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Abstract

This paper presents an iterative method to identify the diffusion
in a semi-linear parabolic problem. This method can be generalized
to other kind of problems, elliptic, parabolic and hyperbolic in two-
dimensional and three-dimensional case. The diffusion is obtained by
solving an optimal control problem. By imposing specific conditions to
the data, we build a sequence of linear problems which converge to the
exact solution. We discretize our problem by a finite element method
in the first case and a spectral method in the second case, using the
sensibility method for approximating the gradient of the functional.
Some numerical experiments prove the efficiency of this method.
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1 Introduction

In the phenomena of exchange at the sediment-water interface of the seabed
or lagoons, the concentration w(x,t) where x is the spatial coordinate system
and t is the time, is governed by the one-dimensional diffusion equation

ou ou 0 (Dau) _ et

ot Vox  ox \ ox
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where D(x, t) is the diffusion coefficient that accounts both molecular diffusion
and dispersion kinetics [4] and f is the production-destruction term.

Defining Q1 = Qx]0, T[, for open interval Q =]0, 1[ and T is a positive real
number, XT is the concentration at the time T, and vg is the concentration at
time t = 0. Neglecting the convective term, the problem in this paper is to
find the coefficient of diffusion D minimizing the functional

1 1
J(D) = —j u(x, T: D) — xr (x)]? dx.,
0

where for a given D, u(x, t; D) is the solution of the problem

Find u(x,t): Qt — R, such that

ou 0 ou
A (Da) =f(x,t,u), (x,t)€Qr,
u(x,0) =wv(x), x€Q, (Pp)

u(07t) :LL(l,t) :g(t)a t€]07T[7
where f, g and vy > 0 are given. Thus the problem
min J(D) such that D € U,q, u(x,t;D) solves (Pp), (Qp)

is an optimization problem.

A similar problem in linear case was first studied by Bouchiba and Abidi [3].
However, here and elsewhere the formulation that is considered in this work
deals with the nonlinear source term f. There are Several applications in
this field, discussing parabolic and hyperbolic, linear and nonlinear systems
describing numerical simulation results. These include control of distributed
parameter systems [15, 16, 17|, regularization for highly ill-posed distributed
parameter estimation problems [14]. This performed numerical analysis based
on an iterative Gauss-Newton method and solved by Levenberg-Marquardt-
type method, which applied to the output least squares formulation.
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In section 2, we study after linearizing, the existence and the uniqueness of a
weak solution of the linearized problem of (P,,) for a fixed D. In section 3,
we prove the continuity of the map ® : D — u(x,t,D). In section 4, we
establish the convergence of the sequence (u,)nen Where u,, is solution
of (P1) to u solution of (Pp). In section 5, we describe the optimal control
problem under constraints (Pp) [10]. Indeed we prove the existence of a global
optimal solution for the optimal control problem (Q) [11, 12]. In section 6,
we give a numerical algorithm to solve (P,,) by computing the gradient of
the functional ] [4], [3, linear version|. The numerical solution of the PDE
system is generated by both the finite elements method [7] and the spectral
method 8, 9]. Finally in Section 7, we present a comparative study between
the two methods (finite elements method and spectral method) to see the
best convergence.

2 The linearized problems

2.1 The Assumptions

Let O be an open set of R4, let p € [1,+00] and let k be a natural number.
Define the Sobolev space

W¥5P(0) = {u € LP(0) : dqu € LP(O) for all |a < ¥},
where « is a multi-index, and 0, is a partial derivative of 1 in the weak sense.

We suppose that the nonlinear source term f in the first equation of (Pp),
satisfies the following assumptions:

f € € (Qx]0, T[xR) NW*»* (Qx]0, T[xR),
of

a—s(x, t,s) <0, forallse R and (x,t) € Qx]0, T[,

(H1)
(H2)
s +— f(-,-,s) is concave on R, (H3)
f(x,t,0) > 0. (H4)
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2.2 Linearized problems

Using the first equation of (Pp), we denote the residual

L o (o
RW) = ot 0Ox <D ox

) _f(u '711))7

so that u is a solution of R(u) =0.

By applying Newton’s method linearized which has the advantage to converge
rapidly towards our solution, we build a recurrent sequence of functions (U, )
with up : Qr = R, forn € N,

R(un)

N T

When 1y is the first term, then

ot 0x ou ou

We obtain a sequence of linear problems: initially

ou, O ou, of of
TAr Ao (DK) __('7 '7un71)un = __(’7 '7un71)un71+f('7 '7un71)'

oug 0 ouy .
7 P (pZEe) =
ot ox < ox ) ko i Qr
uy(x,0) =vy, x€Q, (Po)

U,()(O,t) = u’O(lat) = g(t)u t 6]071—[7

where k = |[|f||o. Forn > 1,

aun 0 aun of .
2t \Pax ) T ou n— n — F y LUn-1), ,

ot 0x ( ox ) au(x’ t,un1)u (%, t,un_1) in Qt
Un(x,0) =vy, x€Q, @)

un(07t) = u’ﬂ(lat) = g(t)u t 6]071—[7

where
F(X, t7 un—l) - f(X, t7 un—l) - (X, t, LLn—l)un—l .
ou
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2.3 The variational Formulation of (P,,)

