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A continuum model of the growth of
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Abstract

We present a porous medium model of the growth and deterioration
of the viable sublayers of an epidermal skin substitute. It consists
of five species: cells, intracellular and extracellular calcium, tight
junctions, and a hypothesised signal chemical emanating from the
stratum corneum. The model is solved numerically in Matlab using
a finite difference scheme. Steady state calcium distributions are
predicted that agree well with the experimental data. Our model also
demonstrates epidermal skin substitute deterioration if the calcium
diffusion coefficient is reduced compared to reported values in the
literature.
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1 Introduction

The epidermis is the most superficial skin layer and its cells can be cultivated
in vitro to produce ‘reconstructed epidermis’ that demonstrates similar mor-
phology [9]: three viable sublayers (the stratum basale, stratum spinosum
and stratum granulosum) and an overlying nonviable sublayer (the stratum
corneum). These sublayers possess fairly constant thickness in normal epi-
dermis. However, in reconstructed epidermis the viable sublayers reduce
in thickness within a few weeks [9], and the stratum corneum increases in
thickness due to impaired desquamation [20].

Both normal and reconstructed epidermis possess a distinct calcium distri-
bution [20] which is strongly implicated in regulating their structures [10].
We recently investigated this calcium distribution using a porous medium
model [1], which predicted all key aspects of the distribution except for
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small extracellular variations experimentally observed in the stratum granu-
losum [14, 20]. Tight junctions, which are adhesions between adjacent cell
membranes that disrupt extracellular fluid (ecf) flow, have recently been
identified in the stratum granulosum and contribute to regulation of the
epidermal calcium profile [12]. These tight junctions, not considered in our
previous model [1], are hypothesised to form in response to a local signal from
the stratum corneum [15].

In response to these considerations, the article presents a spatiotemporal
porous medium model of the development of the viable sublayers of epidermal
skin substitutes, based on the dynamics of calcium, tight junctions and a
signal chemical emanating from the stratum corneum. The final steady state
of our model predicts intracellular and extracellular calcium distributions that
strongly agree with the experimental profiles of normal and reconstructed
epidermis [14, 20]. Our model also demonstrates epidermal substitute de-
terioration if the diffusion coefficient of calcium is reduced from previously
determined values [1, 13], but this deterioration is not as significant as that
observed experimentally [9].

2 The model

Keratinocytes, the primary cells of the epidermis, are arranged in four distinct
sublayers of the epidermis and it is these sublayers that form the domain of
our model. From deep to superficial, these sublayers are the following.

1. The stratum basale ( sb), 0 6 z 6 z1 : keratinocytes proliferate, either as
stem cells or transit-amplifying (ta) cells. Stem cells divide indefinitely,
always producing one stem cell and one ta cell. ta cells divide a few
times [17], each time producing two ta cells, then become quiescent,
characterising the overlying stratum spinosum.

Stem cells are dispersed along the basement membrane (bm): the lower
boundary of the epidermis [17]. Hence we assume that stem cells occupy
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0 6 z 6 θz1 and ta cells occupy θz1 < z 6 z1 , where θ is the volume
fraction of the sb occupied by stem cells.

2. The stratum spinosum ( ss), z1 < z 6 z2 : quiescent keratinocytes
passively migrate towards the skin surface, displaced from the sb by
proliferation.

3. The stratum granulosum ( sg), z2 < z 6 z3 : keratinocytes disintegrate,
expelling their contents into the extracellular space.

4. The stratum corneum ( sc), z3 < z : these dead keratinocytes form a
relatively impermeable barrier to chemical transport.

We model the viable sublayers (all sublayers excluding the sc) of the epider-
mal skin substitute as one dimensional, saturated, porous media [16], with
keratinocytes analogous to soil particles and the surrounding ecf analogous
to water that saturates the soil system. The volume fraction occupied by
keratinocytes is essentially constant [6].

In addition to cells and ecf, our model includes three chemical species:
calcium, tight junctions T , and a signal chemical S. Calcium can be both
intracellular and extracellular [14], and is conserved, whilst signal and tight
junctions are extracellular only. Combining the above yields an equation
system of

φ
∂ui

∂z
= f , (1a)

∂ρci

∂t
+
∂

∂z
(ρciui) = gc , (1b)

∂ρce

∂t
+
∂

∂z
(ρceuce) = −gc , (1c)

∂S

∂t
+
∂

∂z
(SuS) = 0 , (1d)

∂T

∂t
+
∂

∂z
(Tui) = gT , (1e)
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where φ is the cell volume fraction, and where ρci, ρce, S and T are the
superficial concentrations of intracellular calcium, extracellular calcium, signal
chemical and tight junctions respectively, ui, uce and uS are the physical
velocities of the cells, extracellular calcium and signal chemical respectively,
f is the rate of change of cell volume fraction due to transformation of ecf to
cells, gc is the rate of change of superficial intracellular calcium concentration
due to calcium transfer from ecf to cells, and gT is the rate of change of
superficial tight junction concentration due to formation induced by the signal
chemical. We do not include an equation for the ecf, as the model can be
closed without its specification. In the following sections we specify each
component of equation system (1).

