € NU
{0} of [1/2,1]. Denote the resulting grid by Qy; and the corresponding
piecewise linear function space by Vi . Thus, a function v € H'([0, 1])
belongs to Vi if and only if V|0 1,2 belongs to the span of ¢yi1li0,1/2
for i = 0,1,...,2% and v|;,2,1) belongs to the span of ¢y 1:lj/21) for
i=2L 241, 24T,

Let Pru, Py —u, P_u, Piuwand 1w, I —u, I ju, Iy ju denote the Galerkin
projections and the interpolants of the solution u of (1) into the spaces Vi,
Vi, V_\, Vi, respectively. V,, = V4. By the uniqueness of the
Galerkin projection and the interpolant, for any u € H'([0, 1]),

Prau(x) = Pru(x), meNU{0}
Lau(x) = Lnpu(x), n e NuU{0},
Ik,lu(x) = (Ik7, o I,,l)u(x), neNU {O}

For notational convenience, the symbols 5, £ and & are used in this article.
The expressions X; < Yi, X2 & Y2 and x3 & ys; mean that x; < Cyys,
x2 = Cyyz and c3y; < x3 < Cys for some strictly positive constants Cy,
C,, C3, and c3 that are independent of mesh parameters. The following two
lemmas from Pflaum and Zhou [3] are used later.

Lemma 1 (|3, Lemma 2]). Let L € NU{0} and h = 27" For e = [x, —
h/z,Xe+h/2] € QL7

1
J w—ILw= J Eow”,  where Eo(x) = =(x —xe)* — th_

N

Lemma 2 ([3, Lemma 3(ii)]). Assume w € H3([0,1]). Let L € N U {0}
and h = 271 be the mesh size of the uniform grid Qp on [0,1]. If ¢, ¢’ €
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L>([0,1]), then there exists f', > € V| such that

1
J dw—Towh' = (f,v) forallve Vi, with || < [wle,
0

1
J dw—Iw)'v = (f1,v) forallv e Vy, with ||[f]r2 S h|[w||gs.
0

3 One dimensional combination technique

Definition 3.
uy = Z Priu — Z Poiw wheren > 1. (3)

k+1l=n k+1l=n—1

Theorem 4. Assumeu € H3([0,1]), a; € W!_([0,1]) and az, a3 € L*=([0,1])
where ay, ay and az are the coefficients in the bilinear form a(w,v). Then
forme N,

[Prntt —ug |2 é hﬁ logz(hr:])HuHH% [Pt —ug [l ; halluffgs. (4)

3.1 Proof of Theorem 4

Introduce the indices «, B € {0, 1} with the norm |&| = &; + &, and let
0= (0,0) and e = (1,1). In the context of the 2D index, component-wise
arithmetic operations are used.

Let Py and Iy be a sequence of the Ritz—Galerkin projection operators and
a sequence of the interpolation operators from H'([0, 1]) into the space Vi,
respectively. Let Fy; denote either Pyy or Iy;. The hierarchical surplus
operator 8¢ is defined by Pflaum and Zhou [3] as

5°Fw = (1) [ D (1) P Fp, epw) - (5)

0<p<e
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Lemma 5 (Error decomposition form).

n—I1

n—1
Ponu—uj, = E E 0°Priu, m=>1.
k=0 l=n—k—1

Proof: Let m € Z and 0 < m < n— 1, based on the definition of the
hierarchical surplus operator 8¢ (equation (5)), we have

n—1 n— n—1

1
e
E OPrn—1—kymlU = E Piiin—xqmu — E Priin—1—kimu
k=m k=m k=m

n—1 n—1
— E Pyn—xemu + E Pyn—1—k4mu
k=m k=m

n n
- E Pk,nfk+m+1 u— § Pk,nkarmu
k=m+1 k=m+1

n—1 n—I1
— E Py n—x4mu + E Pyn—1—x4mu
k=m k=m

n—I1 n—1
- E Pk,n—k+m+1 u— E Pk,n—k—l—mu

k=m+1 k=m+1

—1 n—1
- E Pk,n7k+mu + § Pk,n71 —k+mU
k=m k=m

+ Pumiiw—Pyu.

Summing m from 0 ton —1,

n—1 n—1

Z Z ZSePk,nfl —k+mU

m=0k=m
n

n
- E Pk,nfk+m+1 u— E Pk,nfk+mu

k=m+1 k=m+1 m=n—1
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n—1 n—1 n—2
- Z Pk,nkarmu + Z Pk,nflkarmu + Z (Pn,m+1u - Pn,mu)
k=m k=m m=0 m=0
n n—I1
= Ppou— Z Py n_u + Z Pin_1-xu.
k=0 k=0
On the other hand,
n—1 n—1 n—1 n—1
Z OPrn—1—k4ml = Z Z 8Py
m=0 k=m k=0 l=n—k—1
Thus, by the definition (3) of u$, we finish the proof. [ )

Lemma 6. Assume w € H3([0,1]). If aj,aa € W] ([0,1]) and a3 €
L>°([0,1]), then there exists w € H?([0,1]) such that

Pei(I—=TJu=Pow, with [wllg < llufm.
Similarly, there exists v € H%([0,1]) such that

Pru(I=L)u="Pqv, with [vlla  hi|ulles.