Let O be an open set of R¢ and let k be a natural number. Define the Sobolev
space

H*(0) = {u e L*(0) : 9u € L*(O) for all « € N, |af < k}

For a fixed D, the variational formulation of problem (P,,) is

Find u,(-,t) € H'(Q), with u,(-,t) — g(-,t) € Hy(Q), such that
0t 8),9) o ap (- 8,9) = (F( 1)), for all v € HY(O)
un('ao) = Vo, (:PVTL)

where u,, (-, t) : Q — R and g(-, t) is the lifting of the boundary condition g(t)
in H'(Q) and coincides with g(t) on {0, 1}, the boundary condition is reflected
by the fact that w,(-,t) — g(-,t) € H}(Q) [9, Proposition 1.12].

The bilinear form, for all v € H}(Q),

1
ap (U, v) = J Daun—(,t)@

' of
dx — _('>t7un—1)un('7t)de'
0 ox  0x

0 ou

So for F(-,-,un_1) € L2(0,T,L2(Q)) and g(-,t) continuous in Q, vy € L3(Q)
and D € L*(Q) such that D > « > 0, problem (PV,) admits a unique
solution [1, 2],

u, € L* (0, T,H'(Q)) N C° (0, T,L*(Q)) .

3 Continuity of the map @

The following Lemma is needed to prove the continuity of the map ©.

Lemma 1. If function w is a solution of problem (Pp ), then u is bounded
in L2 (0, T, H{(Q)).
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Proof: The variational formulation of problem (Pp) is

Find u(-,t) € HY(Q);u(-,t) — g(-,t) € H}(Q) such that
d
dt
u(-,0) =vo,

(u(-,t),v) + ap(u(-,t),v) = (f(-,t,u),v), forallve H}(Q), (PVp)

where ap (u(-,t),v) = [; D2V gy - We denote G-, t) = ul-,t) — g(-, t).

Then u(-, t) is solution of problem (PVp) if and only if u(-,t) is solution of
the problem

Find (-, t) € H3(Q) such that, for all v € H}(Q),

L@, + dplu(, 1,v) = (f(,t, 0+ g(),v) — ap(g(- 1)),
u(-,0) =vo. (1)

Using (1) in the particular case for v = 1(-,t) € H}(Q), such that D > o > 0
and the Cauchy-Schwarz inequality combined with Poincare inequality we
prove that u is bounded in L2 (0, T, H}(Q)). [

Let the map

@ :L*(Q) — L*(0,T,Hy(Q))
D—u

where u is the unique solution of (Pp). Let
U ={9 € L*(Qr) : there exists o\V > « > 0}.

For Dy,D; € U, Dy # D3, we denote u; = ®(D;)i—1» and fi(x,t) =
f(x,t,ui)i:1,27 for all (X,t) € QT .

Proposition 2. The map © s continuous
w —u, HL2(O,T,H(1)(Q))< C [ D1 =Dz [[t=iqn), (2)

where C is a constant independent of Dy and Ds.
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Proof: We denote " = 1; — uy. Using (2), after subtracting for all
v € H}(Q),

ou*(-,t) ! oty (-, t) ov L odur(-,t) ov
D, —D — D —
( ot ’V>+JO( 1= D2 =5 ade+L 2 ox ox ¥

1

:J (Fil 1) — Fol 1)) v dx. (3)

0

In particular, equation (3) is true for v =1u*(-,t) € H}(Q) and after integra-

tion between 0 and t
1 2
J D2 dX> do
0

1, . t ou*(-,t)
5 |0, 1) 1720 +J <

ox

I oty (-, 1) du* (-, t
+J |:J (DQ_Dl) u1(7 ) u’(? )dX:|dG
o LJo 0x 0x
We denote
Ly |2 Y, ek
A= ) (1) [[{2), B ZL (L Do o dx | do.

Then,as D > « >0,

(5] o) e

0x
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And also,
t el
1wl oo < | [ (it -ty wiv e ao
t 1 11 . T .
+ JO |:JO (DQ — Dl) aula(X’ t) aua(x7 t) dX:| do.

The inequality (4) is true for all t €]0, T[. Recall the assumption (H1) and
using Taylor’s formula, we obtain the following inequality which is related
to B defined above

Hau*(.,t) ’
0x lr2(o7,12(0))
< P2~ Pl | 57 T
L2(0,T,L2(Q)) L2(0,T,L2(Q))
C _
+ x D2 = Dillpwqqp) W 2010200
By Lemma 1,
our (-, t)|? 1 ou* (-, t)
5 S L A
L2(0,T,L2(Q)) L2(0,T,L2(Q))

— %

C
+ & Dy — DlHLOO(QT) 1 C B ez 0.me200)) -

We obtain

2

< G ||D2 - DlHLOO(QT) ||ﬁ*('7t)||L2(o,T,H3(Q)) )

L2(0,T,L2(Q))

ox

Similarly to (4), the following inequality in terms of the defined variable A,

— % 2 — k
H‘LL ('at)HLQ(Q) <G HD2 - DIHLOO(QT) H‘LL ('7t)HL2(07T,H(1)(_O_)) :

