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Abstract

We propose a multiscale approximation method for constructing
numerical solutions to elliptic partial differential equations on a bounded
domain. The approximate solution is constructed in a multi-level
fashion, with each level using compactly supported radial basis functions
on an increasingly fine mesh. Numerical experiments support the
theoretical results.
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1 Introduction

Radial basis functions (RBF) are increasingly important in the area of ap-
proximation theory. For solving partial differential equations (PDE) using
RBF, meshless collocation methods [6, 4] are more often used than Galerkin
methods [10, 11]. Two excellent recent books covering practical and theoreti-
cal issues are by Fasshauer [4] and Wendland [12]. A function @ : R — R
is said to be radial if there exists a function ¢ : [0,00) — R such that
®(x) = ¢(|x[2) for all x € R?, where || - || denotes the usual Euclidean
norm in R¢. In this case, we define an RBF for a given centre x; € RY as

Di(x) = d([lx —xill2) .

A practical issue concerns the scale factor to use for the RBF [8, 5]. A small
scale leads to a sparse and consequently well conditioned linear system, but
at the price of the approximation power. Conversely, a large scale has better
approximation power, but at the price of a poorly conditioned linear system.

The multiscale algorithms proposed in this article are constructed over multiple
levels. The residual of the current stage is the target function for the next
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stage. Later stages use, as basis functions, RBF with smaller support and
more closely spaced centres.

Le Gia et al. [7] gave an analysis of multiscale algorithms for RBF collocation
for a sphere. The extension to a bounded domain changes the analysis
significantly as boundary effects now need to be considered. The sufficient
conditions for convergence, presented here, are the main contribution of this
article and are significant. A similar algorithm was studied by Fasshauer [4],
although numerical experiments only showed limited convergence. The theory
presented here shows that this limited convergence was due to the parameter
choices. In contrast, our numerical experiments converge at every level.
Numerical experiments with multiscale algorithms with compactly supported
RBF for elliptic PDE were also presented by Chen et al. [2], although without
any theoretical results.

In the next section we provide the concepts involved in our multiscale algorithm
and provide necessary background material regarding point sets and function
theory. Section 3 deals with the symmetric collocation algorithm and Section 4
provides numerical experiments to test the theoretical results.

2 Preliminaries

We use (scaled) compactly supported RBF to construct multiscale approximate
solutions to PDE, that is, we form the solution over multiple levels. We work
with a given domain Q C RY.

At each level we have a finite point set X C Q. We define the mesh norm as

hx o := sup min ||x — x|z,
xcQ x5€X

which is a measure of the uniformity of the points in X with respect to Q. At
each level 1 we denote the mesh norm by h;.
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For a given domain Q C R¢, with a given k € Ny and 1 < p < oo, the Sobolev
space W]];(Q) consist of all u with weak derivatives D*u € L,(Q),[«| < k.
The semi-norms and norms are defined as

1/p 1/p

|u|W]‘;(Q) = Z HD“uHi,(Q) 5 HuHW',;(Q) = Z HD“uHEp(Q)
lo|=k lo <k

For p = oo these definitions become

|u|w3;<,(m = sup [[D"ul|i, (), HU-HWl:o(Q) = sup |[D%u|r, () -
o=k lo| <k

For the case p = 2 we write WX(Q) = H*(Q).

The functions that we are concerned with are defined on a bounded domain Q
with a Lipschitz boundary. As a result, there is an extension operator
for functions defined in Sobolev spaces which is presented in the following
lemma [1, Theorem 1.4.5]. Further details were provided by Stein [9].

Lemma 1. Suppose Q C RY has a Lipschitz boundary. Then there is an
extension mapping E : HY(Q) — HY(RY) defined for all non-negative integers T
satisfying Evlq = v for allv € H(Q) and

[EVIe ey < ClVlnria) -

Here, C denotes a generic constant.