Proof: For any w1 € Vi,

1

a((1- T )u ) = L @ [(1— Do) ul' vy + a2 [(1— T ) ' v

+az (I =T )uwvy, .

Let Ty be the set of all non-overlapping mesh intervals from Oy,

1
j al1-T )u'v, = Y J @ (1= T )ul'v,.

0 EETkYL €
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where for each e, when y € Ode,

V(X)) — vial(y)
Vi,L(U)ZZX_l)LI{(lee kl X_ykly .

Since u € H3([0,1]), (I — I} )u is sufficiently smooth on e, so

lim_ (- T Julx) = (1— L July) =0,

X—Yy,xee

and thus for any y € Ode,

(ar (I-L)uv,) (y) = lim (ay (I—L)uv,)(x)=0. (6)

x—Yy,x€e

Now on each e, we look at aj - vy ; as one function and (I — Iy _)u as another
function. By integration by parts,

J ap - [(I=T)ul' v, = a; (I— Ik7_)uv{<71‘ae —J ay (I—T)uw,
e e

—J ap (I—I-) uv{;l.
e

The equation (6) tells us the term ay (I — I ) uvi,|,. = 0. Moreover, since
Vi1 € Vi, is piecewise linear on e, v{él = 0. Thus

J ap - [(T=Te ) ul' vy, = —J ay (IT—T,Juw,.
e e

After summing up all e € Ty,

f a - [(I-L)wvi, = Y —J

0 eGTk,L e

1

a; (I—=Tuv, = —J ay (I—=T,—)uwy,.
0

Furthermore,

1

a( (I-I-) u,vkﬁl) = J —ay (I=T Jwi, +a [(T—Ti ) ul’ vy
0
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+ a3 (I — Ik’,) UV 1.
Since a;,a; € W/ _([0,1]), by Lemma 2, there exist g',g*> € Vi with
g1|[%7” = 92|[%,H = 0, such that, for all v € Vi ; with [|g'||2 < hilluw|les,

1
J —aj (I - Ik,f)uv{c,l = (9]7Vk,1),
0

1
J @ (1= Te ) via = (g2 ved).
0

As az € L*([0,1]),
las (1= T Dl 01— T ) ullge < Ml
Hence, there exists a function g € L2([0, 1]) such that
a((I—L-)u,v) = (g,vk1), forallve Vi with |gllLz S hiqllufes.

On the other hand, by the Lax-Milgram theorem, there exists w € H%([0, 1])
satisfying

a(w,v) = (g,v), forallve H'([0,1]) with IWllaz < 1l9]lL:-

Thus, a( (I—L_)u,vk1) = a(w,vi1) with [w|gz S hi,|[u/|ms. The proof
of the second part of Lemma 6 is similar and is omitted.

Lemma 7. Let w € H%([0,1]). Then
18% Priwlre £ hivy - [Wllaz,  [18% Powlm S hasr - [ w2,
and

18" Peawlne S sy - [Wle, 18" Pl S hicer - [ W
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Proof: Let g € Vi _ be the solution of

a(v,g) = J v (P —Pe)w, forallve Vy_.
Q

By observing I ;g € Vi,

(P —Pw|i, = a((Px— —Prw, g)
= a((Pk,— —Pw,g— I—,lg)
S (P —Prwllmrllg — Lo 1gllm
S NP —Pwllm 2™ g/ [[er-

By elliptic regularity, ||g|lgz < ||(Px.— — Pr)W||Lz, so

1(Px— = Peowllee £ (Px— — Pedwlle - 277

Since
[(Px,— = Puwllm = [[(Px— — PiiPr - Jwl[m
< (T = L) Pr- Wl
< 27wl
we obtain ||(Px_ — Pxi)wllpz S 47 ||w||g2. By the inequality

187 Praw|| < [[(Puit — P )wl| + [[(Pr— — Pr)w,
the proof of the first part of Lemma 7 is finished. The proof of the second
part is similar and is omitted. 'y
Lemma 8. Assume w € H3([0,1]). If a; € W] _([0,1]) and a;, a3 €
L ([0, 1]), then

[0°Prattfle S hiﬂh%ﬂ [RVR[PFER
18°Priul < Mucrihisr (it + hugr) [ uf g
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Proof: We note that

0°Priu = 8°(Px1 — Pl )u + 8°Py 1 Iy iu
= 6epk71(1 — Ik71)u + 5eIk71u .

Since Ik71 = Ik’, o 1771 and

=L +(I-L_)+(I-1)—(I-L_)(I-1I_,)
=L+ I -)+ (I-1_)),

then

6ePk,1LL = SePkyl(I — Ik,,)u + 6ePk,1(I — I,,l)u + éelk,lu
= 8" 0 80P (I — T Ju+ 8008 Pry(I—1_Ju+ 8T u.

