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Natural convection in a triangular enclosure
due to non-uniform cooling on top
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Abstract

Natural convection in a triangular enclosure subject to non-uniform
cooling at the inclined surfaces and uniform heating at the base is
investigated numerically. The numerical simulations of the unsteady
flows over a range of Rayleigh numbers and aspect ratios are carried
out using the Finite Volume Method. Since the upper surface is cooled
and the bottom surface is heated, the air flow in the enclosure is
potentially unstable to Rayleigh–Benard instability. Based on the
numerical results, the transient flow development in the enclosure is
classified into three distinct stages: an early stage, a transitional stage,
and a steady stage. In addition, the flow inside the enclosure strongly
depends on the governing parameters; Rayleigh number and aspect
ratio. The asymmetric behaviour of the flow about the geometric
centre line is discussed in detailed. The heat transfer through the roof
and the ceiling as a form of Nusselt number is also reported.
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1 Introduction

Natural convection in the triangular shaped enclosures has received a consid-
erable attention recently due to its direct application in various engineering
fields such as building and thermal insulation systems, solar engineering
applications, geophysical fluid mechanics. Kamiyo et al. [1] and Saha and
Khan [2] extensively reviewed work related to natural convection in the trian-
gular cavity. The majority of existing research is focused on the numerical
simulations of steady state flows and heat transfer [3, 4, 5]. Some research has
been conducted for the transient flow response [6, 7, 8, 9, 10]. Poulikakos and
Bejan [6] at first studied the scaling analysis of the transient flow inside an
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attic space for the case of night time boundary condition with the assumption
that the flow is symmetric about the geometric centre plane with a very small
aspect ratio. Saha and co-workers [8, 9, 10] performed a modified scaling
analysis for both heating and cooling conditions on the inclined surfaces of
the attic. They validated their scaling results with the numerical results for a
wide range of parameters.

Previously, the flow inside the enclosure was considered as symmetric about
the symmetric centre plane. However, Holtzman et al. [11] first observed
the asymmetric flow structures in an isosceles triangular enclosure due to
the formation of a pitchfork bifurcation for the night time cooling condition.
A similar flow structure was also observed by Saha et al. [12] for periodic
thermal forcing condition on the sloping walls of the attic space.

In the present study a non-uniform surface temperature on the sloping wall
is considered where the bottom surface is uniformly heated. We expect that
the temperature on roofs of the attic shaped buildings may not be uniformly
distributed. The effects of the aspect ratios and Rayleigh numbers on the fluid
flow and heat transfer are discussed in detail. The formation of a pitchfork
bifurcation of the fluid flow about the symmetric centre line is observed. The
numerical simulations reveal that the flow development inside the enclosure
undergoes several stages; for example, an early stage, a transition stage and
a steady stage. The numerical results reveal that for lower Rayleigh numbers,
the flow is symmetric; however, it becomes asymmetric when the Rayleigh
number exceeds a critical value. The influence of natural convection on
heat transfer rates is also important to understand the systems with various
applications. The detailed analysis of heat transfer is carried out with average
Nusselt number and such analysis on the role of natural convection in heat
transfer effects in triangular cavities is reported in this study.
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Figure 1: Schematic of the geometry and the coordinate system.

2 Governing equations and the system

Under consideration is the unsteady flow behaviour resulting from a qui-
escent, isothermal Newtonian fluid with Prandtl number Pr = 0.72 in a
two dimensional triangular enclosure of height H = 0.14m and horizontal
length 2l (l = 0.28m, 0.56m and 1.40m for three different aspect ratios) by
imposing a linear cooling temperature condition on both inclined walls, as
shown in Figure 1. The horizontal bottom surface is uniformly heated at
temperature Th (K). The initial fluid temperature is cold Tc (Tc < Th) (K).
The flow is assumed as laminar. Moreover, in order to avoid the singularities
at the tips in the numerical simulation, the tips are cut off by 5% and at the
cutting points (refer to Figure 1) rigid non-slip and adiabatic vertical walls
are assumed. We anticipate that this modification of the geometry would not
alter the overall flow development significantly.

