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Abstract

The linear system arising from the interpolation problem of surface
divergence-free vector fields using radial basis functions tends to be
ill-conditioned when the separation radius of the scattered data is small.
When the surface under consideration is the unit sphere, we introduce
a preconditioner based on the additive Schwarz method to accelerate
the solution process. Theoretical estimates for the condition number
of the preconditioned matrix are given. Numerical experiments using
scattered data from the MAGSAT satellite show the effectiveness of our
preconditioner.
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1 Introduction

Fitting divergence-free tangent vector fields to scattered data has applications
in some important partial differential equations used in weather forecasting
models. In the barotropic vorticity equation on the surface of the sphere,
which provides a good model for 500 mb short term weather forecasts in mid-
latitudes [2, pp. 108-110], the velocity is required to be surface divergence
free. The nonlinear flow of an incompressible fluid in a single hydrostatic
atmospheric layer is described by the shallow water wave equations on the
surface of a rotating sphere. The incompressibility assumption gives rises to
the constraint that the velocity field is surface divergence free.

Interpolation of divergence-free vector fields using radial basis functions (RBFs)
was introduced recently by Narcowich et al. [5]. The interpolant is constructed
from surface divergence-free RBFs, which handle scattered data effectively. To
construct the interpolant, one needs to solve a linear system, which is often
ill-conditioned when the separation radius of the scattered data set is small.

We introduce a preconditioner based on the additive Schwarz method to
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accelerate the solution process. We developed preconditioners of a similar
type for interpolation of scalar functions and pseudo-differential equations on
the unit sphere [3, 4].

2 Divergence free RBFs on spheres

Suppose P : S x S — R is a strictly positive definite kernel on the unit sphere
S C R3. That is, \ is continuous, P(x,y) = P(y,x) for all x,y € S, and for

any set of distinct points {x1,...,xm} the M x M matrix [ (xi,x;)] is positive
definite. A convenient way to define \{ is via a radial basis function @ as
bx,y)=d(x—y)=d(x—yl), xyeS, (1)

where ¢ : [0,00) — R is a positive definite function [6]. Hence the kernel {
is of the form

V(x,y) =p(x-y) forx,yes, (2)
where p: [—1,1] — R is defined by p(t) = d(v2 — 2t).

Using the kernel 1\, we define the divergence free RBF as follows. First, we
define
Y(x,y) = Curly[Curly ¥ (x, y)I", (3)

in which Curly and Curly indicate the Curl operator with respect to variables x
and y, respectively. Here, Curl = n x V*, where V* denotes the surface
gradient and n is the outward unit normal to S.

For fixed points x,y € S, the matrix W(x,y) represents a linear transfor-
mation which maps tangent vectors based at the point y to tangent vectors
based at the point x. In other words, if t, is a tangent vector belonging to
the tangent space TSy, then W(x, y)t, is a tangent vector belonging to TSy.
The kernel ¥ is surface divergence free [5]; that is, for a tangent vector t,
based at a point y € S, there holds

Div(¥(x, y)ty) = 0.
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For a fixed y € S, the vector function ¥(-,y)t, is called a divergence-free
RBF.

The kernel W(x,y) is used to interpolate surface divergence free vector fields
on the unit sphere. Suppose X = {x1,...,Xn} is a set of scattered points on
the unit sphere and F: S — R? is a continuous surface divergence-free vector
field whose values at the x; are known. Then the interpolation problem is to
find IxF in

N
Vx = {ZW(X,Xk)Sk : Sk € TSxk and Xy € X} (4)
k=1
so that
IF(x;) = F(x;) forj=1,...,N. (5)

By choosing an orthonormal basis {ey, ey} for the tangent space TSy, we
write IxF as

N
IxF(x) = ZW(X,Xk)(Ckek +crey), o, ckeR, (6)
k=1
and F(x;) as
F(xj) = djej + djéj R dk, dk cR. (7)

In particular, in the implementation we choose ey = ely—x, and €y = €ly—x,
where
op ~ 1 0p

_YpP _ e — (e . . T
e—ae, e 50020 and p = (sin 6 cos ¢, sin O sin d, cosO) .