N | —



4  The convergence E10

After integration between 0 and T,
12 02010200y < 2TC1 (D2 — Dill s IGO0, 11310)) -
We set C = 2sup(Cy, 2TC;), and conclude that
Hﬁ*('at)Hp(o,T,Hg(Q)) < ClIDy — DlHL"O(QT) ’
and finally

”ul _u2HL2(o,T,H(1J(Q)) <C “Dl - D2||L°0(QT) :

4 The convergence

Remark 3.

e The symbol X < Y denotes the continuous and dense embedding of X
into Y.

e The symbol X — Y denotes the weak convergence of X to Y.
e The symbol X — Y denotes the strong convergence of X to Y.

Consider now the sequence (i, )nen Where u,, is solution of ().

Proposition 4. The sequence {un},_, satisfies

O0<--<Upyr <Uup <--- < U
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Proof:

1. We first prove that u,,; —un < 0. Let wo(x,t) =u(x,t) —ug(x, t),
for all (x,t) € Q7 , with ug is the solution of (P;) and u; is the solution
of Py, (P) for n =1, then

ouy 0 ow, of B
T & (Da_x> - E(w S up)ug = F(+, -, up),

au[) 0 aLLO
Mo % (pZo) —y.
ot  0x ( ox )
After subtracting (Py) and Py, (P,,) for n =1, we get

6(1)0 0 a(l)() of
ot Ox < dx ) au( 777u0)w0 f( ) 7u0) k 0

Using the assumption (H2), the difference field wy < 0 via the maximum
principle [1]. Subtracting P41 and (P,,), setting wy, = Upy1 — Un,
with u, is the solution of (P,,) and u, 1 is the solution of Py, 1, (Pn)
forn—n+1,

ow 0 ow of
o — D ) - (- n n— Yn
ot ax( ax) (st )wn = G

where via (H3)7 GTL = f(u '7un) _f(7 '7un71) _%(7 '7un71)wn71 <0.
Then, using the assumption (H2) the maximum principle gives w, < 0,

foralln>1.

2. We prove now that u, > 0 for all n. In problem (Py), k = |[f||c > 0
and vy > 0 by the maximum principle uy > 0. In problem P, 4, (P,,)
for n — n + 1, under assumption (H3) and (H4) F(-,-,u,) > 0. Using
the assumption (H2) and vy > 0, then via the maximum principle
U, >0foralln>1.

[ )
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Theorem 5. The sequence (Wn)nen where Wy is solution of (P,) converges
to w, where w is a solution of (Pp).

Proof: By Lemma 1, u, is bounded in L? (0, T, H}(Q)) then, we can extract
a subsequence still denoted w,, such that

U, = u in [2 (O,T, H(I)(Q)) weakly. (5)

Using (H4), we prove that uw > 0. But it appears difficult because from (5),
it is generally not guaranteed that

0 ou, 0 ou
x (D_ax ) 7 x (Da) -

Then, we increase the regularity of u using the singular perturbation method.
For that we introduce a new bilinear form, continuous on H3(Q),

(@, ) = ble, ),
such that
b W) = Bl ). for all b € HA(Q).

Using Riez’s Theorem, we represent the bilinear form b by an operator B
such that

b(@, ) = <B(pull)>H*2(Q),H(2)(Q) :

Similarly for the bilinear form ap: it is represented by the operator A (D)
such that

ap (@, ) = <A(D)@7¢>H*1(Q),H3[Q) :
For ¢ sufficiently small and positive we denote

a.p(@,b) = eb(@,b) + ap(@,b), forall @, € HF(Q).

We verify that

ae,p(P,P) > EHLPHag(Q) + CW’”?{%(Q)’
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where ¢ is a positive constant. The singular perturbation problem is

OUn, ¢ .
‘lgt’ + ((’:B + A(D))un,s — F(u '7un*1) m QT7
un,a(xa 0) = VO(X) in Q7 (ipn,«i)

where u, . € L* (0, T, H3(Q)). The operator -+ (eB+A(D)) is the singular
perturbation operator of a - +A(D). By applymg the theorem of Lions [2]
such that u, . € H3(Q) and ap (un,Vv) is replaced by a. p(u,,Vv) and using
the assumption of uniform coercivity,

acp (W, ) > el a) + by q), (6)

problem (P, ) admits a unique solution , ..