The evolution of the temperature and flow fields in the triangular enclosure fol-
lowing the start-up, which is dominated by natural convection, is described by
the following set of governing equations, for which the Boussinesq assumption
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where u and v are the x-direction and y-direction velocity components, t the
time, p the pressure, T the temperature, g the acceleration due to gravity
and β, ν and κ are the thermal expansion coefficient, kinematic viscosity and
thermal diffusivity of the fluid at temperature Tc, respectively.

The initial and boundary conditions are:

• initially the fluid is quiescent and isothermal at temperature Tc;

• on the sloping walls a rigid non-slip and non-uniform temperature
conditions are applied with a linear temperature function, T = Th −
s(Th − Tc), where s is the length of the inclined surface;

• the bottom horizontal wall is maintained with a constant uniform
heating and rigid non-slip;

• at the cutting points of the bottom tips, rigid non-slip and adiabatic
vertical walls are assumed.

The flow development is determined by three governing parameters; the
Rayleigh number, Ra, the Prandtl number, Pr, and the aspect ratio, A. They
are defined respectively as

Ra =
gβ∆TH3

κν
, Pr =

ν

κ
and A =

H

l
, (5)
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where ∆T is the temperature difference (Th−Tc). The average Nusselt number
on the surfaces is also defined as

Nu =
heffH

k
, (6)

where the heat transfer coefficient

heff =
q′′

∆T
, (7)

with q′′ being the total surface heat flux.

3 Numerical technique

Two dimensional numerical simulations are carried out in this study. For
this purpose, an isosceles triangular domain is considered, and a Cartesian
coordinate system is adopted with the origin located at the centre of the base,
the x-direction pointing horizontally, and the y-direction pointing vertically.
The initial and boundary conditions for the numerical simulations are also
specified. That is, the air in the enclosure is initially quiescent and isothermal
with a uniform temperature of Tc. At the time t = 0 , the two inclined surfaces
are linearly cooled and the base of the enclosure is uniformly heated. All
three surfaces of the enclosure are assumed rigid and no slip. The detailed
numerical procedure and extensive grid and time step dependent test were
reported by Saha and co-workers [8, 9, 10].

4 Results and discussion

The transient development of the flow in the isosceles triangular enclosure
in response to the uniform heating through the horizontal and non-uniform
cooling through the inclined surfaces is described based on the numerical
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simulations. Other features of the transient flow and heat transfer, as well
as their dependency on the Rayleigh number and aspect ratio, are further
explored.

4.1 Overall flow development

Here, the overall features of the flow development in the isosceles triangular
enclosure are described based on the Rayleigh number of Ra = 106 and aspect
ratio of A = 0.5 . The discussion of the different stages of the development of
the transient flow is given below.

4.1.1 Start-up stage flow

As mentioned previously, the air in the isosceles triangular enclosure is initially
isothermal and stationary. At the start-up of the numerical simulation, non-
isothermal conditions are established over the inclined surfaces, which linearly
cool the enclosure through the inclined surfaces and uniformly heat the
enclosure through the base. As a consequence, thermal boundary layers
develop along all the interior surfaces. Among them, the thermal boundary
layer adjacent to the base is a heating thermal boundary layer and those
which are adjacent to the inclined surfaces are a bit complex. The top portion
of the inclined surface generates a cooling thermal boundary layer and the
bottom portion generates a heating thermal boundary layer. Figure 2 shows
the growth of these thermal boundary layers with time, and which shows the
isotherms (Figure 2a,c) and contours of stream functions (Figure 2b,d) at
two different times following the start-up.

