ANZIAM J. 55 (EMAC2013) pp.C479-C494, 2014 C479

On second order duality for nondifferentiable
minimax fractional programming problems
involving type-I functions

S. K. Gupta/ D. Dangar? I. Ahmad?®

(Received 17 December 2013; revised 11 September 2014)

Abstract

We introduce second order (C, «, p, d) type-I functions and formu-
late a second order dual model for a nondifferentiable minimax fractional
programming problem. The usual duality relations are established un-
der second order (F, &, p,d)/(C, «, p, d) type-I assumptions. By citing
a nontrivial example, it is shown that a second order (C, &, p, d) type-
I function need not be (F, «, p, d) type-I. Several known results are
obtained as special cases.
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1 Introduction

An optimization problem in which the objective function is the ratio of
two functions is a fractional programming problem. It has a wide number of
applications in engineering and economics where a ratio of physical or economic
functions must be minimised to measure the efficiency or productivity of the
system. In mathematical programming, optimization problems in which both
a minimization and maximization process is performed are known as minimax
(or minmax) problems. Du and Pardalos [5] provided theory, algorithms
and applications of some minimax problems. Schmitendorf [13] formulated
the following static minimax problem and established necessary optimality
conditions:

minimise f(x) =sup ¢(x,y) subject to x € X C R",
yey

where ¢ : R™ x Rt — R, g : R* — R™ are twice continuously differentiable
functions, Y is a subset of R' and X = {x € R": g(x) < 0}.

Several different minimax fractional programming problems have been stud-
ied and duality relations were obtained under various generalized convexity
assumptions [3, 7, 8, 9]. Hachimi and Aghezzaf [6] introduced second or-
der (F, «, p, d) type-I functions which generalize convexity. Later, Ahmad et
al. [2] formulated a second order dual model for a nondifferentiable minimax
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programming problem and proved duality relations under (F, &, p, d) type-I
functions. Recently, Sharma and Gulati [14] discussed duality results for a
minimax fractional programming problem using type-I univex functions.

We first introduce second order (C, «, p, d) type-I functions. A numerical non-
trivial example illustrates the existence of such functions. We then formulate a
second order dual model involving a vector r € R™ for a nondifferentiable mul-
tiobjective fractional programming problem and established weak, strong and
strict converse duality theorems under second order (F, &, p,d)/(C, «, p, d)
type-I functions.

2 Preliminaries

Throughout this article, gradients and Hessian matrices of the functions f,
g, h and ¢ are with respect to the variable x. For instance, Vf(x,y)
means V,f(x,y). Here, R" denotes the n dimensional Euclidean space,
R, is the set of nonnegative real numbers and M ={1,2,..., m}.

Definition 1 (Ahmad et al. [2]|). A functional F: X x X x R* — R, where
X C R"™, is sublinear with respect to the third variable if for all (x,z) € X x X

o Foola+ ay) < Fe.(ay) + Fz(az) for all ay,a; € R*; and

o I .(xa) = aFy.(a) for all x € Ry and a € R™.

We now rewrite the definition of second order (F, x,p,d) type-I functions
introduced by Hachimi and Aghezzaf [6]. Let F be a sublinear functional with
respect to the third variable, ', ? : X x X — R, \{0}, d : X x X — R, and
p1,pj2€Rforj € M. Let ¢ : X = Rand g; : X — R for j € M be twice
differentiable functions.

Definition 2 (Hachimi and Aghezzaf |6]). Function ($,g) is second or-
der (F, o, p,d) type-I at z € X if for all x € X there exists p € R™ such
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that

b(x) — b(z) + 3p' V2 (2)
—g;(2) + 3p' Vg;(2)

for eachj € M.

Fez (! (x,2)[Vd(z) + V2(2)p]) + p'd(x,2)
FX,Z(ocz(x, z)[Vg;(z) + Vzgj(z)p]) + pjzd(x, z),

VoWV

P
P

Definition 3. Function (b, g) is semistrictly second order (F, «, p,d) type-I
at z € X if for all x € X there exists p € R™ such that

d(x) — d(z) + Ip"V2h(2)p > Feo (o (x,2) [V (2) + VZD(2)p]) + p'd(x, 2),
—gi(z) + 3p' V29i(2)p = Fuo (¥ (x,2)[Vg;(2) + V2gi(2)p]) + pid(x, 2),

for eachj € M.