We use the Wendland compactly supported RBF [12] with a (level-specific)
scaling parameter & > 0. We define the scaled kernels as

Dy (x) = 5D (%) . (1)

For the Wendland’s functionsAthere exist two constants 0 < ¢; < ¢, such that
the Fourier transform of @, @, satisfies [12]

a(T+w}) " <o(w < (1+[|wP) ", weR?. (2)
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The native space of the Wendland’s functions Ng(R%) is norm equivalent
to the Sobolev space HT(R%). Consequently, the Fourier transform of ®@j,
DOs(w) = O(dbw) satisfies

o (1T+&|w|3) "< Os(w) <, 1+ w|3) ", weRY  (3)
We require norm equivalence as stated in the following lemma of Chernih and
Le Gia [3].
Lemma 2. For every & € (0,84 and for all g € H'(R?) there exist constants

0 < c3 < ¢4 such that

csllgllos < llgllirme) < cadlgllo; -

3 Multiscale collocation

In this section we consider the PDE
Lu(x) =f(x), xinQ, (4)

with
B(x) =g(x), xondQ, (5)

where Q C R%is a bounded domain with a C** boundary 0Q, with k € Ny and
s € [0,1). The differential operator £ is elliptic and self-adjoint of order m,

for some m > 0, for which we assume there exist constants 0 < c5 < ¢g such
that

cs(1+ w]H™? < L(w) < co(T + [lw|5)™>. (6)
The operator B is a boundary operator.

Suppose that @ is a kernel that satisfies condition (2) for some T > m+ d/2.
This assumption ensures that we may apply £ twice to one of the argu-
ments of @ and still have a continuous function. We choose interior and
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boundary point sets as X = X; U X; where X7 = {x7,...,x,} € Q and
X2 = {xni1,...,xn} € 0Q and we construct our approximation
n N
U=) L0 —xl2)+ ) o4B®(]- —x2), (7)
j=1 j=n-+1

where the subscript of 2 on £ and B indicates that these operators act with
respect to their second argument. The mesh norms of X; and X; are given by
hy and h;, respectively.

Without loss of generality, we only consider the case where the RBF centres
coincide with the collocation points. In this case, solving (4) and (5) by
collocation on the set X; is equivalent to selecting 1 such that the collocation
equations

Lu(xj) = Lﬁ(XJ) = f(Xj) , X5 € X , (8)

Bu(x;) = Bulx;) = g(x5), x5€ Xz, 9)

are satisfied. The resulting linear system that is formed by evaluating (4)
and (5) at the collocation points X with the approximation (7) is of the form
Ac = f where the collocation matrix

A — [ALLZ ALBZ} ’ (10)

with entries

(Acc,)y = LLoO(X, &) lxoxie=g;,  Xis &5 € Xy,
X, &)lx=xi e=t;,  Xi € X1, & € Xz,
X, &) lxmxie=g; . Xi € X, & € Xy,
X, &)lx=xie=g;»  Xi, & € Xa.

The vector f consists of the entries f(x;), x; € X;, followed by entries g(x;),
x; € X5. We note that u,u are elements of H*(Q). Under the assumption
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that the functionals {A1, ..., An},

W) = 8 0 L(w) = (Lu)(x;), j=T,....n,
Aj(u) i= 8y 0 B(u) = (Bu)(xj), j=n+1,...,N,
are linearly independent, the symmetric collocation matrix is nonsingular and

there exists an unique approximation satisfying the collocation conditions (8)
and (9) [12, Section 16.3].

The error between the solution and the approximate solution depends on the
mesh norms of the interior and boundary centres, as given in the following
lemma.

Lemma 3. Assume that the exact solution of (4) belongs to H*(Q) with
T>m+d/2. Let hy be the mesh norm of the interior collocation points Xy,
let @ be a positive definite kernel satisfying (2) and let w be the approximate
solution obtained by symmetric collocation. Then we have the error bounds

= Wi < g™ — Whiega) < ki fulheeca

and
~ t—1/2 ~
lw =l 00) < Chy llu—flua) - (11)
Proof: From Giesl and Wendland [6],
14w = Lufle o) < Chy ™ [ufliea) -

Now with (6) and Lemma 3 we reach

w =l 0) < CllLu = Lufl, ) < Chiluflura)

which proves the first result. The second result is from Giesl and Wendland |6,
Theorem 3.10]. )
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Algorithm 1: Multiscale symmetric collocation approximation

1

2
3
4

5
6

Data: n, the number of levels;