The isotherms in Figure 2 show that, despite the growth of the thermal
boundary layers inside the enclosure, the air in the core remains isothermal at
the initial temperature (290K) at the early stage. Since the bottom portions
of the inclined walls are hot and the top portion is cold, the hot fluid from
the bottom moves through the boundary layer to the top. On the other hand,
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Figure 2: Isotherms (left) and streamlines (right) for Ra = 106 and A = 0.5
at the start up stage

the cold air from the top moves towards the bottom through the boundary
layer adjacent to the inclined walls. The hot and cold air meets at around
the mid portion of the inclined walls and discharges into the core. Adjacent
to the bottom surface, there is another hot boundary layer that starts to
grow since the initiation of the thermal forcing. The comparison between the
isotherms at the two different times indicates the increase with time of the
thicknesses of all thermal boundary layers toward the core. The contours of
the stream functions at this stage show four weak rotating cells, two of them
are on each side of the geometric symmetry plane, which are formed due to
entrainment of the cooling/heating thermal boundary layers. The rotation of
the symmetric cells about the mid plane has opposite direction. The flow is
symmetric at this stage.

4.1.2 Transitional stage flow

The flow at the transitional stage is characterised by the appearance of
convective instabilities as a form of rising and sinking plumes. The horizontal
thermal boundary layer with warm air underneath cool air is formed due to
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Figure 3: Isotherms (left) and streamlines (right) for Ra = 106 and A = 0.5
at the transitional stage.

heating the bottom surface, which is potentially unstable to Rayleigh–Benard
instabilities. The heating thermal boundary layer becomes unstable as soon
as the critical condition is met. Figure 3 shows the isotherms (left) and
streamlines (right) for two different times in this regime. Since the air with
two different temperature meets near around the mid portion of the inclined
surfaces through the boundary layer, it has no choice but to move downward.
As a result, the hot air plume travels towards the centre of the enclosure
and the cold air plumes travels from two inclined surfaces to the bottom
surface. A mixing of hot and cold air starts to happen. As time progress
the flow becomes stronger and eventually asymmetric as a result of pitchfork
bifurcation. We observe that the flow oscillates for quite a long time before it
becomes steady state. During the time of oscillation, the bifurcation repeats
left and right about the symmetric centre line. Due to the occurrence of the
convective instabilities, the four cell flow structures observed at the early
stage of the flow development are broken into multiple cells, as shown by the
contours of the stream functions in Figure 3.
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Figure 4: Isotherms (left) and streamlines (right) for Ra = 106 and A = 0.5
at the steady stage.

4.1.3 Steady stage flow

Figure 4 shows the isotherms and streamlines at the steady stage. In the
previous regime (Section 4.1.2), if the Rayleigh number exceeds a critical
value, the flow is observed to undergo a supercritical pitchfork bifurcation,
in which case one of two possible mirror image asymmetric solutions are
obtained [11]. We found in the previous regime that the dominant plume,
which is formed at the apex oscillates about the geometric symmetry plane
for quite a long time (about 18 mins). However, before getting steady state it
moves to right side of the enclosure in this case. At the steady stage, Figure 4
shows that a large convecting cell forms in the centre of the enclosure for the
aspect ratio considered here. The occurrence of the convective instabilities
results in a number of small secondary convective cells in addition of the large
dominant cell in the enclosure.

4.2 Effect of Rayleigh numbers on flow development

The present simulations cover a range of Rayleigh numbers, 5.0× 104 6 Ra 6
1.0× 106. Different features of the transient flows are observed over the range
of Rayleigh numbers. The isotherms and the corresponding streamlines for
different Rayleigh numbers are shown in Figure 5 for A = 0.5 . From the
comparisons of the numerical results for the different Rayleigh numbers, we
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Figure 5: Steady state flow for different Rayleigh numbers for a fixed A = 0.5 :
(left) isotherms (right) contours of stream functions

