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Generalised finite volume strategies for
simulating transport in strongly
orthotropic porous media

Jayantha Pasdunkorale A.* [an W. Turner!

(17 July 2001)

Abstract

In this work two different finite volume computational
strategies for solving a representative two-dimensional dif-
fusion equation in an orthotropic medium are considered.
When the diffusivity tensor is treated as linear, this problem
admits an analytic solution used for analysing the accuracy
of the proposed numerical methods. In the first method,
the gradient approximation techniques discussed by Jayan-
tha and Turner [Numerical Heat Transfer, Part B: Funda-
mentals, 40, pp.367-390, 2001] are applied directly to the
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Contents C444
diffusion equation. In the second method, the diffusion equa-
tion is transformed via scaling parameters to an isotropic
model and then the control volume techniques discussed by
Jayantha and Turner are used to obtain the numerical re-
sults on the transformed domain. Both methods are shown
to produce reasonable results in comparison with the ex-
act solution for a range of anisotropy ratios typical of wood.
However, only the first method is appropriate for use in non-
linear coupled transport systems. This work highlights the
necessity of determining a higher order gradient approxima-
tion to improve the numerical results on the untransformed
domain.
Contents
1 Introduction C445
2 Theoretical Solution C4a47
3 Control Volume Technique C448
3.1 Flux decomposition using vectors (FDV) . . . . . C450
3.1.1 Boundary conditions . . . ... ... ... C453
3.2 Hybrid CV-FE formulation . . . . . .. ... ... C454
3.2.1 Boundary Conditions . . . . .. ... ... C455
4 Transformation into an Isotropic Model C456
5 Numerical Results C457
6 Conclusions C461
References C462



1 Introduction C445
1 Introduction

The approximation of the flux term is an important issue that needs
to be addressed when implementing unstructured mesh finite vol-
ume methods for simulating diffusion in strongly orthotropic porous
media. Several finite volume discretisation strategies have been pro-
posed for resolving mainly isotropic problems [2, 3, 4, 5, 8, e.g.]. The
aim of this work is to analyse various flux approximation schemes
to assess their applicability to orthotropic porous media. In par-
ticular, the inclusion of the important tangential, or cross diffusion
term is investigated for use in a completely generalised finite volume
methodology.

In order to achieve this objective, the following two-dimensional
orthotropic diffusion problem for a finite rectangular domain is con-
sidered:

9¢
ot'’

where K = diag(kys, kyy) and

V- (KV¢) = pC, 0<z<L, 0<y<M, t>0, (1)
(KV¢) -1y, = hy(¢s — ¢) at boundary S,, ¢ >0,

where 1, is the outward unit normal vector. Initially ¢(x,y,0) = ¢
forO<z<LandO0<y< M.
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FIGURE 1: The graphs of: (a) (u* — BiyBis) tan u — (Biy + Big)u;
and (b) tan u — (Biy + Bis)u/(u? — BiyBis) ; using Bi; = 41.0 and
Biz = 1.5 over the interval [0,57]. Note that the horizontal axis
represents g in these graphs and the eigenvalues of equation (3)
within the interval are to be seen at the points where the function
intersects this axis.
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2 Theoretical Solution

To obtain the exact solution, Equation (1) is transformed into di-
mensionless form by using the following parameters, see also [6, 10]:

T Y kot , hiM
x=% y-Y ,_ Bir —
L? M7 T pCpL27 (41 kyy )
. hoL , hs M , hyL
BZZI kia;’ BZ3: l:yya BZ4: k;:x,
(¢_¢s>
X, Y, r)= 2"  g<o<1.
( ) (¢0_¢s>

Then, equation (1) becomes

0?0 kI 0?0 0O

=—:; 0<X, Y1 0 2
o0 " hapay? gr0 0sXYsho7>000)

with boundary conditions for 7 > 0 of

00 , 00 .
—a—)(—f—B'L4@—OOH‘Xr—O7 a—X+BZQG—OOHX—1,

00 . 00 .
—a—Y‘i‘BZl@—OODY—O, a—Y+BZ3@—OOIlY—1,

and initial condition O(X,Y,0) =1, for 0 < X, Y < 1.
Assuming the separation O(X,Y,7) = 01(X,7)02(Y, 7), it can

be shown that, for example,

X (pn, Y) (. Bi Bir\ _ 2,2
O,(Y, 1) = e 2 (smun— ——COS iy + — | e T
Zl Ny(n) 1t

where r? = ky, L?/(ky. M?), and

X(pn, Y) = py cos(pn,Y) + Bigsin(p,Y) for 0<Y < 1;
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(42 — Biy Bi) tan u, = (Biy + Biz)j, ; (3)
1 9 9 Bis .