Proposition 6. As ¢ — 0 the following strong convergences hold:
o u, . —uinl?(0,T,H}(Q));
o Veu, . — 0inL?(0,T,H3(Q));
° aun€—>—umL2(O T,Hy (Q))

ot ot

Since ¢ is fixed positive, we deduce from (6) that
U, is bounded in L* (0, T, H3(Q)) . (7)

From the first equation of (P, ), we prove that

0
aun7£is bounded in L? (O, T, H0_2(Q)) ) (8)
From (7), we extract a sequence, still denoted by u,,, such that u,, converge in
a weak sense to win L2 (0, T, H3(Q)). Since the injection of H3(Q) in H}(Q)
is compact, there exists a subsequence, still denoted u,,, which converge
strongly to uw in L2 (0, T, H}(Q)).
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A converge weakly to 3% in L2 (0, T, Hy 2(Q)),

From (8), we conclude that <3 h

then 3 5
Uy u
D— —>D—
0x - ox Qr,

in a weak sense. Indeed, for all p € D(Qt), X = (x,t) € Qr,

J Daﬁxpdxzj Da—ulbdX+J D(aﬁ—aﬁ)wdx.
Qr 0x Qr ox Qr 0x 0x

We conclude that

J D%IbdX%J D%y ax,
Qr ox Qr 0x

because
ou ou ou ou
o (52 -3 )vax|<c| G5 e,
JQT 0x 0x 0x 0 [[2(Qy) Qr
and
' ou, oJu
—_—— — 0
Ox  Ox|lr2(q
Since f(Qt) is C?, then
of 0
N X n) — 3 X7 9
(X ) = (X
and of of
f(Xaun—l) _(Xaun—l)un 1 f(X,U,) —(X,u)u
ou ou

We conclude that

0 0 0 of 0 0 0 of
3t T 3 (D&un> +E(X’un)un —Uu—— (D—u) -I—aL(X,u)u,

weakly in Qt. Therefore u,, satisfies the two equations of (P;, ;). [
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5 Optimal control

In this section we are interested by the optimal control problem under con-
straints (Pp) [10]

1
min J(D) = lj [u(x,T: D) —x1(x)]* dx, such that

2 Jo
%_1: _% (Dg—:) =f(x,t,u), (x,t) €Qr,
u(x,0) =vo(x), x€Q, (Q)
u(0,t) =u(l,t) = g(t), te€lo,TI,
ueC.

The set C is a closed convex subset of Cy(Q) ={w € C(Q): w =0 on {0, 1}},
the space of continuous functions on Q vanishing on {0, 1}.

Remark 7. Sometimes we adopt the notation u(x,t; D) as a reminder that u
implicitly depends on D.

The set of admissible solutions is defined as
W.q ={D € L*(Q7) : u(x, t; D) satisfies the state equation in (Pp)}.

The function u(x, T; D), for all (x,t) € Qt, is the solution of problem (Pp)
at t =T, x7 is given in L2(Q). We now prove the main result of this section.

Theorem 8. If U,y is non-empty, then there exists a global optimal solution
for the optimal control problem (Q ).

Proof: Because U,q is not empty, we may take a minimizing sequence
D, € U,q. We obtain that || Dy ||ee< 0o which implies that Dy, is uniformly
bounded in L*°(Qt). Then we may extract a weakly convergent subsequence,
also denoted by D,,, which converge in a weak-star sense to D € L*(Q+).
And we denote u,(x,t) = t(x,t; Dy), for all (x,t) € Qr, by (1) and using
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Lemma 1 combined with (H1), wu,, is uniformly bounded in H}(Q). Then
we extract a weakly convergent subsequence, also denoted by u,,, such that
u, — 1’ € H}(Q). In order to see that (1’; D) is a solution of the (Pp)
equations, the only problem is to pass to the limit in the nonlinear form
a, = fé (-, t,un)vdx of (1). Due to the compact embedding of H}(Q) into
[2(Q) |2] and the continuity of the a,, and without forgetting that a, is
bounded for all x, t and u,,, it follows that
1 1

J (-, t,un)vdx — J f(-,t,u)vdx.

0 0
Consequently, taking into account the linearity and continuity of all terms
involved, the limit (1i°; D) satisfies the state equations. Since C is convex
and closed, it is weakly closed, so u,, — 1’ € H}(Q) and the embedding
H}(Q) < Co(Q) imply that 1° € C. Taking into consideration that J(D) is
weakly lower semi continuous, then there exists a global optimal solution for
the optimal control problem (Q). [ )

6 The discrete problem

6.1 Finite element method

In this section, to simplify, we study the problem (PV,) in the case of
homogeneous boundary conditions (g = 0).

6.1.1 The variational Problem

We put H=1%(Q), V=H}(Q), Q =]0,1[. Then V C H C V’. We consider
the variational problem (PV},) which admits a unique solution

u, € L7 (0, T, Hg(Q)) N C°([0, T], L*(Q)).
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To build an approximation u, 1 of u,, we choose a subspace of V composed
of affine functions over an equal number of intervals of equal size. More
precisely, let N be a natural number and h = N+1 , 0 <1< N+1. We
denote x; = ih, 0 < 1 < N + 1, that subdivides the interval Q = [0, 1] to
N + 1 intervals K = [xl, Xit1l, 1 <1< N, each of length h and

Vi ={ve C’Q):v(0)=v(1) =0, v, €P;, 0<i< N}
a finite dimensional subspace of V [1].
Setting F,,_1(t) = F(-,t,un_1), the approached problem is
Find unn(-,t) € Vi, such that for all t € [0, T],

d
Fn (Wnn(5t),vh) + ap(Unn(-, 1), vi) = (Faoi(t),vn) for all viy € Vi,
un,h('7 0) = Vo,h - (iPVnh)

