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Quartic spline solution of a third order
singularly perturbed boundary value problem

Ghazala Akram'

(Received 21 July 2011; revised 16 April 2012)

Abstract

Singularly perturbed boundary value problems are solved using
various techniques. The spline of degree four is used for the approximate
solution of a third order self adjoint singularly perturbed boundary
value problem. Convergence analysis is given and the method is proved
to be second order convergent. Two examples numerically illustrate

the method.
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1 Introduction

The solution of a singularly perturbed boundary value problem exhibits a
multiscale character. There is a thin transition layer, where the solution
varies swiftly, while away from the layer the solution behaves regularly and
varies gradually, therefore many complications are faced in solving singularly
perturbed boundary value problems using standard numerical methods. In
recent years, a large number of special purpose methods have been established
to provide accurate results.

Consider the self adjoint singularly perturbed boundary value problem of the
form

Ly(x) = —ey®(x) + p(x)y(x) = f(x), Pp(x) =0,
y0) =a, yM=or, y"(0)=a, (1)
Ly(x) = —ey®(x) + p(x)y(x) = f(x), Pp(x) =0,
y0) =, yM =0, y?(0)=as, (2)

where g, 1, &, and &3 are constants and ¢ is a small positive parameter
(0 < e < 1), also f(x) and p(x) are smooth functions. In this problem, we
take p(x) = p = constant. Singularly perturbed problems usually crop up
in chemical reactions, quantum mechanics, fluid mechanics, optical control,
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etc. Three principal approaches are available to solve such problems, namely,
finite difference methods, finite element methods and spline approximation
methods.

The existence and uniqueness of singularly perturbed boundary value prob-
lems (BvPs) was discussed by Howers, Kelevedjiev, and Roos et al. [3, 5, 10].
A numerical method for a class of second order singularly perturbed two point
boundary value problems on a uniform mesh using a compressed spline was
proposed by Mohanty and Jha [8]. Quartic non-polynomial spline functions
were used to develop a class of numerical methods for solving self adjoint sec-
ond order singularly perturbed two point boundary value problems by Tirmizi
et al. [13]. Difference schemes were developed for the numerical solution of
second order two point singularly perturbed boundary value problems using a
tension spline by Kadalbajoo and Patidar [4]. A sextic spline has been used
to solve second order singularly perturbed boundary value problems by Khan
et al. [6] and the method proved to be fifth order accurate. The method has
been presented to solve a class of second order singularly perturbed two point
boundary value problems for certain ordinary differential equations having
singular coefficients [14]. A numerical technique has been derived for a class
of singularly perturbed two point boundary value problems on an uniform
mesh using polynomial cubic spline by Rashidinia [9] and was given to be
second order convergent. A fourth order finite difference scheme based on a
nonuniform mesh for a class of singular two point perturbed boundary value
problem was described by Kumar [7] and shown to be of order four. This
method has also solved a class of third order singularly perturbed boundary
value problems [1]. The singularly perturbed boundary value problem for
quasilinear third order ordinary differential equations involving two small pa-
rameters has been considered by Su-rang et al. [11] and asymptotic solutions
constructed by the method of two step expansions. The derivation of solutions
to a singular two point boundary value problem for third order nonlinear
differential systems by employing the method of descent has been discussed
by Du [2]. Numerical solutions of fifth order two point singularly perturbed
boundary value problems have been considered by Syam and Attili [12].
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This paper is organized in four sections. Section 2 determines the consistency
relation and end condition required for the solution of BvP (1) and (2).
Section 3 discusses the convergence analysis of the quartic spline method.
Finally, Section 4 discusses the results of two numerical examples.

2 Consistency relations

To develop the consistency relations the following fourth degree spline is
considered:

Qix) = ailx —x)* +bix = x>+ cilx —x)? + dilx —xi) + e (3)

defined on [a, b], where x € [x;, X; 1] with equally spaced knots, x; = a + ih,
1=0,1,...,N, and h=(b—a)/N. Using the following notations

Qi(xi) =i, Qi(xi11) = Yiy1,
Qi(S)(Xi) =my, Qi(S)(Xi+1) = Mi41,
Ql(”(xl) =My,

the coeflicients in (3) are determined to be

a; = (my —miy1)/24h,

bi — mi/67
ci = —(3R3my 4+ Wimyyy + 24hn + 24y; — 24y,,) /240,
di = ny,

€ = Y.
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Applying the first and second derivative continuities at knots, that is, Q(“) (xi) =

i—1

Qi(”) (xi), for w =1 and 2, the following relations are derived:

1
— [h3mi,1 + h3mi — 12(}11’11,] + hTLi + 2y171 — Zyl)] = 0,

[h3 mi_; + 8h3m + 1’ miy — 24hn;_; + 24hn,
— 24y; 1 + 48y — 24y 1] =0,

12h?

which leads the following consistency relation in terms of m; and y;

24
m o+ 1Tm +1Tmy+myq = 3 (—Yi2+3yi1 —3Yi +Yir1), (4)

fori=2,3,...,N—1. Using Equation (1), Equation (4) is
(24e + ph®)yi_y + (—72e + 11ph?)yi_s + (72e + 1Tph)y;
+ (—=24e + ph)yi = R (fip + 1Ty + 116 + i), (5)

fori=2,3,...,N —1. Since the above system consists of (N — 2) equations
with (N — 1) unknowns, one more equation is required. The following relation
describing truncation error is used in this regard:

To = —h*(aem_; + a;mg + a;m;)
+ <(131J4 + a4yo + asys + agyz + a7hyé”) : (6)
Moreover, the values of y_; and m_; can be calculated and are
Yy_1 = (5yo — 10y1 + 10y, — 5y3 + ya),
m_; = (bmy — 10my + 10m, — 5m3 + my).

Using Taylor series of the right-hand side of Equation (6) along with the

coefficients of yo, hyé”, hzy(gz), h3yés), h4y(()4), the value of a;s are calculated
as

W
—

aO:17 a=—-3, azzza a3:_§a

as =3, as=-—

>
3
7
z, a6=1, C17:].
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Using the values of a;is, y_1 and m_; in Equation (6), the required end
condition is

(za + 5Pk )y1 — (4e + 10pR)y, + (Ze + 5ph >y3 - (za +ph >y4
10, 17 110
w3 Y - . N i 3
h < 3 fo+ 3 f1 — 10f; + 5f3 f4> ( 2€+ 3 ph >OCO
—¢hoy + O(R°) =0. (7)

Similarly, the end condition for system (2) is

103
<16£ + —ph3>y1 — (19e + 10ph®)y, + (10e + 5ph’)ys

12
43 103
— (2e + phd)ys — h3<— S0+ 5 F1 — 10f2 + 55 — f4)
43
— <5£ + Ep]ﬁ) oo + eh’o + O(h°) = 0. (8)

3 Convergence of the method

The system of Equations (5) and (7) provides the required quartic spline
solution of BVP (1), which can be written in the matrix form

AY —h’DF =C, (9)
where
[ (3e+ Uph®) —(4e +10ph®) (3e+5ph®) —(ie+phd)
1 ]ph3 —72¢ 62 61
Ao ph® + 24¢ 11ph?® — 72¢ ) &1
phd + 24¢ 11ph® — 72¢ 5, 51
I ph’ +24e  11ph’ —72¢ §; |
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with &; = ph® —24e, &, = 11ph3 + 72¢,

Y -1 5 -1
1111
11
D= L :
111 11 ]
111 11

C=(c1,¢2,--5enet)’, Y = (Y1, Yz, -, yn—1)" and F = (fy,12,..., Fnog) T
Also

C = (—zi—f‘?Ph)O(o—?hfo—Ehyo ,

c; = (—24e —ph®)xy + hf, ,
=0, i=3,4,... . N=-2
CN—1 = (248 —ph3)061 + hst .

The exact solution is defined as Y = [y(x1),y(x2),...,y(xn_1)], then Equa-
tion (9) is rewritten as

AY -hDF=T+C, (10)
where T = [t1, t, ..., tn_1]" with

ty = ———eh®y® (&), x0< G <4,

t = 2eh°yY) (&), x2< G <xipr, 1=23,....N—=1. (11

Moreover,



3 Convergence of the method E51

To determine the error bound the row sums S;,S,,...,Sy_1 of matrix A are
calculated:
5
S] = ZCLU _——€+2ph3

S, = Z ay; = —24¢ + 23ph’,
j
Si =) ay;=24ph’, i=23,... N-3,
j
Sno1 = ) an_iy = 24e +23ph’. (14)
j
Since the matrix A is irreducible and monotone, A~ exists and its elements
are nonnegative. Hence, from Equation (12),
E=AT. (15)
Also, from the theory of matrices
ATTA = TN nx(net)

where
ar a2 ce a1 n—1
azi azo e a2 n—1
A — . )
an—11 An—12 ... Qn-1n—1
a ar) ar!
1,1 1,% 1,71171
Al a; a, Ay nq
-1 -1 -1
An 11 Gni2 Ay gn1
1 0 . 0
o1 . 0
and 1= . )
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Since each row sum of matrix I(n_1)xn—1) = 1 and ATTA = Inc1yx (N—1)s
therefore each row sum of A~'A equals 1; that is,
Clﬁ] (g +ai+--+an)+ a{;(a;] +ax,+ayn_1)
+ ot a]TT]L_] (an71,1 + an—1.2 4+ an71,n71) =1 )
a1Si4+aS 4+ a,  Snar =1,
which is written in compact form as
N—1
> aisi=1, k=12...N-1. (16)
i=1
Defining S; = min S; , then from Equation (16),
12 S(a)+ a4+ an)-
It follows that
N—1
>l <1/5,=1/(WBy,). (17)
i=1

where
810:(1/h3)8j >0, T<ip<N-1.