notice certain variations of the flow features. Firstly, the convective flow
instabilities are observed even at the lowest Rayleigh number case. With
the increase of the Rayleigh number, the instabilities exaggerate and the
associated wave number increases. Secondly, for lower Rayleigh numbers
(Ra = 5.0× 104 and 1.0× 105), the flow is nearly symmetric. However, the
flow becomes asymmetric for higher Rayleigh numbers (Ra = 5.0× 105 and
1.0× 106). Finally, when the flow is symmetric, two counter rotating primary
cells dominant the flow. A strong primary cell dominates the flow when the
flow becomes asymmetric for higher Rayleigh numbers.
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Figure 6: Steady state flow for different aspect ratios for a fixed Ra = 106:
(left) isotherms and (right) contours of stream functions.

4.3 Effect of aspect ratio on flow development

Figure 6 shows the isotherms and contours of the stream functions for different
aspect ratios with fixed Rayleigh number, Ra = 1.0 × 106. Similar to the
variation of Rayleigh numbers, comparisons of the numerical results for
different aspect ratios also reveal certain variations of the flow features.
Firstly, the convective flow instabilities are observed for all aspect ratios.
Secondly, the flow is asymmetric along the geometric centre line for every
aspect ratio. Thirdly, as aspect ratio decreases the number of convecting cells
increases.
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4.4 Observation of the asymmetric flow behavior

Holtzman et al. [11] and Saha et al. [12] claimed that the transition of the
flow from symmetry to asymmetry is due to the occurrence of a pitchfork
bifurcation. In this study the pitchfork bifurcation is observed in more detail.
Two time series of the calculated temperatures at two locations within the
heating thermal boundary layer for Ra = 1.0× 106 are shown in Figure 7(a).
Two locations are selected as A(−0.06m, 0.07m) and B(0.06m, 0.07m) which
are symmetric about the geometric symmetry plane. Figure 7(a) shows that
the temperature at the two locations are the same for a significant period of
time. This indicates that the flow is symmetric about the geometric symmetry
line during this period. However, the two temperature time series start to
diverge at about 200 s which is seen in Figure 7(b) where the time history
of the temperature difference between these two locations is plotted. That
means the pitchfork bifurcation has occurred and the transition of the flow to
asymmetry is established. After the initiation of the pitchfork bifurcation the
flow oscillates. These oscillations last a significant time before getting steady
state. The pitchfork bifurcation has also been investigated by calculating
the heat transfer of the left and the right inclined surfaces of the enclosure.
Figure 7(c) and Figure 7(d) plot the time series of the average Nusselt numbers
on the two inclined surfaces and the variation of the Nusselt number between
two surfaces respectively. The calculated results exhibit similar features as
for the case of calculation of temperature time series of two points.

5 Conclusion

The natural convection flow in an isosceles triangular enclosure subject to non-
uniform cooling from the inclined surfaces and uniform heating from the base is
investigated numerically. The numerical simulation is performed using a Finite
Volume Method for a range of aspect ratios (0.2 < A < 1.0) and Rayleigh
numbers (5.0× 104 < Ra < 1.0× 106). The numerical simulations reveal that
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Figure 7: Observation of the occurrence of the pitchfork bifurcation (A =
0.5, Ra = 106).

the transient flow development inside the enclosure can be classified into three
distinct stages: an early stage, a transitional stage, and a steady stage. The
early stage flow is characterised by the growth of thermal boundary layers
adjacent to all the interior surfaces and the initiation of primary circulations.
The transitional stage flow is characterised by the appearance of convective
instabilities as the form of rising and sinking plumes and the formation of
cellular flow structures. The steady state flow is characterised by symmetric
flows about the geometric symmetry plane for lower Rayleigh numbers and by
the pitchfork bifurcation when the Rayleigh number is higher. The transition
of the flow from symmetry to asymmetry due to the pitchfork bifurcation is
examined in detail in this study. Finally, the features of the heat transfer
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through the enclosure are examined.
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