Yuan et al. [15] introduced (C, &, p, d) convexity and proved necessary and
sufficient optimality conditions for a nondifferentiable multiobjective fractional
programming problem. In the framework of this definition, Chinchuluun et
al. [4] studied nonsmooth multiobjective fractional programming problems.
Later, Long [12] established duality relations for a class of nondifferentiable
multiobjective fractional programming problems involving (C, &, p, d) convex
functions.

We now present (C, «, p, d) type-I functions, after defining convexity in the
function C.

Definition 4 (Yuan et al. [15]). A function C: X x X x R™ — R is convex
on R™ iff for any fized (x,z) € X x X and for any y7, y2 € R™,

Cx,zp\y1 + (1 - )\)HZ] < ACX,Z(EH) + (] - }\)Cx,z(yl) )
for all A € (0,1).
Suppose the real valued function d : X x X — R satisfies d(x,z) =0iff x =z

and let C: X x X x R™ — R be a convex function such that C,,(0) = 0 for
any (x,z) € X x X.
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Definition 5. Function (&b, g) is second order (C, «, p,d) type-I at z € X if
for all x € X there exists p € R™ such that

1 1. T2 2 p'd(x,z)
gy [00) = 6(2) + 1TV (2] > CuulVhla) + Vo(zlp) + LT
1 Jd(x,z)
oz 9E) + TV (2)p] > CalVgy(a) + Vg (2)pl +

for eachj € M.

Definition 6. Function (b, g) is semistrictly second order (C, «, p, d) type-I
at z € X if for all x € X there exists p € R™ such that

1 | T 5 p'd(x,z)

o« (x,2) [d)(x) —¢(z) + spV d)(Z)P} > Cy[V(z) + Vd(z)p] + m )
1 prd(x, z)

o 9@ + 1TV (20p] > CaalVgi(z) + Vg lz)pl +

for eachj € M.

Function (¢, g) is (semistrictly) second order (F, «, p,d)/(C, &, p, d) type-I
over X iff it is (semistrictly) second order (F, «, p,d)/(C, «, p,d) type-I at
every point in X.

Remark 7. If C is sublinear with respect to the third variable, then Definitions
5 and 6 are identical to Definitions 2 and 3, respectively.

Remark 8. Since the functional F is sublinear with respect to the third
variable, it is convex, as defined in Definition 4. Further, since o', o&* > 0,
every (F, «, p,d) type-I function is (C, «, p, d) type-I. But the converse need
not be true. This is seen from the following example.

FExample 9. Let X = R. Let ¢ : X — R and g : X — R where ¢(x) =
x? — 2sin*x and g(x) = cos?x — 2x. Suppose a', o : X x X — R \{0} and
C:XxXxR"— Rare ! (x,z) =1/20, o?(x,z) = 1/3 and Cy.(a) = a?/24.
Let d: XxX — Ry bed(x,z) = (x—2z)*. Forp =—1, p' =-1/20, p*> = —1
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and z = 0.57,
m [d(x) — b(2) + 1p"V2d(2)p] — C.[Vid(2) + V2(2)p] — %
= 20x* + 40 cos” x + 60 — 57" — 5y (7 — 6)" + (x — 0.57)* > 0,
for all x € X, and
: IpTV? 2 p?d(x, z)
iz [T9E) + P Vil2p] = ClVg(z) + Vig(z)pl — T

=Z43m+3(x—0.5m)?% >0,

for all x € X. Hence, (¢, g) is second order (C, «, p, d) type-I but (¢, g) is
not second order (F, «, p,d) type-I at z = 0.57t as C is not sublinear with
respect to the third argument.

