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Abstract

Microbial depolymerization processes of polyethylene glycol are
studied using a model for general depolymerization processes. The
model involves a degradation rate that is a product of a time factor
and a molecular factor. An inverse problem is solved numerically to
determine the time factor using weight distributions with respect to the
molecular weight before and after cultivation of a microbial consortium.
The time factor is the microbial population whose carbon source is the
liberated monomers. An initial value problem is solved numerically to
simulate the transition of the weight distribution and the microbial
population.
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1 Introduction

Microbial depolymerization processes are classified into exogenous type pro-
cesses and endogenous type processes. In an exogenous depolymerization
process, molecules reduce in size by liberation of monomers from their ter-
minals. Polymers subject to exogenous depolymerization processes include
polyethylene (pe). The pe biodegradation involves two essential factors: the
gradual weight loss of large molecules due to β-oxidation; and the direct
consumption or absorption of small molecules by cells. A mathematical model
based on those factors was proposed to analyse pe biodegradation [5, 6, 20].

Polyethylene glycol (peg) is another polymer subject to exogenous depoly-
merization processes. peg is one of the polyethers whose chemical structures
are expressed by HO(R-O)nH, for example,

• peg, R = CH2CH2 ,

• ppg, R = CH3CHCH2 ,
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• ptmg, R = (CH2)4 [2].

peg is metabolized by liberating C2 compounds [3, 4]. The mathematical
techniques developed for pe biodegradation were extended to cover studies of
the exogenous depolymerization processes of peg [14]. Inverse problems were
solved numerically to determine molecular factors of degradation rates based
on the weight distribution of peg with respect to molecular weight before and
after cultivation of a microbial consortium e1 [14, 16, 17, 18, 19]. Initial value
problems were solved to simulate the transition of the weight distribution [14,
16, 17, 18, 19]. The time dependence of degradation rates was also studied in
modelling and simulation of depolymerization processes of peg [16, 17, 18].
A model originally developed for endogenous depolymerization processes is
applied to the exogenous depolymerization processes of peg [19].

In this study, peg biodegradation is revisited. A mathematical model proposed
in a previous study of the pe biodegradation [13] is applied to the peg
biodegradation. An inverse problem is solved numerically to determine a time
factor of a degradation rate. An initial value problem is solved numerically to
simulate transition of the weight distribution of peg. Numerical techniques
are illustrated and numerical results are presented.

2 Modeling exogenous type

depolymerization processes

Molecules of a single polymer all have the same chemical structure, but their
size may be different. Let w(t,M) be the weight distribution of a polymer
with respect to the molecular weight M at time t. When a molecule with
molecular weight M is depolymerized in an exogenous type depolymerization
process to become a molecule with molecular weight K, the amount M− K is
metabolized. Let p0(t,K,M) be the time rate of increase in w(t,K) due to the
depolymerization of molecules with molecular weight M, p1(t,K,M) be the
total amount metabolized in production of molecules with molecular weight K
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from molecules with molecular weight M, and p(t,K,M) = p0(t,K,M) +
p1(t,K,M). Then p(t,K,M) is the time rate of decrease in w(t,M) to yield
the increase p0(t,K,M) in w(t,K). Let C(A,B) be the class of all molecules
whose molecular weights lie between A and B. The weight decrease and the
weight increase in C(A,B) per unit time are∫B

A

(∫M
0

p(t,K,M)dK

)
dM and

∫B
A

(∫∞
M

p0(t,M,K)dK

)
dM . (1)

The total weight in C(A,B) present at time t and its rate of change are∫B
A

w(t,M)dM and
d

dt

∫B
A

w(t,M)dM .

The rate of change equals the difference between the quantities (1):

d

dt

∫B
A

w(t,M)dM = −

∫B
A

(∫M
0

p(t,K,M)dK

)
dM

+

∫B
A

(∫∞
M

p0(t,M,K)dK

)
dM , (2)

where A and B are constants. The equation

d

dt

∫B
A

w(t,M)dM =

∫B
A

∂

∂t
w(t,M)dM

holds for a function with continuous partial derivatives, and (2) becomes∫B
A

(
∂

∂t
w(t,M) +

∫M
0

p(t,K,M)dK−

∫∞
M

p0(t,M,K)dK

)
dM = 0 .