The problem (PV,1,) admits an unique solution wn n(+,t) € Vi : the proof is
obtained by direct application of Lions’s Theorem [5]. We introduce the basis
(@i)icicn of Vi, for 1 <j < N. Then there exists unoj and ug’j functions
of [0, T] in R, such that, for all (x,t) € Qr,

N
th x, t) Zunm ), un,h(X, t) = ZUE,J- (t)(Pj(X)-
j=1

Then problem (?Vnh) is equivalent to the differential system
N

N
d .
Z(@;w Qi) —upn;(t) + Z ap (@, @ )up;(t) =Fao14(t), 1<i<N,
=1

= dt
ugi(()) —unol, I1<i<N, (S1)
where Fr,_1i(t) = (Fr_1(t), @i). We denote
Rp(t) = (ap(@j, ®i))i<ij<n the stiffness matrix,
M = (@j, @i)i<ij<n the mass matrix,
WP (1) = (up (B, up, (1), ug (1), and
Fno1(t) = (Faop1(t), Fuoia(t), .., Fuoan ()T
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The system (S;) is written as

ML () 4 R (0w (1) = Foa (1),

dt "
U;D(O) = url?,o . (S2)
A simple calculation gives the elements of M as
2h
((Pi)q)i):?7 1<1<N7
h
((pi7 (Pi—l-l) = E ’
h .
((pi+1a(pi):g7 1<1<Na

We put

Setting Kn_1(t) = 3 20 (-, t, up_1)un (-, t)vdx, then

[Xi+1

L L. Kno1(t) (xi41 —x)* dx,
[Xi

Koy =) Kea(be—x)dx,
[(Xit1

Kntisl = K1 (1) (X1 — x)(x —x¢) dx .
JIxq

We obtain for the coefficients of Rp:

1 _ .
ap (@i, 9i) = @(Dw% +Di_1 + Kn—l,i—k% +K! 1_%), 1<i<N,
1
ap(@it1, @i) = _Q(DH% + anl,i+%)7
1 .
ap (@i, @i11) = _Q(DH% + Kn_171+%), 1<i<N-—-1,
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Using the modified Euler method of integration,

1
J Kno1(t) @i dx = h2 <Ki 1i—1 + K;—l,H—l)

0

_ 2hof of
=S5 (xic1 +h tup o) + I (xis1 + Rt ul )
+ }_Lﬁ xi 1+ }_1 ¢ U’E—l,i—l + uE—Li
6ou\ 2 2
of hooun i U
AL i ) t) : ’ , 1
+ u (X +1+ 5 5 ( 0)
and
1 b o
h of h  ug i +tUug g
L Koo dx =515, < Tl S e “>- (11)

The system (Ss) is solved using a fourth order Runge—Kutta method.

6.1.2 Calculating the gradient of |,

Consider the problem
min |, (D), D € U,g, un(,.;D) solves (P,), (Qn)

where we define the functional

1 1

In(D) = §J [un(X,T;D) _XT,n(X)]2 dx . (12)
0

As XTmn = ZiN:1 Xn,T(Xi)(Pi , We write

2

N
[Z (url?,i(T) _Xn,T(Xi)) ei(x)| dx. (13)

1

(D) %J

0
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Expand the expression of J,

mngzxﬁmvxﬂmw
hN 1
+ 6 Z U, 1+1 Xn,T(Xi+1)> (uE,i(T) - Xn,T(Xi)) .

To calculate an approximation of the gradient ], we consider a mesh of the
rectangle Q) x [0, T] by triangles T;; with vertices

(ih,jot), ((L+1)h,jot), (ih, (j +1)5t),
and T} with vertices
(ih, (G +1)8t), (ih, (j +1)8t), ((i+ 1)h,jdt),

where 6t = M - is a time step. There Dy ~ D(ih,jot).

+

And we denote A; respectively (A!), i = 1,2, 3, the barycentric coordinates of

a point from the triangle Ty;, respectively TI’J,
Dijir; =MDy +A2Div1j + A3Dijj41,
Dyjiry, = ADis1j +ADijr1 + ADiga -

A simple calculation gives

M, t) = 24— — i+ 1) = —A1(x, t

1(X7 ) h+At ( +]+ ) 1(Xa )a
M, 1) = = 41+ 1= —(a(x, 1) — 1),

t
As(x,t) = At +j+1=—(As3(x,t) —1).

The calculation of D;_ 1 is more delicate when x varies between x; and xi 1
and t between jdt and (j + 1)8t the point (x,t) € Ty UT); so

if x € [xi,xi + a(t)] then (x,t) € Ty,

if x € [x; + a(t),xi] then (x,t) € T, .
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Figure 1: Mesh
Ta

T=t,,.