For f:R* x Rt - R, h:R* x R — R and g : R® — R™ twice continuously
differentiable functions, consider the nondifferentiable minimax fractional
programming problem (PP):

f TBx)1/2
minimise P (x) = sup (x,y) + (x"Bx])

yey h(xay) - (XTDX)]/Z SUbjeCt to g(X) < 07

where Y is a compact subset of R!, B and D are n x n positive semidefinite
matrices, f(x,y) + (x'Bx)'/? > 0 and h(x,y) — (x'Dx)"? > 0 for each
(x,y) € I x Y, where J ={x € R": g(x) < 0}. For each (x,y) € J XY we
define

= sup

,y) + (x"Bx)'2 f(x,z) + (x'Bx)'"?
y) — (xTDx)V2 ey hix,z) — (xTDx)V/2 |7

K(x):{(s,t,g) € N x R x RY : 1 <s<n+1,t=(t,t,...,t) €RY,

i
I
<

= (91792,---,gs),giEY(X),iZ 1,2,...,8}.
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3 Duality model

Consider the dual problem (DP) to the PP:

max sup A,
(57t7y) GK(Z) (27"1’A7W7V7‘r7p) EH] (S’t7g)

where H;(s,t,7) denotes the set of all (z,u, A, w,v,1,p) € R" x RT" x R} X
R™ x R™ x R™ x R™ satisfying

D Iz, )+ V? ) _tilf(z,9) — Ah(z, 5)lp+ ) 1wVg;(z)
i=1 i=1

=1

+ V2 wgi(z)p =0, (1)
=1
S S T S
D Gz 0 + th(z,gi)] r—p'V2 Y ilf(z, i) — Ah(z, Gi)lp >0,
i=1 i=1 i=1
(2)
m [ m T m
> g2+ | Vgl v 3"V wgiz)p >0, (3)
j=1 Lj=1 j=1

s 4T m T
[Z tl(z, 00) | T+ (Z Mng(Z)) r<o0, (4)
i=1 d

j=1

wBw <1 and vDv<l, (5)
where

I(z,9i) = Vf(z,yi) + Bw —A[Vh(z,y;) — Dv],

G(z,Ui) = f(z,Us) + z'Bw — Alh(z,7;) — 2" DV].

If, for a triplet (s,t,y) € K(z), the set H;(s,t,y) = ¢, then we define the
supremum over Hy to be —oo. Now, we establish the duality relations between
PP and DP.



3 Duality model C486

Theorem 10 (Weak duality). Let x and (z,u, A, w,v,s,t,y,r,p) be feasible
solutions of PP and DP, respectively. Assume that any one of the following
four conditions hold:
1. {G(-,9i),g;(-),i=1,2,...,s8,) =1,2,...,m} is second order (F, «, p, d)
type-I at z and Y _;_, tip! + Z]TL 8 pj2 >0,
2. {3 660, g;(-) ] =1,2,...,m}is second order (F, «, p,d) type-1
at z and p' +Z] 1p1p >0;
3. 1{G(,vi),9i(-),i1=1,2,...,5,j =1,2,...,m} is second order (C, x, p, d)
type-I at z and Y _;_, tip] + Z]TL V8 pj2 > 0;
4. {2;1 tG(, i), 9i(),j =1,2,...,m} is second order (C, «, p,d) type-
Iatz andp1+zjn;]pjpj2>0
Furthermore, suppose o' (x,z) = &*(x,z) , then

f(x,9) + (x"Bx)'/?
(x"Dx)1/2 > A

su -
yeg h(x,y) —

Proof: Suppose, contrary to the theorem,

f(x,7) + (x"Bx)"?
sup =
gev h(x,y) — (xTDx)1/2

<A,

then,
f(x7gi) + (XTBX)]/Z - )\[h(xagt) - (XTDX)]/Z] < O?
for all y; € Y(x) withi=1,2,... s. It follows from t; > 0,i=1,2,... s,
that
t{f(x, §o) + (x"Bx)2 = Alh(x, §i) — (x'Dx)*]} < 0,

with at least one strict inequality, since t = (t,t;,...,ts) # 0. Taking the
summation over i and using (5),