From (5), (6) and (7), we obtain

n el c d;
Z(Jr) 0. %) (e é’k)(g‘;):(a;>, =1 N ()

k=1 l

Ajk
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Let A be the 2N x 2N matrix composed of the blocks Aj in (8), let ¢ =
(c1,€1,...,cn,on)T, and let d = (dy,dy, ..., dn, dn)T. Then the system (8)
becomes

Ac=d. 9)

A convenient way to compute W(x;,xi) in the entries of A is via the matrix Qy
satisfying QxYy =x xy. Then Curly = QxV, and from (1) and (3) we obtain

Y(x,y) = Qu(-VV'O(x —y))Q;, x,ye€S. (10)
By (1), the jk-component of the Hessian matrix VVT®(x) is

0’D

1, 171,
20 ) e (—d) (r)) — 55, Fr) + G, =[xl
Xjan T T \T

From this we have
VVIO(x—y) =FnI+Gr)(x—ylx—y)', r=|x—yl,
where I is the identity matrix. Thus
Y(x,y) = F(r)(yx" —y'xI) = G(r)(x x y)(x x y)'. (11)
Setting s =x x s, from (11) we obtain
Y(x,y)s =x x [F(r)s + G(r)(x —y)(x —y)'s]. (12)

With 1y = ||x; — Xk||, the 2 x 2 matrix Aj from (8) is explicitly

5% & -e & x _
Ajk = F(Tjk) ( ej]. ,ékk _éj ) ;k ) +G(Tjk) ( —éj -ka ) (Xj-ek —Xj ~€k).
(13)

Formula (12) can be used to compute IxF after c is found.
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3 Additive Schwarz method

In order to apply the additive Schwarz method, we need to write the interpo-
lation problem (5) in a variational form. To this end, we introduce a norm
and an inner product.

Given a divergence free vector field F there is a scalar stream function f such
that F = Curl f (recall Curl =n x V*). We define the norm

o 21 = o\ /2
Ifom ~
IFllw := [Iflly = <Z ) . Fom :L YemdS,  (14)

-G)

where Y, is the spherical harmonic and IB(E) is the Fourier—Legendre coeffi-
cient of p [4, formula (3.2)]. We then define

Ny :={F = Curlf: f € C'(S) and ||F|jy < oo}

which is a Hilbert space with respect to the inner product

oo 20+1 7
(F,Gly:=(f.g)y =3 f“g(gef)m, F=Culf, G=Culg.
{=1 m=1

For our analysis, we assume further that for some T > 1,
V) ~T+ee+1)" " ¢=01,.... (15)

Then Ny defined above is a reproducing kernel Hilbert space associated with
the kernel ¥ which is contained in the space of continuous vector fields on S.
More precisely [1, Theorem 2.2], ¥ is the reproducing kernel for Ny in the
sense that, for all F € Ny,

(FW(, x)t)w = t,F(x), forallxe€§, (16)

where t, is any tangent vector based at x.
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Using the reproducing property (16) of the kernel W, we write the interpolation
equation (5) as

<IXF7W('7Xj)txj>‘Y: <F7\y('7xj)txl'>‘l’7 J = ]7"'aN' (17)

Since Vx is spanned by ¥(-,x;)e; and W¥(-,x;)e; for j = 1,..., N, (17) is
equivalent to the variational form

(IxF, G)y = (F,G)y, for all G € V. (18)

Additive Schwarz methods provide fast solutions to equation (18) by solving,
in parallel, problems of smaller size. Let the space Vx be decomposed as

Vi=Vot 4V, (19)

where Vj, for j = 0,...,], are subspaces of Vx. Let P; : Vx — V;, for
j=0,...,], be projections defined by

(Pv, W), = (v, W)y, forallve Vyx, weV,. (20)

Defining
P:=Py4---+Py, (21)

then the additive Schwarz method for equation (18) consists in solving, by
an iterative method, the equation

where the right-hand side is g = ZJLO g;, with g; € Vj being solutions of
(g;;w),, = (F,w),, forallweV,. (23)

The equivalence of (18) and (22) is well known [4]. A practical method to
solve (22) is the conjugate gradient method; the additive Schwarz method
(Algorithm 1) can be viewed as a preconditioned conjugate gradient method.
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In the following, we present a decomposition of Vx into a sum of subspaces
as in (19).