2.1 Cell velocities

We specify

f =


s1φ , 0 6 z 6 θz1 ,

s2φ , θz1 < z 6 z1 ,

0 , z1 < z 6 z3 .

This form expresses the different proliferation rates s1 and s2 of the stem
and ta cells in the sb [17], and the quiescence of keratinocytes in the ss
and sg. No cells can cross the bm, hence ui(0) = 0 . Combining the above
with Equation (1a) and continuity of ui across the internal boundaries θz1,
z1 and z2, we immediately obtain the cell velocity distribution,

ui(z) =


s1z , 0 6 z 6 θz1 ,

s2z− (s2 − s1)θz1 , θz1 6 z 6 z1 ,

s2z1 − (s2 − s1)θz1 , z1 6 z 6 z3 .

(2)
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2.2 Calcium

Based on the results of our previous model [1], we assume that stem cells act
as a reservoir of intracellular calcium without direct exchange to the ecf,
and that calcium is taken in by ta and ss keratinocytes and expelled by
sg keratinocytes. Here, we obtain the cellular calcium influx gc for ta and
ss keratinocytes as a function of ρce, using experimental data from Reiss et
al. [18, Figure 1B] of the 45Ca2+ influx as a function of extracellular calcium.

From Figure 1B of Reiss et al. [18], the actual extracellular calcium concentra-
tions on the x-axis are converted to ρce using the cell volume fraction φ = 0.96
(see Table 1) and the molar mass of calcium. The 45Ca2+ influxes on the y-axis
are converted to gc by assuming that an actual extracellular calcium con-
centration of 1.2mM (the standard concentration for inducing reconstructed
epidermis formation [10]) yields a cellular influx of 4.5× 10−4 mg/kg s−1, a
value predicted by our previous model [1]. After these conversions, a logistic
equation of the form gc(ρce) = g0/ {1+ exp [−k(ρce − ρmid)]} was fitted to
the data. The converted data is shown in Figure 1 and the fit parameters g0,
k and ρmid are listed in Table 1.

The form of calcium expulsion in the sg is difficult to determine due to the
resolution limit of current experimental techniques [8]. Hence, for simplicity
we assume that this expulsion occurs at a constant rate. For the extracellular
calcium, we assume that Fickian diffusion is the only important contribution
to its flux [1]. However, any tight junctions present will disturb the ecf flow
and hence reduce this diffusion. Combining the above with Equations (1b)
and (1c) yields equations expressing the calcium dynamics in our model:

ρci = ρi0 , 0 6 z 6 θz1 , (3a)

∂ρci

∂t
= gc −

∂

∂z
(ρciui) , θz1 < z 6 z3 , (3b)

∂ρce

∂t
= DCa

∂

∂z

([
1− (1− εCa)

T

T0

]
∂ρce

∂z

)
− gc , 0 6 z 6 z3 , (3c)
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Figure 1: Cellular calcium influx gc(ρce) for ta and ss keratinocytes, from
experimental data [18] extracted using xyExtract [7].

gc =


0 , 0 6 z 6 θz1 ,

g0/ {1+ exp [−k(ρce − ρmid)]} , θz1 < z 6 z2 ,

−g1 , z2 < z 6 z3 .

(3d)

where ρi0 is the stem cell calcium reservoir, DCa is the physical diffusion
coefficient of Ca2+ ions in the ecf in the absence of tight junctions, T0 is the
maximum (saturation) tight junction concentration, εCa is the reduction in
diffusion coefficient of extracellular calcium during tight junction saturation,
and g1 is the calcium expulsion rate in the sg.

Reconstructed epidermis is typically grown on a fibroblast-engineered matrix
(reconstructed dermis) [9] immersed in a high calcium culture medium [10].
The sc provides a barrier to extracellular calcium transport. These consider-
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ations yield boundary conditions for the extracellular calcium of

ρce(0, t) = ρe0 , uce(z3, t) =
dz3

dt
, (4)

where ρe0/(1− φ) is the calcium concentration of the culture medium.

