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Numerical study of the stability of
some explicit finite-difference methods
for oscillatory advection
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Abstract

The basis for modelling unsteady transport in fluids is the one-
dimensional advection equation. When high-order finite-difference
methods for constant velocity advection are applied to the variable
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velocity case, they generally degenerate at least one order. For ex-
ample, Crowley’s formula, which is second order for constant velocity
advection, is only first order when used with variable velocities. Modi-
fication of Crowley’s formula has recently yielded three formulae which
are second order in the variable velocity case. Two commonly used
local stability analyses have been carried out on these formulae with
conflicting results. The resulting stability regions have been studied
by means of a series of numerical experiments using an oscillatory
advection velocity to determine their applicability in tidal streams.
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1 Introduction

The accurate modelling of advective terms in the advection-diffusion equation
which governs the spread of contaminants in a fluid, has been the subject of
ongoing research for some time and a number of accurate high-order finite-
difference solutions for the advection equation with constant coefficients have
been developed (see, for example, Leith [3] and Noye [6, 7]).

When a high-order finite-difference method for constant velocity advec-
tion is applied in the variable velocity situation, it generally degenerates at
least one order of convergence. For example, Crowley’s second-order formula
for the constant coefficient advection equation (Leith [3] and Crowley [1])
reduces to first order when used in the variable velocity case [8].

Noye [8] outlined a technique which can modify a finite-difference formula
for approximately solving the one-dimensional advection equation with a
source term, enabling it to retain its constant coefficient order in the variable
coefficient case. The method was illustrated by application to Crowley’s
formula. The three resulting finite-difference equations (FDE’s) use only grid
values of the time and space varying velocity and source, which are generally
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all that are available in practical situations.

In this paper the two main criteria applied to variable coefficient FDE’s
to ensure stability, are tested numerically. Both techniques use a form of
local von Neumann stability analysis [9] of the difference equations. The
first method uses the related constant coefficient difference equation to give
stability conditions for the variable coefficient case [10]. The second technique
involves the use of “frozen” coefficients in the variable coefficient FDE to give
the stability criteria [4]. In both cases the finite-difference method is assumed
to be numerically stable if the resulting stability condition is satisfied at every
point in the solution domain.

These two criteria have been applied to the three FDE’s developed by
Noye [8], and the resulting stability range determined by means of numerical
tests in which the velocity and the solution of the problem oscillate in time
and space. This choice was made because of its practical application to the
spread of pollutants and of pelagic larvae in oscillatory tidal streams.

The first of these techniques yields the criteria
‘C‘max S 1 (]_)

for all three formulae, where ¢ is the Courant number given by ¢ = uAt/Ax.
In all cases, numerical results from the test problems indicate they are stable
so long as (1) is satisfied. However, many test runs were also stable for
|¢|max > 1, up to 1.5, so long as the spatial grid size was not too small.

The second technique yields more restrictive criteria than (1), criteria
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which are often not satisfied by the formulae even when (1) is satisfied. Yet
the FDE’s remained stable up to ten million time steps when |¢|pmax = 1.1.

2 Mathematical Formulation

Consider the simulation of advection of a smooth scalar quantity 7(x,t) in a
moving fluid with a smooth space and time varying velocity field u(x,t), by
or or
— tu(r,t) — =F(z,t), 0<2z<1, 0<t<T, 2
o bu(e ) = 1), 0<a< < &)
where = represents a space coordinate, ¢ the time variable, 7" the final time
of interest and F'(z,t) is a smooth source function. To solve this equation
numerically, an initial condition 7(x, 0) is prescribed on 0 < z < 1, as well as
a set of boundary conditions is specified by 7(0,¢) and 7(1,¢) for 0 <t < T.

Finite-difference approximations 7' for the values of 7(x;,t,), at interior
points x; = jAz, j = 1(1)J — 1 and time ¢, = nAt, n=1(1)N, Az =1/J
and At =T /N , may be computed using FDE’s so long as they are consistent
with (2) and stable with respect to the propagation of round-off error (Lax
and Richtmyer [2]). The notation p(q)r represents the set of integers p, p+ g,
P+ 2q, ..., not exceeding the integer r.