Let a spherical cap of radius « centred at p € S be defined as
Clp,x) ={x€S:0(p,x) < «}. (24)

where 0(p,x) = cos™'(p - x) is the geodesic distance between two points
x,p € S. Let &« now be a fixed number satisfying 0 < &« < 7/3 and let
o:=1{pj:j=1,...,]} be a subset of X such that

X = U[ Clpy ) NX] (25)

j=1

Forj=1,...,], the subset Xj is defined as

Xj = {x € X: 0(xx, pj) < o} = C(p;, ) N X. (26)

The sets X; may have different numbers of elements and may overlap each
other. Because of (25), X is decomposed into | overlapping subsets X;,

i=1,...,].
We define V; = Vx,, j =0,...,]; that is,

Vi = span {¥(x,xi) e, Y(x,x) e : xi € X},

so that Vx = Vo + - -- 4+ Vj. The Schwarz operator P is then defined by (20
and (21). We gave an algorithm to construct the sets Xj, j = 1,...,]
satisfying (26) [4, Section 6.

)

In the following, we describe the preconditioned conjugate gradient method
based on the Schwarz operator P. For i =0,...,], let A; be the restriction
of the matrix A onto each subspace Vi, that is, A; is a submatrix of size
2card(X;) x 2card(X;) given by A; = [Aj], where Ay is the 2 x 2 block
matrix defined for x;,xi € X; as given in (13).



4 Estimates of the condition number C750

For k=0,...,], let Iy be an ordered subset of {1,..., N} such that x,,, € Xi

if and only if m € Ix. The cardinality of the set Iy is denoted by sy

and the rth element of the set Iy is denoted by I (r). For a given vector

v = (vi,V1,...,Vn,Vn)T, the restriction map Ry : R?N — R is defined as
RV = (Vi (1), VI (1) - - - VI (s1)5 Vi (si)) -

Conversely, for a vector u = (uy, Uy, ..., U, U, )", the extension map R} :

R — RN is defined by Rlu = (v1,¥1,...,vn,Vn)T, where

~ (wp,wy), if j = Ix(r) for some r € {1,..., s},
(Vj7vj) = o .
O, lf] ¢ Ik.

Algorithm 1 shows a pseudocode for the preconditioned conjugate gradient
method.

4 Estimates of the condition number

Let @ and @y be defined so that Curl @, = W(-,xy)ex and Curl @, =
Y(-,x,)ex. These stream functions also have compact supports. Let

Wy = span{@y, @r :x € X} and W; = span{@y, ¢ 1% € X}

Assume the functions in Wj have supports in I3, where [j is a spherical cap
centred at p;. We make the following assumption:

Assumption 1. We can partition the index set 1,...,] into M (for 1 <
M < J) sets Jom, for T < m < M, such that if i,j € | and i # j then
l} N F] == @ .

Under Assumption 1, the following results hold.
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Algorithm 1: Preconditioned conjugate gradient method.

3T = [d] d]']]N:1

4 p=0

5 ¢c=0

6 iter =0

7 while ||r|| > e do

8 for j=1to J do

9 p=p+RIA Rr
10 end

11 p=p+RIA; Ror

12 if iter > 0 then

13 Co = G

14 end

15 G=p-1

16 iter = iter +1

17 if iter = 1 then

18 P1=P

19 end

20 else

21 P =P+ (G/C)p
22 end

23 y=(r-p)/(p: Api)
24 T =71—YAp,

25 c=c+vYp;

26 end

27 Construct the approximate solution using (6) and (12).

input : The scattered set X on the sphere, the values of the vector
field F at X, and the desired accuracy €.

output: The divergence free RBF approximation of F

Partition the scattered set X into Xo U --- U X]

Compute the coordinates d; and d; of the vector field F
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Lemma 2. There exists a positive constant ¢ independent of the set X such
that for any u € Vx satisfying u = Z]J:o w; with u; € Vj forj=0,...,],

<u,u)\y < cM <uj,u]~)\y .