2.3 Signal chemical

In our model, a signal chemical emanates from the sc and regulates tight
junction formation [15]. We assume that the reconstructed dermis underlying
the bm and surrounding culture medium act as an infinite sink for the signal.
These considerations yield boundary conditions for the signal chemical of

S(0, t) = 0 , S(z3, t) = S0 , (5)

where S0 is the source signal concentration at the sg-sc interface.

We assume that the signal chemical possesses physical characteristics similar
to E-cadherin, a protein known to regulate tight junctions [15]. E-cadherin
diffuses on cell surfaces [5] and thus we treat the signal chemical as ‘crawling’
along the keratinocyte plasma membranes and adhesions, locally affected by
diffusion and cell advection. Combining this with Equation (1d) yields an
equation expressing the signal chemical dynamics in our model:

∂S

∂t
=
∂

∂z

(
DE

[
1− (1− εS)

T

T0

]
∂S

∂z
− Sui

)
, 0 6 z 6 z3 , (6)

where DE is the physical diffusion coefficient of signal chemical in the absence
of tight junctions, and εS is the reduction in diffusion coefficient of signal
during tight junction saturation.

2.4 Tight junctions

Tight junctions are adhesions that form between adjacent cell membranes
which disrupt and regulate extracellular flow of fluid and molecules [2]. We
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assume that tight junctions only form in the sg and their local concentration
increases logistically to a saturation value, T0, at a rate proportional to the
local signal. Combining this with Equation (1e) yields the tight junction
dynamics in our model:

∂T

∂t
= gT −

∂

∂z
(Tui) , gT =

{
0 , 0 6 z 6 z2 ,

α0S (1− T/T0) , z2 < z 6 z3 ,
(7)

where α0 is the rate coefficient of tight junction formation.

2.5 Nondimensionalisation of signal and tight
junctions

The model is simplified by nondimensionalising S and T according to

S = S∗Ŝ , T = T∗T̂ where Ŝ = S0 , T̂ = T0 ,

which removes T0 from Equation (3c) and reduces Equations (5)–(7) to

S(0, t) = 0 , S(z3, t) = 1 , (8a)

∂S

∂t
=
∂

∂z

(
DE [1− (1− εS)T ]

∂S

∂z
− Sui

)
, 0 6 z 6 z3 , (8b)

∂T

∂t
= gT −

∂

∂z
(Tui) , gT =

{
0 , 0 6 z 6 z2 ,

αS (1− T) , z2 < z 6 z3 ,
(8c)

where α = α0T0/S0 and asterisks are dropped for notational simplicity.

2.6 Stages of growth

In our model, the changes in the epidermal sublayer thicknesses which define
the growth and deterioration of the epidermal skin substitute occur in three
stages.



2 The model C99

1. Stage 1: sb and ss are present; starts from t = 0 .

To produce reconstructed epidermis, a multilayer of proliferative ker-
atinocytes (sb) is placed on a reconstructed dermis [9] that is submerged
in a high calcium medium [10]. We set this event at time t = 0 and
assume that the ss simultaneously starts to form due to the underlying
proliferation.

Because the stem and ta cell populations of the sb undergo a set pattern
of proliferation [17], we assume that boundaries θz1 and z1 are constant
in all three stages of growth. In Stage 1 the height z2 of the ss follows
the local keratinocyte velocity

dz2

dt
= ui(z2) (9)

and z3 = z2 as no sg is present.

2. Stage 2: sb, ss and sg are present; starts when ρci(z2) > ρdiff .

To initiate the development of the sg, we define an intracellular cal-
cium concentration ρdiff that triggers expulsion of the keratinocytes’
intracellular contents,

z2 = argminz2

{
ρci(z2) > ρdiff ,

dz2

dt
= ui(z2)

}
, (10)

dz3

dt
= ui(z3), (11)

where argminzi{ , } in Equation (10)–(12) indicates that the minimum
value of zi, from its two values calculated from the two equations
inside the curly brackets, is chosen. The latter option in Equation (10)
accounts for the possibility that keratinocytes at z2 have not accumulated
enough calcium to begin disintegration, in which case z2 follows the
local keratinocyte velocity and no new sg is produced. Equation (10)
also acts in Stage 3.