This equation holds for an arbitrary interval [A,B], and the weight distribution
w = w(t,M) is a solution of the equation [13, 15, 21, 22].

∂w

∂t
= −

∫M
0

p(t,K,M)dK+

∫∞
M

p0(t,M,K)dK . (3)
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In the weight transition from w(t,M) to w(t,K) in an exogenous type
depolymerization process, molecules with molecular weight M becomes
molecules with molecular weight K, and the amount M − K is consumed,
while the number of degraded molecules is preserved. The number of de-
graded molecules is proportional to (1/M)p(t,K,M), and the increase in
the w(t,K) is (K/M)p(t,K,M). Note that this amount equals p0(t,K,M)
and substituting (M/K)p(t,M,K) for p0(t,M,K), Equation (3) becomes

∂w

∂t
= −

∫M
0

p(t,K,M)dK+

∫∞
M

M

K
p(t,M,K)dK . (4)

Let γ(t,M) be the loss of amount from w(t,M) per unit time and per unit
weight. The loss from w(t,M) per unit time is γ(t,M)w(t,M), and it is
expressed in terms of the integral of p(t,K,M),

γ(t,M)w(t,M) =

∫M
0

p(t,K,M)dK . (5)

For K ∈ [0,M], let q(K,M) be the decrease in w(t,M) per unit weight in
the transition from w(t,M) to w(t,K). Then

p(t,K,M) = γ(t,M)q(K,M)w(t,M) (6)

holds. From Equations (4), (5) and (6), the equation

∂w

∂t
= −γ(t,M)w+

∫∞
M

M

K
γ(t,K)q(M,K)w(t,K)dK (7)

is obtained. Given an initial weight distribution f(M), Equation (7) and the
initial condition

w(0,M) = f(M) (8)

form an initial value problem, provided the degradation rate γ(t,M) is given.
Given an additional weight distribution g(M) at t = T (T > 0), Equation (7),
the condition (8), and the condition

w(0,M) = g(M) (9)
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form an inverse problem to determine the degradation rate γ(t,M), for
which the solution of the initial value problem (7) and (8) also satisfies the
condition (9).

3 Removal of time dependence from the

degradation rate

Time factors of degradability include temperature, dissolved oxygen, and
microbial population. These factors act evenly on molecules regardless of
sizes. The degradation rate γ(t,M) is a product of a function of t, σ(t), and
a function of M, λ(M). Equation (7) becomes

∂w

∂t
= −σ(t)λ(M)w+ σ(t)

∫∞
M

M

K
λ(M)q(M,K)w(t,K)dK . (10)

Define a change of variables by

τ =

∫ t
0

σ(s)ds and W(τ,M) = w(t,M).

Then Equation (10) becomes

∂W

∂τ
= −λ(M)W +

∫∞
M

M

K
λ(K)q(M,K)W(τ,K)dK . (11)

Given the molecular factor of the degradation rate λ(M), Equation (11) and
the initial condition

W(0,M) = f(M) (12)

form an initial value problem. Equation (11), the initial condition (12) and
the condition

W(T,M) = g(M) (13)

form an inverse problem to determine the molecular factor of the degradation
rate λ(M) for which the solution of the initial value problem (11) and (12) also
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satisfies the condition (13). The initial value problem (7) and (8) correspond
to the initial value problem (11) and (12). The inverse problem (7), (8)
and (9) correspond to the inverse problem (11), (12) and (13), provided

T =

∫ T
0

σ(s)ds .