{X3,4, X211, the interior and boundary collocation points for each
level 1,

{h11, hpilit;, mesh norms at each level, satisfying cuh;y < hiyy < phy,
where h; = max(hy i, hy;) with fixed p € (0,1),c € (0,1] and hy
sufficiently small;

{8:)1, the scale parameters to use at each level, satisfying

5, — vh/~(@mrd/(2

; ) where v is a fixed constant.

begin
Setﬁo:O,fO:f,go:g
fori=1,2,...,ndo
With the scaled kernel @s,, solve the symmetric collocation
linear system
Lsi(x) = fii(x), forallxeX;,
Bsi(x) = gi—1(x), forall x € Xy;.
Update the solution and residual according to
ﬁ’i = ili.—] + Si,
fi = fio1 — Lsy,
gi = gi-1 — Bsi.
end
end

Result: Approximate solution 1, at level n. The error at level n is
en:i=UuU—1U,.
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Algorithm 1 is the formal statement of our multiscale algorithm for the
symmetric collocation solution of (4) and (5).

The following theorem and corollaries are our main results for the convergence
of the multiscale symmetric collocation algorithm.

Theorem 4. Let QO C R% be a bounded domain with Lipschitz boundary.
Let @ be a kernel generating H'(RY) and ®; be defined by (1) with scale
factor &;. Then for Algorithm 1 there ewists a constant oy > 0 such that

IEejllo;,, < cullEejillo, forj=1,2,...,

j+1

where Ee; is the extension operator defined in Lemma 1 applied to the error
at level j defined in Algorithm 1.

Proof: We write
1 —~ 1
||Eej||fpi+] < —J [Eej(w) (1 + 25]-2+1||w||§)T dw = —(; + L)
C1 Jrd 9
with

INZJ [Ee(w)l (148, w]3)" dew,

lwla<5

e [ B (s el dw.
lwllz> 5

Now we consider the first integral, where we use §j;1||wl[> < 1 and then
Lemma 3 and Lemma 2. This is valid since s; € Vj is the approximate solution

with symmetric collocation of Lej_y = fj_;. Then
<] el dw < 2, < Ol
||w||2§5jﬁ
< CRYT ™lesa [lfe(a) < CRIS 278 %7 [[Eesa 3,
< Cv[Eeiall,
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where we have also used Lemma 3. For the second integral I, we use

8j11/85 = hm/hj —(@md)/(21) 1= (2md)/(20)

?

and since dj1]|w]|, > 1
(1 + & llwll3)” < 2787 w3 < 2704 (14 8 |w3)”
Then using (3) we obtain

I < 2™ 4 Eg 3 < 2™ 4 Eey [

since the interpolant is norm-minimal with respect to the Ng, (R%)-norm.
Combining our results for Iy and I, and now writing C;; and C;; for the two
constants appearing in the bounds of the expressions for I; and I, respectively,
we find that

[Eejl[o,., < (v Cri/er + 1™ ™ 4Ch/ar) [[Eeiall, »
and the result follows with
o = (v IChi /ey + ey /)
[ Y
Corollary 5. There exist constants Ci3 > 0 and Cy4 > 0 such that for the

solutions of the multiscale symmetric collocation from Algorithm 1 we have
the following error bounds

[u—"tnl, o) < Cod i) form=1,2,..., (12)

and
HLL — ﬁnH]_z(aQ) g C14OC?HLLHHT(Q) fO?“ n—= 1,2, e (13)

Thus W, resulting from Algorithm 1 converges linearly to w in the L;-norm
in Q and on 0Q) if oy < 1.
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Proof: We first consider the solution in Q. Using Lemma 3 and (3),

lenll, () < Chi ™llen—1llue ()
Ch:;mér:L HEenH(D < CHEenH(D
Cotl[uflo, < Cof|uflmr(a,

luw— |, ()

n+1 n+1

NN

since
hy
hnia

L T—me—T __ ., —TpRT—my, —T+m+d/2 T
h’n 6n+1 =YV hn n+1 SV

—m
)<y

With (11), the proof for the second result follows in an identical fashion to
the proof for the first result. In this case we need

—1/2¢— r—1/21—T+1)2 _
Ry, 60T < vTTRTTV2h T < Clew) A

[ )

Corollary 6. There exist constants Ci5 > 0 and Cig > 0 such that for
the solutions of the multiscale symmetric collocation algorithm we have the
following error bounds

[u—tnlie0) < Cisod(uflpweq), form=1,2..., (14)

and
Hu—ﬁ/nH]_oo(aQ) < C]G(X,?HuHHT(Q) s fOT‘TLZ 1,2,... . (15)

Thus W, resulting from Algorithm 1 converges linearly to w in the Lo -norm
in Q and on 0Q) if iy < 1.