One approach to develop a FDE to approximately solve (2), based on
Crowley’s second-order explicit FDE for the constant coefficient advection



2 Mathematical Formulation 1081

equation, is to simply add AtF} to the evaluation of 7‘”Jrl to incorporate the
effect of the source term, where F' = F(z;,1,). AISO the constant Courant
number c is replaced by ¢} = u(x;,t,)At/ Az, giving

J

Tl = ;[ (c+Dimy + L=l + %[c(c = DI+ ALE L (3)

An upwind (Uw) modified second-order form of equation (3) for approx-
)

imately solving (2) is (Noye [8])
= glet+d+ldlf T+ 1= —d])f 7}
—sle=+d—1d| ', + At[F + G} (4)

in which

_ (At)? [Ou du O At (OF 6’_F
oAz \ot ‘or) T T 2 \at "ox )
A centred space (¢s) modified Crowley type second-order FDE for ap-
proximately solving (2) is (Noye [8])

1
e — &+ dI T, + AHF +G7

1
T =Cle+ A+ diT, 4+ L= - 5

y 2
(5)

A semi-Lagrangian based second-order finite-difference formula for ap-
proximately solving (2) is (see [8])

h(h+1)"
il = [ )l ™+ [l - hQ];LTjn +

o (hh = D)y
J 2 J

5 [+ AP+ G, (6)
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which is the same as (3) with h = ¢+ d replacing ¢, and F' + G replacing F'.

In general only discrete velocity and source fields are available; that is
values of u and F' are known only at grid points (z;,t,) in the solution
domain. In this case an approximate value of d} must be computed to second
order from the given values of u7. This may be achieved by using grid values
of u to approximate du/0t|} and du/dx[} to first order.

Use of two-point forward-time and centred-space approximations gives

mn 1 mn n n
dj = 1{2@]’“ - C]) — G 7 (c} Cit1 Cj—l)} : (7)

This leads to
n 1 n n
hj ~ 1{2(%’“ +cf) = (i — )}

for use in (6). In addition an approximate value of G} computed to at least
second order from the given grid values of F' may be found by differencing
OF/0t|} and OF/0x|} to first order in a similar manner to the differencing
of the derivatives of u in d7, yielding

G" ~

J

RET = F) =G — FlL)} -

NN
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3 Numerical Stability

Before these FDE’s are applied, the range of values of ¢, d and h for which (4),
(5) and (6) are numerically stable [9] should be established. Since the equa-
tions involved are linear, the stability of their homogeneous parts (obtained
by setting F' = G = 0) is all that is required. The resulting homogeneous
variable coefficient FDE is usually examined for stability in one of two ways,
both using the concept of ‘local’ stability.

3.1 First Stability Criterion: locally constant velocity

Assuming u is locally constant in the FDE applied at the grid point (z;,t,),
so that c?“ = ¢} =}y = ¢} = ¢, a constant, and dj = 0, a constant
coefficient scheme is obtained “that can be used to give stability conditions
for the same scheme applied to equations with variable coefficients” (Strik-

werda [10]). For equations (4), (5) and (6),

T = 56(6 + D)7+ (1 =o)L+ )7 + §C<C -7y (8)
is obtained. This is Crowley’s equation [1] for the approximate solution of the
constant coefficient advection equation. Since (8) is von Neumann stable for
lc] <1 [3], Strikwerda’s condition implies that the formulae (4), (5) and (6)

will be stable so long as

cf] <1 forall j and n. (9)
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This requires

|| max = max i <1 (10)

if (9) is to be satisfied at every grid point in the computational domain.

3.2 Second Stability Criterion: “frozen coefficients”

A von Neumann stability analysis can be applied locally to a variable coef-
ficient FDE [4] if the coefficients of the FDE are “frozen” to a fixed value in
the computational molecule. If the resulting stability condition is satisfied
at every interior grid point the method is then assumed stable.

Instability is essentially a local phenomenon due to the high frequency
modes being the most unstable [5]. Therefore, for the computational molecule
centred on (z;,t,), we take ¢} to be “frozen” at the value ¢, and dj to be
frozen at the value d. A von Neumann analysis of the homogeneous FDE
which is then obtained from (4), namely

T = S(e++d+d) T, + (1 —E—d])T]

J
- d—|d) T, (11)

which yields the following stability criterion (see [8]):

if d<0, d>—-1—-2¢c and d>c -1,
if d>0, d<1—2c and d<1-—¢*, (12)



4  Numerical Tests C1085

at each grid point. This region of the (¢, d) plane is shown in Figure 1(a).

Similarly a stability analysis of the reduced form of (5), namely,
T = S+ + A+ (A=) —F(c—+d)Tl,,  (13)
leads to the criterion (see Appendix A) to be satisfied at each grid point:

el <1 and —2¢<d<0 if ¢>0,
0<d< —2c if ¢<0. (14)

The corresponding region of the (¢, d) plane is shown in Figure 1(b).