An example for the roots of the transcendental equation (3) is ex-
hibited in Figure 1. A globally convergent Newton scheme [7] is used
to find the desired roots. Using the above equations, the analytic
solution of equation (1) for the orthotropic case can be written as

¢($7 yvt) = ¢s + 61(X? 7_)@2(K T)(¢0 - ¢s)

forO0<z<L,0<y<M,t>0.

3 Control Volume Technique

To construct the control volume mesh, the computational domain is

tessellated with triangles and the control volumes are constructed

around the vertices of these elements by joining the centroids of
adjacent cells. Figure 2(a) exhibits a typical control volume within

an unstructured mesh of the cell-centered control volume approach.

The control volume with the centroid P hasnodes N, k= 1,2,...,p.
The discretised form of the differential equation (1) is derived by

integrating the equation over the control volume 0Vp and in time

from ndt to (n + 1)dt:

Y ali
P n+1 n ~7 (n+1
pCpW( §>+ )~ ED)) - A;{(KW) . n}}; )AL
- ()

Np

— (1= {(KV¢) ) A, ~0

k=1
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FIGURE 2: (a) A control volume (cv). (b) A c¢v face. (c¢) Two
triangles associated with a ¢v face. (d) A boundary cv.
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where I}, and A;, are the midpoint and the length of the kth control
volume face respectively. The term (KV¢) - i can be written as
V¢ - (KTh) and hence, the above equation becomes

pC, (G — o)~ XY {(Ve) Wi AL
o (5)
(1= XD {(Ve) - Wi Ay ~ 0
k=1

where w =K. The parameter A = 1 gives a fully implicit scheme,
A = 0 leads to a fully explicit scheme and \ = % provides a second
order scheme in time. The parameter A is set to 1 for this study.

3.1 Flux decomposition using vectors (FDV)

Figures 2(a) and 2(b) show the vectors associated with the flux de-
composition at a control volume face. The unit vectors i, and G, are
perpendicular to each other. The vector v that joins the points P
and Ny is perpendicular to ty, .

The vector w;, = K1y, can be decomposed using the two vector
equations

A~

v=(va)i+ (v.a)h and w=(w.a)i+ (w.n)

=»

Y

where subscript k is suppressed for clarity. Thus,

w = (w.0)i + (Wﬁ) —(v. - a)a =Wy { q Y u}
v.ii v.i v.ii

>
= F
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FIGURE 3: Triangular meshes used for the simulations: (i) created
on transformed domain, used for Case 2 - 328 nodes. (ii) created on
real domain - 809 nodes. (iii) created on real domain - 131 nodes.
(iv) created on transformed domain, used for Case 1 - 1284 nodes.



3 Control Volume Technique C452

A~

Equation (6) can be used to decompose V¢ - w = V¢ - (KT1) in
terms of v and 1 as follows:

(V<Z5 ) W)Fk

=220+ {wa - walg L (Vo a0

Assuming the points Fj, and Ry are sufficiently close, the following
equations are obtained:

(V¢ ’ V)Fk >~ ¢n, — ¢p (8>

and
(V¢' W)p, = ap(Ve-)p + (1 —a)(Vo- )y, (9)
where o, = 25 . Substitution of equations (8) and (9) into (7) gives

the followmg expresswn for the flux at the control volume face:

((0V0) A} = 2o — o)
Vil (10)
+ {w a—w. nﬁ} [ap(Vo-0)p+ (1 —ag)(Vo-)n,].

The gradients at the node points are calculated using the following
approximation techniques discussed in [1, 2, 6].

(i) GRF:
(Vo)r W Z{akasp + (1= o) b Jiag Ay
(ii) aMF2:
(Vo)p 5‘; Z{Oékcbp‘f'(l ) On, +(1—ar) (V) , - 0%y Higp Ay,

p
where Apb = [I — ﬁ Z akAkﬁk((SXk)T]
k=1
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(iii) Least squares gradient reconstruction:

P P
S wpAz: Y wpAzpAyy, %P
k=1 k=1

p P ) 96

> wArg Ay > wpAyg P p

k=1 k=1

ki wpAzg(dn, — dp)

ki wr Ay (dn, — dp)
=1

where wy, = ||v]| ¢ and v, = PN, = (Azy, Ayy), with: ¢ =0,
LS; ¢ =1, WLSID1; and ¢ = 2, WLSID2.