3 Results C100

3. Stage 3: sb, ss, sg and sc are present; starts when ρci(z3) = 0 .

Once a keratinocyte in the sg has expelled all its calcium, it becomes
part of the overlying sc,

z3 = argminz3

{
ρci(z3) = 0 ,

dz3

dt
= ui(z3)

}
. (12)

The sc is not explicitly simulated in our model. However, any time in
Stage 3 where dz3/dt < ui(z3) corresponds to sc formation.

3 Results

The model is solved numerically in matlab using a finite difference approxi-
mation scheme. For sufficiently large DCa, analytical solutions can also be
obtained, for ρce and ρci in all stages and epidermal sublayers except ρce in
z2 < z 6 z3 in Stage 3, if the ta cell proliferation rate satisfies s2 = gc(ρe0)/ρi0
for gc acting in θz1 < z 6 z1 (data not shown). This condition is quite feasible,
based on reported values [1]. The effect of tight junctions was investigated
by solving the model for εCa = 1 (no effect on ρce) and εCa = 5 × 10−5
(strong effect on ρce). From previous work [1, 13], the diffusion coefficient of
calcium is 10−9 m2 s−1, but interesting and different results are obtained if
this coefficient is reduced (10−11 m2 s−1). This reduced coefficient could occur
if tortuosity significantly affects calcium diffusion in the underlying viable
epidermal sublayers [11].

Hence we solved the model four times, for two different values of DCa, two
different values of εCa, and individual values chosen for all other parameters.
All parameters and their sources are given in Table 1. The motion of epidermal
sublayer boundaries is presented in Figure 2, for all parameter choices. Steady
state distributions (120 days and beyond) of calcium, signal and tight junctions
are shown in Figures 3 and 4, for DCa = 10

−9 m2 s−1 and εCa = 5× 10−5.



3 Results C101

Table 1: Parameter values used throughout this paper. 1See Section 3. 2See
Figure 1.

Parameter Value Source
DCa 10−9, 10−11 m2 s−1, [1, 13],Theoretical1

DE 2× 10−14 m2 s−1 [5]
φ 0.96 [6]
z1 30µm [19]
s1 5.6× 10−7 s−1 [17]
s2 2.2× 10−6 s−1 Calculated1

θ 0.1 [17]
ρi0 200mg/kg [3]
ρdiff 950mg/kg [3]
ρe0 1.92mg/kg [10]
g0 9.87× 10−4 mg/kg s−1 [18]2

k 2.4 kg/mg [18]2

ρmid 2mg/kg [18]2

g1 2.8× 10−3 mg/kg s−1 [1]
εCa 1, 5× 10−5 Theoretical
εS 0.01 Theoretical
α 0.001 s−1 Theoretical

We found that the motion of epidermal sublayer thicknesses was independent
of εCa (see Figure 2). Because εCa represents the modification of calcium pro-
files due to tight junctions, and the epidermal sublayer thicknesses depend on
threshold intracellular calcium values, our model predicts that tight junctions
do not contribute to epidermal substitute deterioration.

However, the motion of epidermal sublayer thicknesses depends crucially on
the diffusion coefficient of extracellular calcium, DCa. For DCa = 10

−9 m2 s−1,
a value taken from previous work [1, 13], the entire process giving rise to
these sublayer changes is as follows. During Stage 1, quiescent ss cells are
pushed upwards by proliferation in the sb, and ta and ss cells continuously
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Figure 2: Growth of the viable sublayers of epidermal skin substitutes with
time, for DCa = 10−9 m2 s−1 (solid lines) and DCa = 10−11 m2 s−1 (dashed
lines). Solutions are independent of the choice of εCa. Transition times from
Stage 1 to 2 (t12) and Stage 2 to 3 (t23) are indicated for DCa = 10

−9 m2 s−1.

accumulate calcium. The surface ss cells possess the most intracellular calcium
as they have been accumulating it for the longest time. At the time when
the surface ss cells acquire ρci = ρdiff , the sg starts to form (Stage 2).

During Stage 2, the ta and ss cells accumulate calcium, and the sg cells
expel calcium. When the surface sg cells have expelled all their intracellular
calcium, the sc forms (Stage 3). Simultaneously, a signal chemical begins
diffusing into the viable sublayers from the sc.

In the sg, tight junctions form in response to the signal chemical. (This
formation is rapid compared to the timescales of interest due to the choice
of α.) These tight junctions reduce the diffusion of extracellular calcium in
the sg, which in turn causes the extracellular calcium concentration there
to rise. This rise, localised to the upper sg where tight junctions have
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Figure 3: Steady epidermal profiles of normalised signal chemical S(z) and
tight junction concentration T(z), for DCa = 10−9 m2 s−1 and independent
of εCa.

reached saturation concentrations, negligibly affects the calcium profile in the
underlying sb and ss.