Z t{f(x,Ji) + x' Bw — Alh(x, §i) — x'DV]} = Z tiG(x, i) < 0.  (6)

i=1 i=1
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Condition 1: By the second order (F, &, p, d) type-I assumption on {G(-,y;),
gi(-),i=1,2,...,s,j=1,2,...,mjat z, fori=1,2,... s,

Glx, §i) — Glz,50) + 1p' V2IF(z, §1) — Ah(z,Go)lp
> Foa(a (x,z){l(z,gi)wzw,gi)—xh(z,yinp})+p!d(x,zJ, (7)
and, forj=1,2,...,m,
—gi(2)+ 3P V2g;i(2)p = Fe. (o (x, 2)[Vg;(z) + V2g;(2)p]) +pfd(x,2) . (8)
Multiplying (7) by t; > 0, i = 1,2,...,s, multiplying (8) by p; > 0

j=1,2,...,m, taking summations over i and j and using the sublinearity
of F, we obtain

D tG(xT) — ) tG(z,T) +3p'V2 ) tilf(z,Gi) — Ah(z, Gi)lp
i=1 i=1 i=1
> Fy. [061 (x,z) (Z til(z,Gi) + V2 Z tilf(z,91) — Ah(lagi)]P)]
i=1 i=1
+ Z tlpl d(X, Z) ) (9)
i=1

- Z wigi(z) + 1p'V? Z ;g5 (2)p
> F, [ (Z iVgi(z) + V2 ) ngj(Z)P>
=1 =1

m
+ Z wiprd(x,z) .
=1

(10)
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Now, using (2), (4) and (6) in (9) and (3) in (10),

Fyz [061 (x,2) (Z ti1(z,§i) + V? Z tilf(z,yi) — Ah(%@li)]P)]
-

i=1
S m T
+ Ztipzd(x, z) < — [Z pdng(z)] T, (11)
i=1 j=1

and
Fr [cx (Z wVgi(z) + V2 Y gj(z)p>
=1 =1

.
< [Z nVg;(z)
=1

Finally, using «'(x,z) = o(x,z) > 0, in the addition of (11) and (12) and
from the sublinearity of F, 3¢ ; tip{ + 3% pf > 0 and (1), we have

m
+ ) wpid(x,z)
=1

(12)

O:FXZ _FXZ<ZtIZy +VZZt g Ah(zagl)]p
+ZMV9J +VZZuq9) )
j=1
- tip; i} hika <
~(2 pl*?”"’)o«‘(w) °

which is a contradiction. Hence the theorem is proved. Similarly, the proof of
the theorem can be obtained using Condition 2.
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Condition 3: Since {G(-,yi),1 = 1,2,...,s,j = 1,2,...,m} is second
order (C, «, p,d) type-Tat z, fori=1,2,...,s

1
ol(x,z)

> Cy(I(z,91) + V2[f(2, 1) — Ah(z, Go)lp) +

{G(x,01) — G(z,U:) + 39" V?[f(z,U:i) — Ah(z, Ui)lp}

pld(x,z)

ol(x,z) ’ (13)

and, forj=1,2,...,m,

prd(x,z)
o?(x,z)
(14)
Multiplying (13) by ti/t > 0 for i = 1,2,...,s, and (14) by u]/”c > 0 for
i=1,2,... mWhereT—1—|—ZJ:1u],Weobta1n fori=1,2,. ,

«?(x,z) [_gj( ) + ZPTVZQJ( )P] = Cx,z[ng(z) + Vzg](z)p] +

ﬁ (t{G(x,51) — G(z,91) + 3p" V[f(z,Gi) — Ah(z, G:)lp})

> %Cx,z(l(% Ui) + V2[f(z,9)) — Ah(z, Gi)lp) + % : (15)
o)+ B Vg

> Be Vg (el + Vg + MO0 (16)
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Summing (15) over i and (16) over j, using o'(x,z) = &*(x,z) and the
convexity of C,