From Equation (12), the error terms can be written as
N—T1

g=> aT, j=12,... N-1.
i=1

From Equation (11) and Equation (17), it can be proved that
e < Kh?/By,, j=1,2,....,N—1,
where K is constant and independent of h. It follows that

IE[l = O(R?).

Similarly, the method developed for the system (5) and (8) is also second

order convergent. The result is summarized in the following theorem
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Theorem 1. Let Y(x) be the exact solution of the system (1) or (2) and
letyi, 1=0,1,...,N, be the exact solution of (9) then ||E|| = O(h?).

4 Numerical results

Example 2. The following boundary value problems are considered

—ey®¥(x) +y(x) =f(x), x€l0,1]

y(0) =0, y(1)=0, y(0) =0, (18)
and

—ey(x) +y(x) = f(x), x€0,1]

y(0) =0, y(m=o0, y?©)=o0, (19)
where

f(x) = 6e(1 —x)*x> —6e* [6(1 —x)> — 90(1 — x)*x
+180(1 — x)*x* — 60(1 —x)*x*] .

The analytic solution of system (18) or (19) is
y(x) = 6x%e(1 —x)°.
The maximum errors (in absolute values) associated with y;, for the sys-

tem (18) are summarized in Table 1.

The maximum errors (in absolute values) associated with y;, for the sys-
tem (19) using end condition (8) are summarized in Table 2.

Tables 1 and 2 confirm that if h is reduced by a factor 1/2, n doubled, then
||E|| is reduced by a factor 1/4, which indicates that the present method gives
second order results.
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Table 1: Maximum absolute errors of y; in problem (18).

€ n=10 n =20 n =40
1/16 29x107° 12x10% 64x10°
1/32 92x107% 38x10™> 21x10°°
1/64 14x107% 68x107° 46x1077

Table 2: Maximum absolute errors of y; in problem (19).

€ n=10 n =20 n =40
1/16 13x107% 11x103 78x10™
1/32 32x1073% 27x10* 1.8x107°
1/64 34 x107*% 22x107° 1.1x10°°

FExample 3. The following boundary value problems are considered:

—eyP(x) +y(x) = 8Te?cos 3x + 3esin3x, x € [0,1],
y(0) =0, y(1)=3esin3, y(0) =9, (20)

and

—eyP(x) +y(x) = 8Te?cos3x + 3esin3x, x € [0,1],
y(0) =0, y(1)=3esin3, y?(0)=0. (21)

The analytic solution of the system (20) or (21) is
y(x) = 3esin3x.

The maximum errors (in absolute values) associated with y;, for the sys-
tem (20) are summarized in Table 3.

The maximum errors (in absolute values) associated with y;, for the sys-
tem (21) using end condition (8) are summarized in Table 4.
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Table 3: Maximum absolute errors of y; in problem (20).

€ n=10 n =20 n =40
1/16 69 x10° 31x10> 54x10°
1/32 31 x107° 1.8x10™> 28x10°°
1/64 49x107° 99%x10° 14x1077

Table 4: Maximum absolute errors of y; in problem (21).

€ n=10 n =20 n =40
1/16 25x10° 1.9 x107* 1.4 x10™
1/32 6.8x107* 57x10 50x10°°
1/64 1.2x107% 13x10™ 1.6x10°°

Tables 3 and 4 confirm that if h is reduced by a factor 1/2, n doubled, then
||E|| is reduced by a factor 1/4, which indicates that the present method gives
second order results.

5 Conclusion

The quartic spline method is developed for the approximate solution of a
third order singularly perturbed boundary value problem. In addition to
the boundary conditions corresponding to the first derivatives, the boundary
conditions corresponding to the second derivatives are also considered. The
method has been proved to be second order convergent. Two examples are
considered for numerical illustration of the method. The results of these
examples preserve the second order convergence.