Finally when (6) is considered, application of a von Neumann analysis
with h% taken to be constant leads to the requirement that |h| = |c+d| < 1,
at each grid point if stability is to be guaranteed. This leads to

—1—-c<d<1l-—c, (15)

which is the region shown in Figure 1(c).

4 Numerical Tests

4.1 Test Problem 1: Velocity periodic in time

The 1D variable velocity advection equation with source term (2) has been
solved on the computational domain 0 < z < 1,0 < t < T using the standard
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FIGURE 1: von Neumann stability region in (¢, d) space of (a) upwind modifi-
cation, (b) centred space modification, (c) semi-Lagrangian version, of Crow-
ley’s formula. The values of (¢, d) used over one period of both test problems,
when |¢|max = 1.0, J = 100 at the point z = 0.01, are indicated +.



4  Numerical Tests C1087

FDE (3) and the new FDE’s (4), (5) and (6). The non-negative solution
#(x,t) = exp{—50(2z — 1 + sin{2n7t})?} (16)

of equation (2) with periodic velocity field

u(z,t) = (2r — 1)? cos{27t} (17)
and source term
F(z,t) = —200cos{2nt}(2x — 1 +sin{27t})(m + (22 — 1)?)
x exp{—50(2x — 1 + sin{27t})?} (18)

was used.

The initial condition was given by (16) with ¢ =0 on 0 < x < 1, and the
boundary conditions were given by (16) with x =0 and z =1 for 0 <t <T.

The numerical solution was found using double precision in Fortran 90
on a Silicon Graphics Power Challenge, for various values of the grid-number
J and final time T'. The time step was chosen to be

Al = [¢]max/J - (19)

Testing First Stability Criterion: “frozen” u values With grid num-
bers J in the range 100 to 500, which covers those used in most applications,
the largest values of |¢|max for which each of the FDE’s (3-6) remained stable
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for various values of T up to 128 periods were determined. Some typical
results for |c|max are shown in Table 1. Note that no sign of instability was
detected in tests for values of |¢|max < 1, even for 7" up to 1024 periods and
J up to 10000. Also, note that the results in the table did not change in the
range 32 to 128.

TABLE 1: Largest values of |¢|pax for which FDE’s (3—-6) remain stable for 32
to 128 periods for grid numbers J = 100, 300, 500, for Test Problem 1.
| Grid no. J || Eqn. (3) | Eqn. (4) [ Equ. (5) | Eqn. (6) |

100 1.58 1.63 1.63 1.61
300 1.50 1.50 1.50 1.51
500 1.48 1.43 1.49 1.47

In a particular test, for a given value of J and |c|nax, instability was
detected by examining the RMS errors at the last time step for each period.
A sudden large rise in the slowly increasing RMS error at the end of successive
cycles, say, from 6.89 x 107% to 6.93 x 107* to 6.96 x 10~* to 1.26 x 107,
indicated that the result at the end of the second to last cycle showed no
evidence of instability, whereas the RMS error at the end of the last cycle
indicated that the result was affected by instability.

Table 1 shows that for J up to 500 the largest value of |¢|nax that can be
used to give stable results did not change from 7' = 32 to T = 128, and all
four FDE’s were stable if |¢|pax < 1.43.

A partial explanation of the reason for stability when |c|pax > 1 is seen
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in Figure 2. For |¢|max = 1.5, with J = 100, at the point z = 0.01, z = 0.1
and x = 0.2 the local Courant number used in the FDE’s at each time step
during one period are shown. The choice of z = 0.01 produced the largest
values of || for all grid points between 0 < x < 1.

At x = 0.01, during one period 32 local values of |c| are less than one
and 34 are greater than one; at x = 0.1 and = 0.2 all local values of ¢
are less than one during one period. Therefore, as the maximum velocity
decreases from z = 0.01 to x = 0.5, then increases correspondingly, it is to
be expected that most of the local applications of the four FDE’s will occur
with |¢| < 1. This is clearly seen for x = 0.1 and = = 0.2, for which |¢| < 1
for every time step in the entire period. In fact, this is true for every grid
point in the range 0.1 < z; < 0.9. Since |¢| < 1 during most applications of
the FDE’s the corresponding von Neumann factor |G%| at the point (z;,t,)
(see Appendix A) is less than one, when round-off errors are reduced, for
most applications. Note that, in Table 1, for J = 100 the value of |¢|ynax can
be as large as 1.58 before instability might occur in the first 128 cycles.