ﬁ [; t{G(x,7i) — G(z, ;i) + %PTVZH(Z,QJ — Ah(z,4i)lp}
- i w2+ VY ey
= =1
> cle <Ztl z, Ui +VZZt (z,7i) — Ah(z, s p+Zu]V9] z)
=1
+V*2 J; ngj(Z)p) + (; tip] + ; MP%) % - (17)

Now, inequalities (2)—(4) yield

— Z Higi(z TVZ Z Higi(z)p — Z t:G(z, 1)
j=1 i=1
+1p'V? Z t:[f(z,Ui) — Ah(z, §)lp < 0. (18)

Finally, using (1), (6), (18) and 3_{_; tip{ + "y wjp; = 0 in (17),

0=C,y.(0) = [ (Ztlzy +VZZt (z,7i) — Ah(z, §i)lp

+Z wVgi(z) + V2 Z ujgj(z)p>] <0
=1 =

which is a contradiction. Hence the theorem is proved. Similarly, the proof of
the theorem can be obtained using Condition 4. 'y
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Theorem 11 (Strong duality). Assume that x* is an optimal solution of
PP and Vgj(x*) forj € J(x*) are linearly independent. Then there exist
(S*vt*’g*) € K(X*) and (X*7H*>}\*7W*7V*>r* = 0717* = O) € H1(S*at*7g*)
such that (x*, W, A*, w* v s* t* g* v* =0,p* =0) is a feasible solution of
DP and the two objectives have the same values. If, in addition, the assump-
tions of Theorem 10 hold for all feasible solutions (x, w, A\, w,v,s, t,y,r,p) of
DP, then (x*, W, A*, w* v s* t* 4y* r* = 0,p* = 0) is an optimal solution
of DP.

Proof: Since x* is an optimal solution of PP and Vg;(x*) for j € J(x*)
are linearly independent, then by Theorem 10 and Lai et al. [10] there exist
(s, t*,9") € K(x*) and (x*, p*, A", w*,v*, 7" = 0,p* = 0) € Hy(s",t",y")
such that (x*, u* A", w* v* s* t* y*,r* =0,p* = 0) is a feasible solution of
DP and the two objectives have same values. Optimality of (x*, u*, A*, w*, v*,
s*, t*,y*,r* =0,p* =0) for DP thus follows from Theorem 10. [ Y

Theorem 12 (Strict Converse Duality). Let x* be an optimal solution of PP
and (z*, W A, W v s* t* g* ™ p*) be an optimal solution of DP. Assume
that any one of the following four conditions holds.

1L AG(,Y7),gi(-),i=1,2,...,8",j = 1,2,...,m} is semistrictly second
order (F, o, p,d) type-I at z* and 2;1 tip! + Z]TL u;“pjz =>0.
2. {ZS t'G(,yf),qi(),j=1,2,... ,m} is semistrictly second order

i=1 ™"
(F, o, p,d) type-I at z* and p' + Z;L u)fkpjz >0.
3G, Y:),gi(),i=1,2,...,8",j = 1,2,...,m} is semistrictly second
order (C.ot,p. ) type-T at 2" and 5, ol + X1 o > 0.
i=1 "

(C, e, p,d) type-I at z* and p' + > Wi >0.

4. {ZS Gy, gi(+),j = 1,2,...,m} is semistrictly second order
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Furthermore, suppose the set of vectors {Vg;(x*),j € J(x*)} is linearly inde-
pendent and ol (x*,2*) = o2 (x*,z*). Then z* = x*, that is, z* is an optimal
solution of PP.

Proof: The proof follows similarly to the proof of Theorem 10 and Theo-
rem 3.3 of Ahmad et al. [2]. [ )

Remark 13. Let B and D be zero matrices of order n, then the model DP
becomes the dual models discussed by Hu et al. [8]. Further, if r =0, then
our dual models reduce to the problems of Husain et al. [7] and Sharma and
Gulati [14]. In addition, if p = 0, then DP becomes the dual model considered
by Liu and Wu [11]. If r =0 and p =0, then the model DP reduces to the
model of Ahmad and Husain [1].
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