>l

u
I
o

Proof: Since u € Vy is divergence free, there is a stream function u € Wy
such that u = Curlu. Similarly, for every u; € V; there is a stream function
u; € W, such that u; = Curly, . Le Gia and Tran [4, Lemma 5.2] gave, under
the assumption (15),

]
(W w)yy <cM ) (uj,u5)y -
j=0

This estimate and definition (14) give the desired result. [ )

Lemma 3. For any u € Vx there exist u; € Vi, j = 0,...,], satisfying
u= Zj]:o u; and

J
Z<ujauj>‘l’ < <1 _J ) u, Wy,

+ =
(1= QI

where Q =Qj---Qq and
1Qllw = sup{[|QVllw : v € Vx and [|[v]ly < 1.

Here Qj is the orthogonal projection from Vx to \/jL with respect to (-, )y,
where Vi :={u € Ny : (u,w)y =0 for all w € V;}.
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Proof: The proof follows in the same manner as Lemma 2, using an external
lemma by Le Gia and Tran [4, Lemma 5.3]. [ )

Lemmas 2 and 3 allow us to estimate the condition number of P, namely
K(P) = Amax(P)/Amin (P) where A (P) and A, (P) are the maximum eigen-
value and the minimum eigenvalue of P, respectively.

Theorem 4. Under Assumption 1, the condition number k(P) of the additive
Schwarz operator P is bounded by

K(P) <cM (1 + +> ,
(T—11Qllw)?

where ¢ is a constant independent of M, ] and the set X. Here, the operator Q
is defined in Lemma 3.

Proof: From Lemmas 2 and 3, and the standard analysis for domain de-
composition methods [4], we obtain Ay« (P) < ¢cM and

Amin(P) < (1 + +> :
(1= 1Qllw)?

Therefore the result of the theorem is obtained. '

5 Numerical experiments

We present numerical experiments based on globally scattered data extracted
from a very large data set collected by the NASA satellite MAGSAT. Given
a positive real number q, different sets X of scattered points are extracted
from the original data set so that the separation radius qx is not less than q.
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TABLE 1: Radial basis functions used in the numerical experiments.

¢(r) T
(1—1)8(35m* 4+ 18r +3) 5/2
(1—1)8(32r3+25r* +8r+1) 7/2

The separation radius of a set X = {x;,...,xn} C S is defined by qx =
0.5 min;; cos™'(x; - X;). The number of points and the separation radius qx
of each data set are listed in Table 2. The exact vector field is

1 oF_OF,
sin 0 0¢ 00 '

where F is the following stream function
F=4cos(a)cos(0) —4sin(x) sin(0) cos(Pp), o =m/4,
and the tangent vectors are

e = (cosOcosd,cosOsind,—sin0)’ and €= (—sind,cosd,0)".
We use the compactly supported radial basis functions [6] listed in Table 1 to
define the kernel W. Tables 2 and 3—4 give numerical results for the conjugate
gradient (CG) method and preconditioned CG.

As shown in Table 2, when N increases and x decreases, the condition
number k(A) of the matrix A increases, and hence the CPU time (in seconds)
increases significantly. When the preconditioner introduced in Algorithm 1
is applied, as can be seen in Tables 3-4, the condition numbers of the
preconditioned systems k(P) are much smaller than the condition numbers
of the original interpolation matrix k(A). As a consequence, the number of
iterations and CPU times in solving the linear systems are reduced dramatically.
This shows the effectiveness of the preconditioner.
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TABLE 2: Conjugate gradient method (without preconditioners).