Because calcium diffusion in the sb and ss is sufficiently rapid, the extracellular
calcium distribution there is nearly constant. (For εCa = 1 , not shown in
Figure 4, the extracellular calcium distribution is also constant in the sg due
to the absence of tight junction effects [1].) The accumulation of calcium by
ta and ss cells, which is dependent on the local extracellular calcium level,
continues without change. Hence the positions of boundaries z2 and z3 do
not change and there is no deterioration of the epidermal substitute.

For the reduced value of DCa = 10−11 m2 s−1, the process giving rise to the
motion of epidermal sublayer thicknesses in Stages 1 and 2 is the same,
except these stages take a longer time to complete. This occurs because the
continuous cellular calcium influx for ta and ss cells causes a non-negligible
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Figure 4: Steady epidermal profiles of intracellular calcium, [Cai] = ρci(z)/φ,
and extracellular calcium, [Cae] = ρce(z)/(1−φ), for DCa = 10

−9 m2 s−1 and
εCa = 5× 10−5.

drop in the extracellular calcium concentration, which reduces the local
calcium influx due to its dependence g(ρce).

In Stage 3, signal and tight junctions form a similar pattern to Figure 3 (with
different z2 and z3), cause a rise in extracellular calcium in the upper sg, and
negliglibly affect calcium profiles elsewhere (data not shown). Instead, the
sublayer heights z2 and z3 decrease with damped oscillations toward steady
state values as shown in Figure 2.

This epidermal substitute deterioration occurs for the following reasons. First,
calcium diffusion in the sg is not sufficiently rapid to avoid a non-negligible
increase in the local extracellular calcium level due to the cellular calcium
outflux (independent of any tight junction effects). This causes a rise in
extracellular calcium in the sb and ss, which in turn increases the rate of
calcium accumulation by ta and ss cells. These cells then reach ρci = ρdiff
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sooner, and the sublayer boundary z2 decreases. Because calcium expulsion in
the sg is constant, the boundary z3 exactly follows z2 with a short time delay.
The damped oscillations occur because the time delay between variations in
the extracellular calcium concentration surrounding ta and ss cells and the
subsequent motion of z2, causes z2 and z3 to overshoot the steady state values
as they are approached.

4 Discussion

Our model predicts intracellular and extracellular calcium profiles at steady
state (Figure 4) that agree well with experimental data [20]. These output
profiles improve our previous work [1] as the extracellular calcium peak in
the sg [14, 20] is now present, attributed in our model to ‘trapping’ by tight
junctions [12]. For an increase in the extracellular calcium level from the ss to
the sg that agrees with established values (50–100% increase [20]), a decrease
in diffusion coefficient of calcium in the sg of εCa = 5× 10−5 is sufficient.

We also demonstrated that tight junctions do not contribute to epidermal
substitute deterioration, due to the localisation of their effect to the upper
sg. However, a reduced calcium diffusion in all viable epidermal sublayers
can yield significant deterioration. The reduced coefficient could occur if the
ecf is sufficiently tortuous throughout all viable epidermal sublayers [11].

Experimentally, the deterioration is greater than that observed in our model:
the viable sublayers eventually return to their original (sb) thickness [9].
Furthermore, the deterioration observed in our model is easily reduced; for
example by increasing DCa or by fitting a linear function to calcium influx
data [18] rather than a logistic function (see Figure 1). Hence other mecha-
nisms must also contribute to the epidermal skin substitute deterioration.

We chose εCa � εS , even though these both represent the effects of tight
junctions on chemical diffusion. However, the diffusion of calcium and signal
chemical should be affected differently by the tight junctions, as the tight
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junction barrier is charge- and size-selective [2] and in our model the calcium
and signal diffuse in different localisations: the ecf and cellular membranes
respectively.

Our model also predicted that tight junctions and sc appear late in epidermal
skin substitute development. However, in practice, tight junction proteins and
sc both appear within a few days [4, 10]. These early formations are probably
a direct response to high calcium in the culture medium [10], even though
the normal pattern of epidermis turnover is not established until a later time.
Note that the lifespan of modern epidermal skin substitutes varies from a
few days to several weeks [9]. These experimental differences complicate the
theoretical investigations.

Regardless, our porous medium model elucidates some aspects of epidermal
skin substitute formation, and brings to attention other aspects that have
yet to be understood. These issues provide interesting problems for future
experimental and theoretical research.
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