\ T
- N N A R N o=
VAN T

N

—_ > X
0= Xo X1 X x;Taft) Xy X =1

where a(t) = h(1 —s —j) (see Figure 1), with s =t/5t so

h
Diy1 =5 [o5(t)Dy + By (t)Div1y + v () Dijen + 85(t)Divrgral . (14)

2

with o (t) = (14+5—s)2, B;(1) = (1+j—s)(1=j+s), v;(t) = (s—§)(2+j—3).
and 8;(t) = (s —j)?. Thus, knowledge of Dy, 0 <1< N+1,0<j < M+1,
approach D(x, t) on Qt and consequently reduce the problem of minimization
in finite dimensions: D will equate to a vector R¥ where k = (N 4 2)(M + 2).
We denote

D = (Do, - - -, D(nt1)0s Doty - s DNyt - - -, DoMa)s - - -, DNy ven)) -
The problem (Q,,) becomes
minJo(D), DeR*, D>«>0. (Qnn)
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Then we obtain

n  9Jn n n i
VIn(D) — (aD] ) aé 7t aD ] LR ) aD ] ) *
00 01 0(N-+1) (N+1)(M+1)
As
a]n _ A a]n au'*rl?,k (t)
aDij N =1 aulik aDU ’
and

ou*P ouP . oub ul \ '
n (t) _ n,1 n,2 n,N
aDi]- aDij ’ aDij B aDﬁ '

The expression (13) gives

a]n 2 h
Fun = 37 (M =X (0] 4 G [ (1) =X (o)

h
+ EuE-O-l;rL(T) — X1 (Xk41)-

Knowing that x7(xo) = X7(xn+1) = 0 and uf = uR,, = 0, to calculate
2ln we assume

6Dij’
«D D D duP T
vii(t) = ouy, () = ouy; O0uy, Up N
) aDU aDU ’ aDU ’ ’ aDU
Then

aVij . 0 au:D
ot oDy \ ot )

a\)ij _ aRD _ au*D
—J=—M! *D(t) — M Rp (1) =—=2—(t).
- 5D (1 o(t) 55 (1

By using (Ss), it follows
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To calculate (vi;), it suffices to solve the following system, using the fourth-
order Runge-Kutta method,

a\)i' _ aRD « _
a—t] =-M 1 aDl] 'LLnD (t) —M 1RD (t)vij y  Vij (0) =0.
The matrix coefficients Rp(t) and aaRB( ) are calculated using (10).

6.2 Spectral discretization of the problem (PV,)

In this section we recall some formulas in the spectral method in a reference
field A =]—1, 1[, then we use these results to write the variational formulation
in our field of study Q.

Let N be an integer > 2. Denote the space Pn(A) of polynomials with
degree < N and the space PY (A) of polynomials in Py (A) vanishing on the
boundary of A [8, 9]. We introduce the space Pn(—1, 1) of restrictions to A
of polynomials with degree < N. Setting &y = —1 and &N = 1, we introduce
the N —1 nodes &;, 1 <j <N —1, and the N + 1 weights p;, 0 <j <N, of
the Gauss—Lobatto quadrature formula, recall that

1 N
|| eloac=3 e (15)

We also recall [6, (13.20)] the following property, which is useful in what
follows:

N
for all n € Pn(—=1,1),  [[onllf2(a) < Y_ @Xi(Q)p5 < 3ll@nllfz(n)- (16)
j=0

Relying on this formula, we introduce the discrete product |8, 9] defined on
continuous functions uw and v by

N
(wv) = > u(&)v(E)p; (17)
j=0
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It follows from (16) that this discrete product is a scalar product on Py (A).
Let finally JN denote the Lagrange interpolation operator at the nodes &;,
0 <1< N, with values in Pn(A).

We now assume that the function F,_1(t) is continuous on Q. Thus the dis-
crete problem is constructed from (PV;,) using the Galerkin method combined
with numerical integration. It reads

Find umN(-,t) - PN (Q), with umN(',t) —jNg(',t) - PON (Q),
such that for all vy € P, (Q)

d

a(uTLN('vt)va)N + ap,N (UnJ\j(',t),VN) - (Fn—l(t)7VN)N )

UnN(0) =von, (18)

where the bilinear form

(19)

ounn(t) Ovn
ox T 0x /N

ap N(UnN,VN) = (DN

It follows from (PV,,), combined with Cauchy—Schwarz inequalities, that
the form ap N is continuous on P (Q) x PY,(Q), with norm bounded inde-
pendently of N. Then to investigate the well-posedness of the problem we
use Lions’s theorem |2, 5|. To simplify the problem, we suppose that we
know the values of F,_;(t) at the nodes of Q. Let {; be Lagrange polyno-
mials at the nodes &, 0 <1 < N [6, Remark 1.5]. Then we calculate the
coordinates U, i(t) of solution u, (-, t) in the base {;, for each t in [0, T]. So

Un N (X, t) - Zun 1(t)€1 (X)
i=0
We note
v =4, 1<r<N-—-1,
and
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The variational problem (18)

N N

Y (60 20+ Y an (b () = Fa a0 E oy, (20)
i=0 i=0
Un i(0) = Vo1, (21)

where u,, ;(t) are the values of u, n(t) at the nodes &, of the Gauss-Lobatto
in Q. We obtain N — 1 equations with N — 1 unknowns. So (19) is equivalent
to the linear system

M2 () + Ro (il (1) = (1),

U*D (0) = \~)0 s (22)

n

where uP(t) is the vector of coordinates un i(t), 1 <1< N—1. M is the
mass matrix, Rp (t) is the stiffness matrix. F,,_(t) is the vector of coordinates

1

Y <f(éra t>un—1(§wr7 t))

of -
9 (En“,t Un— 1(‘51‘7 ))un—l(‘r-v ))
- aD,TL(€07 Er)un(é()yt) + aD,TL(£N7£T‘)uTL(‘(—:N7t)7 1 < B <N-1.