T N qx Amin Amax K(A) CPU ITER
5/2 7663 m/200 7.4E—3 8.8e+3 1.2E+6 4507.6 2526
10443 m/240 4.68—3 1.2E+4 2.76+6 7300.2 3413

7/2 7763 mw/200 7.0e—5 3.0e+3 4.3e+7 8706.9 8948
10443 /240 8.6E—5 4.1E+3 4.8e+7 14647.8 8805
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TABLE 3: Preconditioned conjugate gradient method for T =5/2.
N cosax cosP | Aun Amax  K(P) CPU ITER
7663  0.95 046 84 96E—4 11.02 1.1e+4 7856 296
7663 094 —054 76 19e-3 10.99 58e+3 519.8 177
7663 093 —0.60 65 46E—3 1058 23E+3 4592 145
7663 092 —-035 56 7.1e—4 1021 14e+4 6318 177
7663 091 —-0.70 50 29e-3 935 3.2e+3 5148 130
7663 090 —-0.15 45 89e—4 920 1.0E+4 7532 175
7663 089 —062 42 51e—-2 932 18e+2 2314 50
7663 088 —0.61 37 55e—-3 852 16E+3 370.9 74
7663 087 —056 37 35E-3 926 26E+3 5712 101
7663 086 —0.73 30 1.1e—-2 8.14 7.1E+2 3694 67
7663 085 —062 33 34g-2 867 26E+2 3456 52
10443 095 —0.07 86 4.6E—4 1153 25+4 767.8 250
10443 094 —035 75 48e—4 1147 24+4 6489 195
10443 093 —0.60 65 16E—3 1050 6.6E+3 6446 186
10443 092 —-0.35 55 75e—4 10.25 14E+4 6232 165
10443 091 —0.66 48 493 971 20E+3 3788 101
10443 090 —0.63 45 28e—2 921 33e+2 2775 57
10443 0.89 —0.66 39 14e—-3 846 6.0e+3 8869 170
10443 0.88 —0.69 37 18e—3 852 47e+3 8400 123
10443 0.87 —0.69 37 62e—3 888 14E+3 386.8 63
10443 0.86 —058 33 233 844 37e+3 7208 94
10443 0.85 —0.79 30 48e—3 826 1.7E+3 637.6 82
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TABLE 4: Preconditioned conjugate gradient method for t =7/2.
N cosax cosP | Aun Amax  K(P) CPU ITER
7663  0.95 046 84 1.2—4 1123 93e+4 6203 482
7663 094 —054 76 43e—4 11.15 26E+4 408.7 278
7663 093 —060 65 15e—4 10.79 7.28+4 6522 396
7663 092 —-035 56 223 1045 48e+3 3516 189
7663 091 —-0.70 50 62e—4 962 15e+4 4579 218
7663 090 —0.15 45 314 941 3.1e+4 6505 277
7663 089 —062 42 76E-3 954 13E+3 252.0 95
7663 088 —0.61 37 26E-3 874 33E+3 3068 107
7663 087 —056 37 684 950 14g+4 501.7 150
7663 086 —0.73 30 24g-3 827 35e+3 4513 138
7663 085 —062 33 122 892 7.6E+2 3122 78
10443 095 —0.07 8 15e—-3 11.75 7.6e+3 4534 212
10443 094 —035 75 72e—4 11.76 1.6e+4 6064 246
10443 093 —060 65 284 10.69 3.8e+4 7732 236
10443 0.92 —-0.35 55 98e—4 10.61 1.1e+4 7636 207
10443 091 —066 48 19e—3 994 54E+3 639.8 156
10443 090 —0.63 45 68e—3 940 1443 409.2 87
10443 0.89 —0.66 39 224 858 3.9+4 15499 305
10443 0.88 —0.69 37 23e—4 874 39e+4 13365 210
10443 0.87 —0.69 37 34E-3 9.10 2.7E4+3 5384 86
10443 0.86 —0.58 33 4.0E—-3 859 21e+3 7639 101
10443 0.85 —0.79 30 44g—-3 851 20E+3 8565 115
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