Testing Second Stability Criterion: “frozen” c and d values In Fig-
ure 1, superimposed on the stability region of the (¢, d) plane for FDE’s (4—6)
is the set of points (¢, d) used during one period at the point x = 0.01 when
J =100 and |¢|max = 1, for this test problem. Clearly, for the upwind mod-
ification of Crowley’s formula (Figure 1(a)) the local values of ¢ and d lie
outside the stability region, obtained using the “frozen” coefficients ¢ and d,
about one-quarter of the time. From Figure 1(b), it is seen that the set of
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points (¢, d) lie outside the stability region for more than half the time for
the centred-space modification of Crowley’s formula. From Figure 1(c), the
points (¢, d) lie within the stability region all the time.

Figure 3(a) shows the effect of increasing J on the set of (c,d) values
obtained at z = 0.01 for |¢|max = 1.0. According to this, one would expect
stability to increase as J increases, as more of the (¢,d) points lie in the
stability region. However, tests have shown that increasing the values of J
for a given |c|max > 1, cause instability if J is large enough. For example (5)
is stable up to J = 570 when |¢|nax = 1.5, and is unstable for J > 570.

The number of (¢, d) points outside the “frozen” coefficients local stability
region for the UwW modification of Crowley’s formula is 45 for J = 100 in a
total of 66; for the ¢S modification it is 51 and for the semi-Lagrangian FDE
it is 36. Extrapolating these figures to other values of .JJ and other points x,
it could be expected that (6) should be more stable than (4) followed by (5).
In practice (see Tables 1 and 2) the stabilities for J = 100 appear to be best
for (4) and (5), followed by (6); but all are stable at |¢|pmax = 1.5.

4.2 Test Problem 2: Spatial periodicity of 2Ax

In an FDE the 2Az modes in the error distribution are the most sensitive to
instability. It was therefore decided to test the stability of the FDE’s (3-6)
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with the variable velocity given by (17) and the source term given by

F(z,t) = —x[2sin(2nt) + J(2z — 1)*sin(J7z) cos(27t)]
x exp {cos(Jmz) 4 cos(2nt) — 2} (20)

The exact solution to (2) in this case is
7(x,t) = exp{cos(Jmx) + cos(2mt) — 2} (21)
which has spatial periodicity of 2/J = 2Az.

For this problem the initial condition is given by substituting ¢ = 0 in (21)
and the boundary conditions are given by (21) with z = 0 and z = 1. The
function (21) is oscillatory in space with 2Ax periodicity.

TABLE 2: Largest values of |¢|pax for which FDE’s (3—6) remain stable for 32
to 128 periods for grid numbers J = 100, 300, 500, for Test Problem 2.
| Grid no. J [ Eqn. (3) | Eqn. (4) [ Eqn. (5) | Equ. (6) |

100 1.58 1.63 1.63 1.61
300 1.50 1.50 1.50 1.50
500 1.47 1.38 1.48 1.47

Similar results to those shown in Table 1 for Test Problem 1 were obtained
for this test (see Table 2), indicating that the presence of 2Az modes in the
error distribution for the first test problem behaved the same as in Test
Problem 2.



5 Conclusion C1094

5 Conclusion

Numerical tests have shown that three recently developed second-order ex-
plicit FDE’s for oscillatory advection with a source appear to be always stable
if |¢|max 18 less than one. This is the condition obtained using Strikwerda’s [10]
stability criterion. The alternate method, that of using “frozen” coefficients
in the finite-difference equation, is more difficult to apply and appears to be
more restrictive requiring constraints in addition to [¢|max < 1.

Investigations carried out with various practical values of the spatial grid
number J showed that the FDE’s were also stable for some values of |¢|pax
greater than one; in fact, for J up to 500, all three new formulae as well as
Crowley’s standard formula, are stable when run up to 128 periods of the
initial condition so long as |¢|ymax < 1.43.

A Appendix

Substitution of 7' = G™exp{ifj} into modification (6), in which G is the
von Neumann factor, 3 is a wave number and ¢ = v/—1, yields

G=1+c*(cosf—1)—i(c+d)sin3. (22)
For stability, |G| < 1 is required for all (3, giving the condition
cMeos B —1)*+2c*(cos 3 — 1) + (c+d)*sin* 3 <0 . (23)
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Defining x = sin®{3/2}, when cos 3 = 1 — 2x and sin 3 = 4x(1 — x), the
requirement becomes

Fix)= ("= (c+d)*) x> = (= (c+d)*)x <0, (24)

for all y in the range 0 < x < 1. Since F(x) is a quadratic with F(0) = 0,
this will be satisfied provided

F'(0)=d(d+2c)<0 and F(1)=c*c*-1)<0, (25)
both of which hold if ¢ < 1 and either d > —2cif d < 0 or d < —2cif d > 0.
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