Vo is constituted with the values vpi, 1 <1< N —1, at the nodes éi of the
Gauss—Lobatto in Q. The coefficients of M are written as [13, Appendix]

(&,ﬁr):{o 2 %f0<?<r<N,
NN (E) Hfl<i=r<N-1.
And the coefficients of Rp(t) are
N N
ap,n (£, &) ZZEp(t)Zkaei(ak)eé(Ek)pk
p= k=0
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6.2.1 Calculating the gradient of |,

Consider the problem (Q,,) as
N
Unn (B () =) uli(x), xr(x) =) xrili(x),
j i=0
and setting uP (Ek) (T) = uy (T), it follows

N 2
Jn(D) = 3 [uR (1) —xr (&) px. (23)
k=

0

To calculate an approximation of the gradient J, (12), we consider a mesh of
rectangle Q x [0, T]. Then

Jn(D) ¢ 0Jn(D) duR,
oubl, Dy

ODmp =

We then observe that, via (23),

9Jn (D)
aumk

= 2(up 1 (T) — X7K) P -

And then find

dusP(t) _ (auE,l(t) auE,Nl(t))

Dy Dy " Dy
we assume o p(t) = a;glt) , and using (22) gives
*D
avm,P — _M—la(RDun (t)) mep (O) — 0 ) (24)

ot 0D myp ’
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To solve (24),

m=0p=0 i=0 j=0
and finally
ORpw:P (t) AR . .
D 2 (; ;Oui]e{(am)& (t) | €(Em)ep () pm

7 Some numerical experiments

In this section we present some numerical experiments using MATLAB as
a computational tool. The algorithm of resolution of the problem (Q), is
divided into two parts.

e Firstly we solve the problem (PV,,), in the matrix form (S;) and (22)
in both methods. The resolution of U; is done knowing Dg = D(-,0).
The method used is a fourth order Runge-Kutta.

e Secondly, once U, is calculated, it is then introduced in the minimization
problem (Qp) to recover Dy. The best method used in our case is a
Levenberg-Marquardt method based on the calculation of gradient
of J(D) detailed in subsections 6.1.2 and 6.2.1. We continue this process
until we get the desired convergence.

The algorithm requires about 7% of total time for calculating the solution w
and 93% to calculate D. Runge-Kutta is used three times in the program.
In the Levenberg-Marquardt algorithm, the iteration number to achieve
maximum convergence of D varies somewhat as function of N, and it does
not exceed five iterations. We need also just a few iterations to assure the
convergence of the global system. Table 1 reports the average CPU time (in
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Table 1: The CPU time in seconds required for one iteration of Runge-Kutta.

N FEM1 FEM2 SP.M

8§ 0.01 0.1 1
12 0.01 0.2 2
16 0.02 04 3
20 0.02 0.5 4
24 0.03 0.7 8
28 0.03 0.9 13
32 0.03 1.1 24
36 0.03 1.3 93

seconds) required for one iteration of Runge-Kutta using the three methods
with N varying between 8 and 36.

We use the BICGSTABL method (GMRES method is also a suitable alternative).
Several preconditioners can be found in literature. In our case a preconditioner
performing an incomplete LU factorization is the best appropriate to be used
for all three methods. The convergence is assured in four iterations at most.
Without using any preconditioner the number of iterations increases as a
function of N. For example by fixing a tolerance 10~% the iteration number
exceeds ten for N greater than 30. Without loss of generality, we consider
the domain of study Q. Numerically we prove the convergence of the same
problem in a more general case taking u(0,t) = g;(t) and u(1,t) = go(t)
where g; and gy are given. We present a complete study of the problem,
using finite element method (explained in subsection 6.1). We give in this
method two different approaches. In the first approach (FEM1) we use
the trapezoidal formula for approximating integrals. Regarding the second
approach (FEM2) we employ the Gauss—Lobatto formula. Finally, we present
a spectral method (sSp.M), with a comparative study for each test case.
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1. We consider the following analytical functions:

(Z+2)(t+1), Dix.t) = i(” Dit+1),  (25)

f(x,t) = —s(x,t)u? + h(x,t), with s(x,t) = (t* + 1)e¥,
and h(x,t) verifies the equation (Pp).

u(x,t)

Figures 2 and 3 plot the two quantities logyo([[u—un||2(q)) and
log1o([[D — Dnlli2(q)) as functions of log;,(8t). We apply this for both
the methods. In all these calculations we take T =0.1 and N = 30.

2. We consider the following functions:

uxt) = e(x+1), D(xt) = %et(x2+1), (26)

f(x,t) = —s(x,t)u® +h(x, 1), with s(x,t) = tx?,
and h(x,t) verifies the equation (Pp).