4 Memoryless behaviour in liberation of

monomers and exponential consumption

of carbon source

The liberation of monomers in an exogenous depolymerization process is
memoryless; that is, the amount truncated from a molecule does not depend on
the previous truncation. The memoryless behaviour leads to the exponential
distribution s(J) = ρe−ρJ, [1] where J is the amount truncated from a molecule
in an exogenous depolymerization process. In an exogenous depolymerization
process, an amount M − K is liberated from a molecule with molecular
weight M to yield a molecule with molecular weight K. Then q(K,M) =
s(M− K) = ρe−ρ(M−K), and Equation (11) becomes

∂W

∂τ
= −λ(M)W + c(M)

∫∞
M

λ(K)d(K)W(τ,K)dK , (14)

where

c(M) =MeρM, d(K) =
1

K
e−ρK. (15)

The parameter ρ is often called the intensity of the exponential distribution.
In an exogenous type depolymerization process, molecules reduce in size
through successive liberation of monomers. Let L be the molecular weight of a
monomer liberated from a molecule in one cycle of a depolymerization process.
For the β-oxidation of pe, L = 28 (CH2CH2), and for the peg biodegradation,
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L = 44 (CH2CH2O). Let TJ be the time it takes for a molecule to reduce in
size by the molecular weight J. Since the liberation of monomer units occurs
successively, T2L = 2TL . The probability for loss of two monomer units in
unit of time is one half of the probability for loss of one monomer unit, and
q(M− L,M) = 2q(M− 2L,M) or ρe−ρL = 2ρe−2ρL, which leads to

ρ =
1

L
log 2 . (16)

5 Computational results for a

depolymerization process of polyethylene

glycol

Numerical techniques have been developed for the inverse problem to deter-
mine the degradation rate λ(M) for which the solution of the initial value
problem (14) and (12) also satisfies the condition (13) [19]. Figure 1(a) shows
the transition of the weight distribution of peg for seven days. Weight distri-
butions before and after cultivation of the microbial consortium e1 for three
days were set as the initial and final conditions, and the inverse problem was
solved numerically. Figure 1(b) shows a numerical result for the molecular
factor λ(M).

Once the degradation rate is found, transition of the weight distribution
is simulated by solving the initial value problem (14) and (12). Numerical
techniques to solve the initial value problem have been developed in previous
studies [15, 19, 21, 22]. Figure 2 shows numerical results. A time factor
proposed previously [17] was used to simulate the transition of the weight
distribution with the initial value problem (11) and (12). Numerical results
are shown in Figure 3.
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Figure 1: (a) Weight distribution of peg before and after cultivation of
microbial consortium e1 for seven days [18]. (b) Degradation rate based on the
weight distributions before and after cultivation of the microbial consortium
e1 on peg for three days.
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Figure 2: Experimental results and numerical results for transition of the
weight distribution from τ = 0 to τ = 50 .

6 Discussion

The molecular factor of the degradation rate λ(M) shown in Figure 1(b) is the
average degradation rate over the cultivation period for three days. Figure 2
shows that t = 3 , t = 5 , and t = 7 correspond to τ = 3 , τ = 30 , and
τ = 50 , as we showed in previous studies with an exogenous depolymerization
model [18, 19]. The only time factor to obtain the experimental result was
the microbial population. The numerical result indicates that the microbial
population reached a peak after three days and that it started diminishing as
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Figure 3: Experimental results and numerical results for transition of the
weight distribution from t = 0 to t = 7 .

the carbon source was exhausted.

The mathematical model originally developed for endogenous depolymeriza-
tion processes is adapted to exogenous depolymerization processes of pe and
peg. Some others proposed models similar to the depolymerization model
described in this study. They include governing equations for particle size
distribution in simultaneous binary fragmentation and aggregation reactions
or a population balance equation [7, 10, 11], equations for mass balance
for polymers subject to random chain scission, repolymerization reactions,
chain-end scission and related topics [8, 9], and an integro-partial differential
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equation of a first order, bond breaking, process for random scission and a
first order, recombination process [12].

The model based on the exponential distribution of degraded molecules is
applied to pe biodegradation in a previous study. In this study, the model
is applied to peg biodegradation. Numerical results show that the model is
widely applicable not only to endogenous depolymerization processes, but
also to exogenous depolymerization processes of peg biodegradation.
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