Let || - || be the norm || - || or || - ||2. Then by the triangle inequality

|8°Pru]| £ max stov‘Pm(I—Iﬁﬁ)uH + max Ha‘vOPki(I—Li)uH
+1 T=1,141

+ 1[0 T,

where HSeIkJuH = ||Ik+171+1u — Ik+]’lu — Ik71+1u + Ik,luH = 0. Furthermore,
by Lemma 6, there exist wy,w, € H'([0, 1]) (Y H?([0, 1]) such that

Pral— T Jw = Pyowr,  with [Jwi [z £ hi,, Jullee,

P iI—=1_u =P wy, with [wyfg S h%+1HuHH3‘
We have

18°Priu]| § max %P wi| + max [[8"°P, jwa,
=k,k-+1 T=1,1+1

so, by using Lemma 7 and Lemma 6,

18°Prautfly: £ max hiy[lwillez + max by [[wallm
k=k,k+1 T=1,1+1
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QN

max h{,;h? [[ullgs + max hih? [ju
Rk k1 e e oier o Ly [

é h'i+1h%+1 w3,

and
||5ePk,lLLHHl é _max h,pr] HW] ||H2 + _max hk+1 HWZHHZ
K=k k-1 T=1,1+1
S _max h[Jr]h%_'_]HuHHS + max hk+1h%+1”u”H3

k=k,k-+1 T=1,1+1

— huerhd sl + il e,
Theorem 4 is a direct consequence of Lemma 5 and Lemma 8.

3.2 Numerical experiments

We report on numerical tests that support the 1D combination technique
error estimate presented in Theorem 4. We take the test problem —u”(x) +
w(x) +u(x) =x, x € [0,1] with u/(0) = (1) = 0 in all the numerical
experiments in this article. ~We note that the test problem ensures that
the conditions of Theorem 4 have been satisfied. By comparing the last two
columns of Table 1 and Table 2, one sees that the convergence rate of the
error in the L? norm is O(4 ™n), and the convergence rate of the error in the
H' norm is O(2™™), which is exactly what Theorem 4 predicts.

4 Parallel complexity of 1D combination
technique

The number of basic operations to calculate Py € Vi is 84 - 2k 4832V +
1154 C, where C denotes the number of basic operations involved in solving a
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TABLE 1: ||Ppau —ul |2

n||Puau—ulljy2 ratio ratio of 4™ "'n
1 5.9—05
2 2.9e—05 2.03 2.00
3 1.1E—05 2.66 2.67
4 3.7E—06 2.95 3.00
5 1.2E—06 3.00 3.20
6 3.5e—07 3.48 3.33
7 1.0e—07 3.52 343
8 2.9—08 3.45 3.50
9 8.0e—09 3.66 3.55
10 2.1E—09 3.70 3.60
11 5.86—10 3.72 3.64
12 1.78—10 3.34 3.67
TABLE 2: ||Ppau —ul||m
n ||Pn,nu - UTC1||H1 ratio ratio of 27 ™
1 4.1E—04
2 2.7E—04 1.48 2
3 1.45—04 1.88 2
4 8.5E—05 1.73 2
5 6.5E—05 1.30 2
6 2.2E—05 2.85 2
7 9.8E—06 2.33 2
8 4.86—06 2.01 2
9 2.1E—06 2.29 2
10 1.2E—06 1.73 2
11 7.38—07 1.67 2
12 4.0e—07 1.83 2
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tridiagonal linear system. Hence, the number of basic operations to calculate
Pun € Vpnis 167 - 2™ + 115 + C and the number of basic operations to
calculate the 1D combination technique is

> (84-2°483-2'+115+C) + Y (84-25+83-2'+115+C) (7)

k+1=n k+1l=n—1

Equation (7) indicates that the number of basic operations involved in the 1D
combination technique is larger than the number of basic operations involved
in the full grid approximation. However, from a parallel coding point of view,
there are 2n+ 1 independent problems of the maximum size 84 -2"+ 198+ C.
Thus the optimal parallel complexity is 84 - 2™ + 198 4+ C. This reveals
the best possible speedup of the 1D combination technique is 2 although
2n + 1 processors are required.

To increase the best possible speedup of the 1D combination technique, one
could initially divide the domain interval [0, 1] into more subintervals. This
will result in variants of the 1D combination technique. Figures 1 and 2
display numerical results for the parallel implementation.

The 1D combination technique and its variants create a method to have
parallel computing in one dimensional cases. The tensor product of the 1D
combination technique can be used for multi-dimensional cases. For high
dimensional cases, the 1D combination technique can be used together with
the sparse grids technique [2, 3| to increase the parallelism and reduce the
parallel complexity.

5 Conclusion

The 1D combination technique is related to Domain Decomposition and
Multi-parameter extrapolation [5]. Domain Decomposition methods combine
approximate solutions in different sub-domains while Combination methods
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combine approximate solutions on different grids that are based on the entire
domain.

Looking for a variant of the 1D combination technique which improves
parallelism and is more accurate is left for future research. Future work will
also include the extension into the 2D case and therefore the multidimensional
case by using tensor products.
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