Figures 4 and 5 plot the two quantities logyo([[u—un||2()) and
log1o([|D — Dnlli2(q)) as functions of log;,(8t). We apply this for
both the methods. All these calculations are made by fixing T = 0.1
and N = 35. In both the cases (first test and second test) presented,
we find that the spectral method is more precise than finite elements
method. The slope of the curve estimations in approach 2 (finite element
method) and the spectral method proves the good convergence in time
of the solutions u and D. While in approach 1 (finite element method)
the slopes of the curve estimations decreases very slowly with time, this
result is due to the poor convergence space stops the evolution in time
of errors.

3. For the same example as the first case, Table 2 presents the error [u—uy|
and Figure 6 the approached solution uy for times t varying between 0
and 1 in the nodes &;,i=1,...,8. Theresultsare for T =1, &t =103
and N =8.
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Figure 2: L2 error between the exact solution u given in the first test and the
experimental solution uyn using the three approaches.
0

_16 | | | | | ]
-4 -35 -3 -2.5 -2 -1.5 -1

log ’ 0(ESt)

Figure 3: L2 error between the exact solution D given in the first test and
the experimental solution Dy.
0
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Figure 4: L2 error between the exact solution u given in the second test and
the experimental solution wy.
o

_15 1 1 1 1 1 ]

—4 -35 -3 -25 -2 -1.5 -1
log ’ 0(51)

Figure 5: L? error between the exact solution D given in the second test and
the experimental solution Dy.
0
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Table 2: The values |[u(&;,.) —un(&4,.)| in the third test calculated at the

nodes &; for different values of t, with N=8 and T =1.

&1

&2

&3

&4

&

&6

&7

&s

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

0
1E—13
1E—13
1E—12
1E—12
2E—12
4E—12
6E—12
9E—12
1E—11
2E—11

0
1E—13
1E—12
2E—12
4E—12
TE—12
1E—11
1E—11
2E—11
4E—11
6E—11

0
1E—12
2E—12
6E—12
1E—11
2E—11
3E—11
5E—11
SE—11
1E—10
1E—10

0
TE—12
TE—12
1E—11
3E—11
5E—11
1E—10
1E—10
2E—10
3E—10
4E—10

0
5E—12
2E—11
S5E—11
1E—10
1E—10
2E—10
4E—10
5E—10
SE—10

1E—9

0
1E—11
5E—11
1E—10
2E—10
4E—10
6E—10

1E—9
1E—9
1E—9
2E—9

0
2E—11
1E—10
2E—10
5E—10
9E—10

1E—9
2E—9
2E—9
3E—9
4E—9

0
3E—11
1E—10
3E—10
6E—10

1E—9
1E—9
2E—9
3E—9
4E—9
5E—9

4.

We study the convergence of solutions depending on the parameter n.
Figures 7 and 8 show the evolution of curves as a function of N; N vary-
ing between 6 and 24. We take T = 0.1 and 6t = 102, and the exact
solutions are

0.25
D(x,t) = 1——}—t(X2 +

—s(x, t)ut + h(x, 1), with s(x,t) = e" "1 (x2 + 1),
and h(x,t) verifies the equation (Pp).

12,

u(x,t) = (t+1)(*+1)"? (27)

f(x,t) =

In this case u is a singular function. The maximum error of the solutions
is reached at N = 24 in approach 1 and 2 of finite element methods,
and at N = 14 in the spectral method. Knowing that, if we take u as a
polynomial function, then the maximum is reached from N =4 for the
two methods.
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Figure 6: The curves of un(&;,t) as a function of t, calculated in the third
test at the nodes & with N =8, T =1 and &t = 1073.

Estimations by Finite elements method
1.8

1.6 -
? 14+
’*j 121
| U
g 0T
2 u(§1,t) K
£ 08 g
% 0.6
E 04

02

= ]

0 . 1
t
5. In this test, we take
_ u 2 -5 _
f(x,t) = —( ) +x+107°, u(x,0) =x+1, (28)

(x+1)(t+1)
(t):{(tJrl) on {0} x Q,

2(t+1) on {1} x Q,
D(x,0) =x+1.

(29)

The solution in this case is unknown. The calculations done with the
second approach (finite element methods) and spectral method are
presented in Figures 9 and 10. Figures 9 and 10 are almost identical,
this proves the good convergence of the two algorithms.



7 Some numerical experiments E34

Figure 7: L2 error between the exact solution u given in the fourth test and

the experimental solution uy.
0

Iog10||u—uN||Lz(Q)

Figure 8: L? error between the exact solution D given in the fourth test and

the experimental solution Dy.
0

Iog10||D—DN||Lz(Q)
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Figure 9: The discrete solution uy and Dy using spectral method with data f

and g given in the fifth test.

Sp.m .
P isovalues of u

0.8

0.6

0.4

0.5
0.2

0 0.2 0.4 0.6 0.8 1
X

isovalues of D

0.8

0.6

0.4

0.2

Conclusion The selection of the two algorithms introduced in the paper
gives a good and stable numerical convergence of the two methods. The
results of the numerical simulations that we performed confirm all theoretical
results found.
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