References E56

References

1]

M. Cui and F. Geng, A computational method for solving third order
singularly perturbed boundary value problems, Applied Mathematics and
Computation, Vol. 198, (2008) pp. 896-903,
d0i:10.1016/j.amc.2007.09.023 E46

Zengji Du, Singularly perturbed boundary value problem for nonlinear
systems, Applied Mathematics and Computation, Vol. 189, (2007)
pp. 869-877, doi:10.1016/j.amc.2006.11.167 E46

F. A. Howers, Singular perturbation and differential inequalities,
Memoris of the American Mathematical Socity, Providence, Rhode Island,
Vol. 168, (1976). E46

Mohan K. Kadalbajoo and Kailash C. Patidar, Numerical soution of
singularly perturbed two-point boundary value problem by spline in
tension, Applied Mathematics and Computation, Vol. 131, (2002)
pp- 299-320, doi:10.1016/S0096-3003(01)00146-1 E46

Petio Kelevedjiev, Existence of positive solutions to a singular second
order boundary value problem, Nonlinear Analysis: Theory, Methods and
Applications, Vol 50 (8), (2002) pp. 1107-1118,
d0i:10.1016/S0362-546X(01)00803-3 E46

Arshad Khan, Islam Khan and Tariq Aziz, Sextic spline solution of
singularly perturbed boundary value problem, Applied Mathematics and
Computation, Vol. 181, (2006) pp. 432439,
d0i:10.1016/j.amc.2005.12.059 E46

Manoj Kumar, A fourth order finite differeence method for a class of
singular two point boundary value problems, Applied Mathematics and
Computation, Vol. 133, (2002) pp. 539-545,
d0i:10.1016/S0096-3003(01)00255-7 E46


http://dx.doi.org/10.1016/j.amc.2007.09.023
http://dx.doi.org/10.1016/j.amc.2006.11.167
http://dx.doi.org/10.1016/S0096-3003(01)00146-1
http://dx.doi.org/10.1016/S0362-546X(01)00803-3
http://dx.doi.org/10.1016/j.amc.2005.12.059
http://dx.doi.org/10.1016/S0096-3003(01)00255-7

References E57

[8] R. K. Mohanty and Navnit Jha, A class of variable mesh spline in
compression methods for singularly perturberd two point singular
boundary value problem, Applied Mathematics and Computation,
Vol. 168, (2005) pp. 704-716, doi:10.1016/j.amc.2004.09.049 E46

[9] J. Rashidinia, R. Mohammadi and M. Ghasemi, Cubic spline solution of
singularly perturbed boundary value problem with significant first
derivatives, Applied Mathematics and Computation, Vol. 190, (2007)
pp. 1762-1766, doi:10.1016/j.amc.2007.02.050, E46

[10] H. G. Roos, M. Stynes and L. Tobiska, Numerical methods for
singularly perturbed difference equation, Springer verlag, (1996). E46

[11] Lin Su-rang, Tian Gen-bao and Lin Zong-chi, Singular perturbation of
boundary value problem for Quasilinear third order ordinary differential
equations involving two small parameters, Applied Mathematics and
Mechanics, Vol. 22 (2), (2001) pp. 229-236,
do0i:10.1023/A:1015553219376 E46

[12] Muhammad I Syam and Basem S. Attili, Numerical solution of
singularly perturbed fifth order two point boundary value problem,
Applied Mathematics and Computation, Vol. 170 (2005), pp. 1085-1094,
d0i:10.1016/j.amc.2005.01.003 E46

[13] Tkram A. Tirmizi, Fazal-i-Haq and Siraj-ul-islam, Non-polynomial spline
solution of singularly perturbed boundary-value problems, Applied
Mathematics and Computation, Vol. 196, (2008) pp. 6-16, DOLI:
10.1016/j.amc.2007.05.029,. E46

[14] Wenyan Wang, Minggen Cui and Bo Han, A new method for solving a
class of singular two-point boundary value problem, Applied Mathematics
and Computation, Vol. 206, (2008) pp. 721-727,
d0i:10.1016/j.amc.2008.09.019 E46


http://dx.doi.org/10.1016/j.amc.2004.09.049
http://dx.doi.org/10.1016/j.amc.2007.02.050,
http://dx.doi.org/10.1023/A:1015553219376
http://dx.doi.org/10.1016/j.amc.2005.01.003
http://dx.doi.org/10.1016/j.amc.2008.09.019

References E58

Author address

1. Ghazala Akram, Department of Mathematics, University of the
Punjab, Lahore 54590, PAKISTAN.
mailto:toghazala2003@yahoo.com


mailto:toghazala2003@yahoo.com

	Introduction
	Consistency relations
	Convergence of the method
	Numerical results
	Conclusion
	References