3.1.1 Boundary conditions

To obtain the cross diffusion terms for the boundary control volumes
(see Figure 2(d)) the gradients at the boundary nodes need to be
approximated. These gradients can be estimated using the function
values at connected boundary nodes, together with boundary flux
information. Suppose the gradient at node P is to be evaluated
and consider Figure 2(d), which shows a typical cluster of boundary
control volumes at x = 0. Using the boundary conditions it is
possible to write, for the orthotropic case,

¢ _ hy

e k—m(¢P—¢w)-

The gradient component in the direction y is written as

9¢ _ (¢n — op) 9¢ _ (on — ¢0)

—_— e ———

dy — |PN| gy~ |ON|
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Therefore, the gradient at the point P is approximated as, for ex-
ample,

(pn — ép) 7
[PN]|

Note that at the corner point O the gradient is approximated as

(Vo)p = ™ (6p — 0u)i +

B

(Vo)o ~ k—(¢o — )i+

hs

kyy (¢O - (bs)j

because there are two boundary conditions available.

To approximate the gradient on a face, say, on the face F' in
Figure 2(d), the geometrical average can be used when the gradients
for the points P and N are available. All of these calculations are
carried out explicitly using the function values at time step n, as
the function values are not available at time (n + 1)dt.

3.2 Hybrid CV-FE formulation

The complete details of the hybrid control volume finite element
method may be found in [6, 11]. Here only the main results are
summarised. After some manipulations the total flux V¢ - wip A, =
V¢ - (KThy) Ay, through the face k is

Vo (KThp) Ay ~ (KTA") TG ag @AY + (KTa) TGP de") ALY
(11)

where, for example,

d asl@ 9 qrla)
G(a) _ %MN]C %MNICG, d d (a) _ ¢Nk - ¢P
b= e o | o daT =1 g )
a_M M Nka P

Nk 8y Nka ( )
12
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Thus, replacing the term (V¢ - w)p Ay in equation (5) (with A = 1)
by equation (11) it follows that

5V n n z ~(a a a n a
PGy s (05 = 01") = D KRG (doy) DAY
k=1
HETR)TGN (o) DAY = 0
(13)

where all off diagonal terms have been treated implicitly.

3.2.1 Boundary Conditions

At the boundary control volumes (see again Figure 2(d)), the value
of the function at the boundary point P is assumed to be the same
as that of the boundary surfaces and all discrete quantities are cal-
culated there. If a control volume face coincides with a boundary
then the above equations are altered by setting the flux through that
face equal to the boundary flux, evaluated at point P, multiplied
by the length of the boundary control volume face. At a bound-
ary control volume the discretised equations will take the following
form:

0, OVe oVp

b (05 = ZC{KT TG (do) ALY

p
- ol G o) AT

—Zhb 05— 65 Ay = 0
(14)
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where N, is the number of boundary control volume faces and ¢,
(or n, ) is zero if triangle A (or B) does not exist, or one if A (or B)
exists for a given cv face (see Figure 2(c)).

4 Transformation into an Isotropic
Model

Using the scalings
x y

X=— and Y = , (15)
equation (1) is transformed into an isotropic model,
L M
V’-(V’aﬁ):pcp@, 0<X< , 0<Y < , t>0,
ot K Ryy
(16)
where 5 8
4 P— — —
V= <aX’ ay> '

The boundary conditions are changed to
(K'V'¢) -ty = hy(¢ps — ¢), at boundary Sy, >0,

where K’ = diag(v/kya, \/k_yy) . Equation (16) can be solved using
the finite volume techniques discussed in [6] with the control volume
meshes created on the transformed domain. Clearly, very strong
anisotropy ratios (i.e. kyy : kyy = p : ¢) will make the transformed
domain thinner in the y direction to the extent of being impractical,
or difficult, when the ratio p : ¢ is very large or very small, see
Figures 3(i) and 3(iv). This issue needs to be considered when
using this method to resolve the problem numerically.
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TABLE 1: Comparison of errors using the formula:

C457

RMSE =

\/ﬁ ZL (¢ — ¢¢)? where ¢° is the exact solution, ¢™ is the nu-
merical result and N is the number of node points. For descriptions
of meshes see Figure 3.

Case 1: kyy @ kyy = 1:1000 Case 2: kyy @ kyy = 1000 : 1

RMSE  Mesh (ii) Mesh (iii) Mesh (iv) Mesh (ii) Mesh (iii) Mesh (i)

N =809 N =131 N =1284 N =809 N =131 N =328
GRF 2.812477  5.882836  0.015703 0.803156  1.223945 0.026352
GMF?2 2.683718  5.680837  0.015708 0.804600  1.223406 0.026644
LS 2.680167  5.728777  0.015706 0.828324 1.225261 0.026618
WLSID1  2.679774  5.658741 0.015708 0.819475 1.216931 0.026616
WLSID2  2.679926  5.584183  0.015714 0.812039  1.222791 0.026618
Hybrid 1.446686  2.359577  0.012931 0.753764  5.328590 0.012708