Proof: The proofs are very similar to the previous corollary and we only
highlight the differences in both cases. In Q,

[u—1n i, < Cllu— L),
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if we assume that the coefficients of £ are in, say, C™. Then, from Giesl and
Wendland |[6],

~ —m—d/2
1L — LU0y < Chi ™ Y||ullur () ,

and since

Fl»n T—m—d/2

e = ( ) <Clew)™ 2, (16)
’ hnps

the result follows. On 0Q we need to use [6, Theorem 3.10]

u— 1l 00) < ChY Y% lu— 1l (q) » (17)

and

—d/2¢— — T T— . —1+d/2 —
W8Ty < VT T < Clew) T2

4 Numerical experiments

In this section we present results from applying the symmetric collocation
algorithm to the following Poisson problem with Dirichlet boundary condi-
tions [4],

V2u(x,y) = —ansm(m) cos (%) . (vy) € Qi=[0,12,

u(x,y) =sin(nx), (xy)eh:={xy):0<x <1,y =0},
u(x,y) =0, (x,y) €eRL:=0Q\I.

The exact solution is

u(x,y) = sin(7mx) cos (7[71‘4) )
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Table 1: The number of equally spaced points used at each level and the
associated mesh norm for the numerical experiments.

Level 1 2 3 4 5
N 25 81 289 1089 4225
h 1.75x107" 876 x 1072 437 x107% 219x 102 1.09 x 102

This same problem, with different scaling parameters 6; and point sets,
was discussed by Fasshauer [4, Table 41.4] where convergence was observed
essentially only for a few levels. This was because they used

51 - C]jLL7
whilst Algorithm 1 uses

51 _ Vﬁ:—(lm—o—d)/(ZT) ‘
Fasshauer’s |4] choice of 8; does not result in linear convergence since (16) is
no longer valid. This indicates the importance of the theoretical results given
in this article.

We used the C® Wendland RBF
O(x) = (1= Ix|)% (32[x|* + 25]1x[* + 8]} + 1) ,

which is positive definite on R? [12, e.g.|. We used five levels for the approxi-
mation, with equally spaced point sets at each level. The number of points N
and the mesh norms h are given in Table 1. The mesh norms decrease by
almost exactly one half at each level and hence we select u = % . There are

also 4(v/N — 1) equally spaced boundary centres.

The scaling factors used, as specified by Algorithm 1, are given in Table 2
with v =3.58. The L, error was estimated using Gaussian quadrature with
a 300 x 300 tensor product grid of Gauss-Legendre points and the L, error
was estimated with the same tensor product grid. Since the collocation
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Table 2: The scaling factors, approximation errors and condition numbers of
the collocation matrices for the multiscale symmetric collocation algorithm
example.

Level 1 2 3 4 5
5; 2 1.59 1.26 1 0.79
lesll, 3.326—3 1.695—4 1.50E—5 8.585—7 3.945—8
lejlloc 6.06E—3 852E—4 6.208—5 5.80E—6 53857
kj  1.18E+6 2.27E+8 4.23E+10 6.63E+12 1.32E+15

matrix (10) is symmetric and positive definite, the conjugate gradient method
was used to solve the linear system. In general, some degree of caution is
required with the selection of the point sets as the condition number increases
with decreasing separation radius [12, Ch. 12].

5 Conclusion

We present a theoretical analysis of a multiscale approximation algorithm
for constructing numerical solutions to elliptic PDE on a bounded domain.
We prove that the approximation converges linearly to the true solution
in both the L,- and the L,-norms, in O and on 9Q). We explain why a
similar algorithm (with different parameter choices), which was studied by
Fasshauer [4], did not provide linear convergence. Numerical experiments
support the theoretical conclusions.
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