5 Numerical Results

To test the techniques discussed throughout Sections 3 and 4, a
wood like material is used. In this case all faces are subjected to
the mixed boundary conditions described in Section 1. Through-
out the tests a material with the physical properties: L = 0.1m,
M = 0.04m, by = 10W/m*/K, p = 600kg/m” and C, = 1.6886 x
103 J/kg/K is used with ¢y = 30°C and ¢, = 140°C. The val-
ues ky, = 0.154W/m/K, k,, = 154 W/m/K for Case 1 (or k,, =
154 W/m/K, ky, = 0.154 W/m/K for Case 2 ) are used to obtain the
results presented here. The time step, dt, used for the simulations
presented here is one second and the results shown are obtained after
1000 seconds. The meshes used throughout the analysis are shown
in Figure 3. These meshes were created using the mesh generator,
EasyMesh, developed by Niceno [9] and the centroids of the trian-
gles are used as element centres for the construction of the control
volumes.

Table 1 summarises the important findings of this work and the
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FIGURE 4: Results of the untransformed problem: (a) on mesh (ii)
for the ratio kyy : ky, = 1 : 1000 (Case 1) and (b) on mesh (iii) for
the ratio ky, : ky, = 1: 1000 (Case 1).
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FIGURE 5: Results of the untransformed problem: (a) on mesh (ii)
for the ratio ky, : ky, = 1000 : 1 (Case 2), (b) on mesh (iii) for the
ratio ky, @ ky, = 1000 : 1 (Case 2) and (c) on mesh (iii) for the ratio
Frw @ Kyy = 100 : 1.
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FIGURE 6: Results obtained using the method of transformation
on mesh (i): (a) Exact, (b) wiLsD2 and (c) Hybrid for the ratio
ks kyy = 1000 : 1 (Case 2).
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results for some selected simulations have been exhibited in Fig-
ures 4 and 5.

The main observation to be found from Table 1 and the support-
ing graphs is that the use of shape functions (hybrid method) pro-
vides more accurate results than the other methods for both Case 1
and Case 2, except for Case 2 on the coarse mesh (Figure 3(iii)). It
is worthwhile to observe that the hybrid method produces mislead-
ing and inaccurate results for Case 2 on the coarse mesh, while it

has very good agreement with the exact solution on the fine mesh
(Figure 3(ii)).

Results for the cases where kg, @ kyy, = 1:10, 1:100, 10 : 1,
100 : 1 were obtained for the untransformed model and found to
have good agreement with the exact solutions on both the fine and
coarse meshes, and therefore only a selected case, kg, : ky, = 100 : 1,
is depicted here in Figure 5(c).

On the other hand, the use of the least squares method provides
good results for Case 2 on both the fine and coarse meshes and
that method fails to give good results for Case 1, especially on the
coarse mesh for the original problem. However, for Case 1, the
hybrid method provides reasonable results on both meshes.

Table 1 also shows that the four gradient approximation tech-
niques, namely GRF, GMF2, LS, WLSID1 and WLSID2, produce ap-
proximately the same results on each mesh for all cases and therefore
only the results produced by the least squares method are exhibited
in Figures 4 and 5 to compare with the exact solution and the results
from the hybrid method. Observe in Figure 4 that the numerical
techniques discussed here for the untransformed problem are unable
to produce good results for Case 1 on both meshes. The inaccuracy
of the hybrid technique on a coarse mesh for Case 2 is clearly shown
in Figure 5(b). Note, however, that all of the methods provide very
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good results for both cases after transformation into an isotropic
model (see Table 1 and Figure 6).

6 Conclusions

The work revealed that the use of existing gradient approximation
techniques for simulating orthotropic transport problems produces
reasonable results on uniform, fine meshes. However in general, the
use of fine meshes cannot be recommended because the computa-
tional cost will be high, especially in three-dimensional cases. To
obtain accurate results on coarse meshes, it is necessary to use a
higher order gradient approximation technique to calculate the flux
at the control volume faces. The decomposition technique used for
the flux also plays a major role in the finite volume scheme. Cur-
rently, the authors are developing higher order fully implicit finite
volume methods to rectify this problem. The transformation of
the orthotropic model into an isotropic model produces very good
results using the available gradient approximation techniques. How-
ever, such transformations may not be possible to use for coupled
equations or problems where the material properties are continually
changing over time. In this case it would be computationally ineffi-
cient to continually transform and re-mesh the domain throughout
the processing in time.

Acknowledgments: The first author acknowledges the financial
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from the University of Ruhuna, Sri Lanka.
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